Google 


This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world’s books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that’s often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book’s long journey from the 
publisher to a library and finally to you. 


Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non- commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google’s system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google “watermark” you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can’t offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book’s appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 


About Google Book Search 


Google’s mission is to organize the world’s information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world’s books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 


at jhttp : //books . qooqle . com/ 





C ' ■ 





308 
/ Xisf 





S'VZ'X - -2 A (I'V/. C A ' -- C ^ / . 

c o- i t/, — 


iz^'l X - 


e 0-i -- y 


/— / 


Lent v . 


- if/ - / . c ^ X .-. i ■; I 1 r ‘*-v X 


2. 


u X - J. 4 aaa,^C<x^ C^X - C^ L -r~ ^ ]_ # 

Z ^ X ^ ___ 

N. /■ 

^ 1/Cxt.A*. ^ C L-f l't £ J 

7t> />' Av , f-f t t $ * * ■ ( c^< . C'* t V , Z" / 

Jc>< *■ 


h yu '(a.^b^f . ■ 

X+ C u / .' 

■”x K ctxc 

... bf^f 

•f 'Vtx. 'I- 1 ) 

x«*x w -f»i' +**«+') | 

’l'- -/'■*',. 

Xi~+' y *> + 1 ., , 

— OL VL jo + lit 4-U \. 

<)KV 

«-(Un-h/j , 


x*+'X n Lfn^ lu . **.+1 

;/* v - : 


'H-l 


L *■* 

^ r oc 


£^£-< 
; , 




^ I 




AN ELEMENTARY TREATISE 


ON 

THE INTEGRAL CALCULUS. 



By the same Author. 


IN ELEMENTARY TREATISE 

OK 

THE DIFFERENTIAL CALCULUS, 

CONTAINING 


THE THEORY OF PLANE CURVES. 



AN ELEMENTARY TREATISE 

ON 

THE INTEGRAL CALCULUS, 


CONTAINING 

APPLICATIONS TO PLANE CURVES 
AND SURFACES; 

WITH 

NUMEROUS EXAMPLES. 

BY 

BENJAMIN WILLIAMSON, M.A., F.R.S., 

FELLOW OF TRINITY COLLEGE, AND PROFESSOR OF NATURAL PHILOSOPHY 
IN THE UNIVERSITY OF DUBLIN. 



niiaviy auir hr$tb. 

NEW YORK: 

APPLETON AND COMPANY. 
1884. 


[all rights reserved.] 








PREFACE. 


This boot has been written as a companion volume to my 
Treatise on the Differential Caloulus, and in its construction 
I have endeavoured to carry out the same general plan on 
whioh that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subjeot as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the Student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced a number of the 
leading fundamental properties of the more important curves 
and surfaces, so far as they are connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner’s general theorems on the connexion of pedals 
and roulettes, Amsler’s Planimeter, Kempe’s theorem, 
Landen’s theorems on the rectification of the hyperbola, 
Genocchi’s theorem on the rectification of the Cartesian oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

A Chapter has been devoted to the discussion of Integrals 
of Inertia. For the methods adopted, and a great part of the 
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Preface . 


details in this Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. My friend, Professor Crofton, of Woolwioh, 
has laid me under very deep obligations by contributing a 
Chapter on Mean Value and Probability. I am glad to be 
able to lay this Chapter before the Student, as an introduc- 
tion to this branch of the subject by a Mathematician whose 
original and admirable Papers, in the Philosophical Transac- 
tions , 1868-69, and elsewhere, have so largely contributed to 
the reoent extension of this important application of the 
Integral Calculus. 

In this Edition a short Chapter on Multiple Integration 
has been introduced, which I hope will be found a useful 
addition to the Book. 

Trinity College, 

April , 1884. 
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INTEGRAL CALCULUS. 


♦ 

CHAPTER I. 

ELEMENTARY FORMS OF INTEGRATION. 

i. Integration. — The Integral Calculus is the inverse of 
the Differential. In the more simple case to whioh this 
treatise is principally limited, the objeot of the Integral 
Calculus is to find a function of a single variable when its 
differential is known. 

Let the differential be represented by F(x)dx, then the 
function whose differential is F(x) dx is called its integral , and 
is represented by the notation 

^F{x)dx. 

Thus, sinoein the notation of the Differential Caloulus we 
have 

df(x) -f (x) dx, 

the integral of f'(x) dx is denoted by f(x) ; i.e. 

J/» dx =/(x). 

Moreover, as f{x) and f{x) + C (where G is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f'(x) dx it is necessary to add an arbitrary oonstant to f(x ) ; 
hence we obtain, as the general expression for the integral 
in question, 

l/» dx =/(x) + C. 

M 


(0 



2 Elementary Forms of Integration. 

In the subsequent integrals the constant C will be omitted, 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Caloulus the value of the constant is 
determined in each case by the data of the problem , as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F(x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
x + dx (Diff. Calc., Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum * of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrals. — A very slight acquaint- 
ance with the Differential Calculus .will at once suggest the 
integrals of many differentials. We commence with the 
simplest cases, an arbitrary constant being in all cases under- 
stood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Diff. Calo. we may write down at 
once the following integrals : — 


r , a ^ 1 

tf*dx . 

J m + 1 

ff =%(*>• 


sin mxdx = - 


cos mx 
~nT y 


dx 


tana:, 


[dx __ - 1 

J x™ (m - i)#”*" 1 ’ 


cos mxdx 


sm mx 
~~rn~ m 


‘ dx 
sin 2 a? 


= - cot x. 


(«) 

« 

(d) 


* It was in this aspect that the process of integration was treated by Leib- 
nitz, the symbol of integration J being regarded as the initial letter of the word 
sum, in the same way as the symbol of differentiation d is the initial letter in 
the word difference. 



Fundamental Forms. 

$ 

^ 8* 
II 

•§/ 

« 

dx 1 . -X 

— — - = - tan -1 
ar + or a a 

(/) 

f a* 

e*dx = e?. (fdx = z . 

J logo 

(9) 


These, together with two or three additional forms whioh 
shall be afterwards supplied, are oalled the fundamental * or 
elementary integrals, to whioh all other forms, t that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms: a few simple examples are given for exercise. 


Examples. 


3 * 

4 - 

* 5 - 

/ 

6 . 

7 - 
l «• 


f dx 

Am. — -. 

X 

r dx 

' w* 

,r 

| tan xdx. 

„ - log (cob*). 

fir*- 1 dx 

J a+bx*' 

' I 

” «b 108 (“ + **")' 

f xdx 

/■ ■ ■? 

i*« 

I: 

» - V 1 -**• 

f dx 

< J«/-f bx*' 

” {•- 

f sin 0 <?0 

J cos 2 e 

„ seed. 

| **dx. 



* The fundamental integrals are denoted in this chapter by the letters a, b, c, 
&c. ; the other formula by numerals i, a, 3, &c. 

t By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus as involving the ordinary transcendental func- 
tions only, and excluding what are styled Elliptic and Hyper-Elliptic function*. 

[la] 
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Elementary Forme of Integration. 


9- 

r dx 

s* 

10. 

c <& 

A 


I ’-Zl 

„ »s\ 


J Z» 


11. 

J tf-a 

>> log (*-«). 


Art** 1 2 ^ Allows immediately from 

S&TS^ 

/(^*» + B&+ Car + &c.) dx=A far fa + + c j jt r (h+ &Q 

Ax”* 1 Ba** i Qgrti 

~ m + i + n + i + r+1 + &c - ( 2 ) 

-7 

Bisting of powers of a; multiplied by constant °° n " 

Agam, to ftad ft. tahgjft 


j" cos a asdic =J I 
J sin s »d<r =Ji 


2 24’ 

sin 22? 


- 00s 2X 9 x 

— d* = -- 

2 2 


A few examples are added for praotioe. 


(3) 

(4) 


Examples. 


1. J il ~ x2 )* dx m 

2 C (* - 2 )dZ ' 

' X*/ X 

3» / tan 2 a?^r: = J (geo 3 x - 1 ) dx. 


Am. log x - x* + — . 



i) tan * - a?. 





Integration by Substitution. 


5 


*4' 


5 * 


J cos ista? cos nxdx, 
J Bin mjr smiurrir. 


sin (m + #•) * sin (m — ») as 
*** 2 (m + n) + 2 (m - ») 

sin (m - #») a? sin (m + n) x 
99 2 (m — n) 2 (m + #*) 


( 6 . 



1 9 


• , * 
a sin -1 - 
a 


- <J> — X 2 . 


Multiply the numerator and denominator by *S a + x. 


7 * Jx\/x + adx. 
dx 


8 . 


Here 


. a , 2 . 

-(*+«) — j a (s + a) . 

/ — / ■ ” ^( ( * +0),-!ri )' 

V* + « + V * • 3 a \ / 

Multiply the numerator and denominator by the complementary surd 
y/ x + a - x . 

Vx 

df -ba { 


f a + i 

9 * J 7 T 1 


bx ab' — fla' 

^ + log (a' + *'*)• 


a + &r _ i , 

a' + = F 4 $' (o' + $'*)' 


4. Integration by Substitution. — The integration of 
many expressions is immediately reducible to the elementary 
forms in Art. 2, by the substitution of a new variable. 

For example, to integrate (a + bx) n dx, we substitute 2 for 
a + bx; then dz = Jefo, and 


f« 


(a + bx) n dx 1 
Again, to find 


f z n dz 

J ~~ 


8 n+i 

1 + 1) b 


I 


a?dx 


(a + for)** 


(1 a + bx) n + l 
(n + 1) b " 


we substitute s for a + &r, 

as before, when the integral be* 

comes 

If 

’(* ~ a)*d* 

**J 

* ’ 

or 1 f 1 

CM 

6 M(»- 3 )s*- s 

(n - 2)z"~ % (»- i)&~ l y 
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Elementary Forms of Integration. 


On replacing s by a + bx the required integral oan be ex- 
pressed in terms of x. 

The more general integral 

f xPdx 

J {a + bx) n 9 

where m is any positive integer, by a like substitution be- 
comes 

i C(z-a) m dz 

^Ij ^ • 

• 

Expanding by the binomial theorem and integrating each 
term separately the required integral oan be immediately 
obtained. 

Again, to find 

f dx 

J xP (a + bx) n9 


we substitute z f or - + b, and it becomes 

x 


i f (z - fy^^dz 

~ a m+n ~ l J i* 9 

which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 

Thus, for example, we have 

dx 

x (a + bx) 

It may be observed that all fractional expressions in whioh 
the numerator is the differential of the denominator oan be 
immediately integrated. 

For we obviously have, from (6), 

= log /(*). 


f /(s)<£g 

I /(•) 



( 5 ) 



Integration of— 

X a 


7 


Examples. 


( si] 
a~+ 


sin xdx 


b cos x 
a?dx 


Ah 


_^8 


3 - 

4 . 

5 - 

6 . 

7 - 

8 . 


W*7‘ 

f — 

J X log X 1 
f a?dx 

J (^ + 


bxf 

dx 


&{a + bxf 
x dx 

(a + bx)l * 
xdx 


! X6 

F+ 


(a + te)*‘ 


log (a + b cos x) 
b * 

i 8 *' 1 © 4 - 

\ (log*) 2 - 

log (log x). 

log (a + bx) t 3«* + 4 abx 
i» + 2j»(«.+ i*)»' 

a -f g 4- ibx 

a 3 a a 2 x (a + &r)’ 

2 (a + bx)^ 2a (a + Ac)* 

3 ^ $ 8 * 

3 (a -f 3 «(« + bxf 

5*5 i* 2 * 


■ tan -1 

i \ a 


3 ipy^ 2<w; — a 2 

Assume 2 as - a 2 = z 2 , then = zdz, and the transformed integral is 

2 <fc 


5. Integration of 


J 2dz 
a 2 + «** 

dx 

x 2 - a 2 ‘ 


Sinoe 


we get 


L_ = _1 f_i i_j 

s 2 - a 2 2a\x - a x + ay 
[ dx 1 1 x - a 

]^~a 2 ^ Ya i0S ^Ta 


(*) 


This is to be regarded as another fundamental formula 
additional to those oontained in Art. 2. 
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Integration of — 

a + 2 bx + car 


In like manner, since 

1 _J_ j_? l_j 

— a)(x — I 3 ) a - (5\x — a x - (3 y 


(*■ 


, f dx I , x - a 

we ave J ( x - a )(x - 3) ~ a - B °^x-ff 


(x-a)(x-(3) a-/3 

Examples. 


f dx 
j - 9* 

! dx 
(x + i){x - 3)' 

3- f • 

J S* + 93 + 20 

! <f4T 

1 / 6. Integration of 


, T , *- 3 

2 log • 

6 3 

1 , *- 3 

« s log rra- 


» log 


s + 4 
# + 5* 


1 , a/ 3 

a\/3 * + 3 




(6) 


a + ibx + ca j 2 * 

This may be written in the form 
cdx 

(< ox + by + ac - b 2 ’ 
or, substituting s for cx + b, 

dz 

z* + ac - J 1 * 

This is of the form (/) or (4) according as ac- dispositive 
or negative. , 

Hence, if ac > b 2 we have 


dx 


tan -1 


cx + b 


I a + ibx + cx 1 */ac-b 2 


( 7 ) 
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Integration of 


( p + qx) dx 
a + zbx + cas** 


If ac < 8*, 
f dx 

10 + 2&C + Cl? 


I 

2 t? - ac 


log 


cx + 


cx + 


b - yir^c 

b + */P - ac 


(8) 


This latter form can be also immediately obtained from (6) . 
In the particular case when ac = b 2 , the value of the inte- 
gral is 

- i 



y 

. Integration of 


cx + b' 

(p + qx) dx 
a + 2 bx + cof 



This can at once be written in the form 


q ( b + cx)dx pc - qb dx 
c a + ibx + c& c a + ibx + cx 2 * 

The integral of the first term is evidently 


— log (a + 2 bx + cx*), 

2C 


while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(x cos 0 - i)dx 
(0?- 2X 008 0+ i’ ) 

The expression beoomes in this oase 

oob 0 (x - cob 6) dx sin 2 Odx 

- 2 x oos0 + i (x - cosO^^-sin^’ 

hence 


(x cos 0 -i )dx cos 0 

a? 2 — 2X COS 0+1 2 


log ( a ? - 2 x cos 0 + 


- sin 0 tan" 1 


x - cos 0 
sin0 


o 


(9) 
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Elementary Forms of Integration. 


When the roots of a + ibx + cx 2 are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next ohapter. 


Examples. 


f dx 

J I + X + X*' 

« f _dx_ 

J l + * - x> 

3 * J ** + * - 12’ 

f dx 

J *■ + 4» + 5* 

S dx 
S®2 + 4* + 8' 

, * f *»<& 

6 - j I— • 

f x*dx 

7 * J - x* - 6 * 

8 . f ^ 

J i - 2a: + 2£ 2 * 



8/ Exponential Value for sin 0and cos 0 . — By com- 
paring the fundamental formulae (/) and (h) the well-known 
exponential forms for sin 0 and cos 0 oan be immediately 
deduced, as follows : 

Substitute s-/- 1 for a? in both sides of the equation 




Exponential Forms of sin 9 and cos 0. 


11 


or, by (/), tan' 1 s = — 1 -= w ( - + Z '^ / — ) + const. 

2V- i \i - tv ~ 1/ 


Now, let z = tan 0 , and this becomes 
„ i 


i oe( ._ Li A^toj ^ CTnt< 


i*/- i \i - \/-~i tan 0. 
When 0 = o, this reduces to o = const. 


Hence e 2B ^~ l = CQS — ^ = (cos 0 + \/- i sin 0 ) 2 , 

oos 0 - v - i sin 0 


or 




9. Integration of 


= cos 0 + - 1 sin 0, 

e*J~ x = cos 0 - sin 0. 


Assume* 
then we get 

henoe 


*/x 2 ± a 2 

S .. . ‘ ■ 

y 2? ± a 2 = z - x, . 

± a 2 = z 2 - 2xz , 


(z - x)dz = zdx , or 


z - # 


** = log * = log (* + ^ ± «*)• 


(0 


This is to be regarded as another fundamental form. 

By aid of this and of form (e) it is evident that all ex- 
pressions of the shape 

dx 

*/ a + ibx + cx* 


* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
above is a particular case, will be given. 
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Elementary Forms of Integration. 

can be immediately integrated ; a , 5, c, being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or (e), according as the coefficient of a? is positive or 
negative. 

Thus, we have 




v/ a+Ito^ ~^ c log(cx + b + Vc{a + 2bx + cx‘)), (10) 
dx i . J cx - b 


u 


sin" 


+ ibx - cx 2 a/c W m 




(”) 


c being regarded as positive in both integrals. 

When the faotors in the quadratic a + 2 bx + cx* are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 


v^io. Integration of 


dx 


Assume 


y(x- a)(x- P) 

x - a = s 2 , then dx = 2 zdz ; 
= zdz ; 


dx 


*/ x - a 


henoe 


dx 


2d% 


\/[x - a)(x - 1 3) \/* 2 + a- 1 3 ’ 

[ dx J dz 

J </{x - a)(x - /3) J \/z?+a-(3 


2 log (a + */%* + « - P), by (i), 


or 


I ✓ (» - w= w ‘ 2 log (y * ~ • (,2) 



</ 


Exponential Forms of sin 0 and cos 0. 
dx 


ii. Integration of 


</(x - a)(fi - x) 

As before, assume z - a = z 2 , and we get 

dx idz 

(x-a)(J$-x) y/fi-a-z 2 

Hence, by (e), 

f dx . lx - a 

\7W T W^) = 2sm ^ a ' 
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(i3) 


Otherwise, thus : 


assume 

x = a cos 2 0 + j8 sin 2 0, 


then 

P - x = (/3 - a) 008 * 0 , x - a = {[ 3 - a) 

and 

dx = 2(/3 - a) sin 0 oos 0 e?0 ; 


hence 

dx 



f dfc n • i 

•. 1 = 2 r/ = 0. Bin ’ 1 

lx - a 

' 

J >v/(« - a)(/ 3 -») ^ 

Ip -a 

+ ]/ 12. 

Again, as in Art. 7, the expression 



( p + qx)dx 
a + 2bx + ca? 2 

x ■ 


can he transformed into 

q (S + ex)dx pc- qb dx 

1_1_ — ■■ ■ ■ — - ■ "t* ■— J 

°A/a + 2 bx + cx‘ 6 */a + 2 bx + ca? 

and is, accordingly, immediately integrahle by aid of the 
preceding formulae. 
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dx 


V 


' </ x 2 - ax 
I* dx 

J v ax — 

f dx 

l/ 3x — x 2 — 2 

{ dx 

1 -f x + x* 


Elementary Forms of Integration. 

Examples. 

Am. 2 log (v / x + s/ x - a). 




„ 2 sin~i\/ a? - 1 . 

„ log (2a; + 1 + 2 1 + x + a: 2 ;. 




\ dx = \/(x + a)(x + b) + {a - b)\o%(\/ x + a + */ x + b). 

ply the numerate 

? { «. t ._g_ . 

1 ^ 1 v 1 — # — * 2 


• 1 5 

x. 

(I Multiply the numerator and denominator by \/ x + a. 

X* t * r XX .2X+ I 

Am. sm 1 


~ h 7. \- 7 =jl==- 

I X V(« + &r)(«' - b'x) 


*/ 5 


„ -^z_ sin - 1 

*/bV \ + to' * 


* 8. Show, as in Art. 8, by comparing the fundamental formulae (e) and (i), 

gj that 

jj\ o 

4 - + 

f 13. Integration of 

o - (x -p) v a + zbx+ca? 


cos 0 + *y - 1 sin $ = e***. 

dx 


^ Let x - p = j, then 


■U 

V* 


dx d% , 1 + pz 

and x — . 

X -p z z 


(* dx j* - dz 

J (x -p)*/ a + 2bx + cx 2 ) */ az 2 + 2bz(i +pz ) 


+ pz) + <?(l + ps) a 


where 


f dz # 

\ \/ a + 2 b'z + c'z 2 9 

a' = c, V = J + cp, c' = a + 2bp + op 2 . 


The integral consequently is reduoible to (10), or (n), ac- 
cording as c is positive or negative. 



3 - 


Integration of 


dx 


(a + ca?)*' 

Examples. 

Am. i cos " 1 . 

a/ 1 + * 3 - i\ 

" M — i — )• 

j 

„ -V—. 
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{ dx 
x x % — a 2 

I dx 

*a/* , + 1 

{ dx 

f — ** -■ -Aru. -^r log f — 

J icv^a + a&B + wc 2 V a . 'a + &* + v «v a + ate + e*' 

[ — /====!. Am. sin " 1 /• y_!Lr -V 

f <** 1 l*V*\ 

j (I + x)*f 1 + 2S - X* ' ” 1' + *)' 

f — - - ■ „ dn-> ( ,+3 * -_). 

* (i + x) */ I + x — x* \(i+s)\/5' 


?)■ 


14. The transformation adopted in the last Article is one 
of frequent application in Integration. It is, accordingly, 
worthy of the student’s notice that when we change x into 

1 , dx dz , . 1 - 1 dx dz 

- we have — = ; and, in general, if <r* = -, — « . 

z p s 0 z x nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral 

r dx 

J x(a+ bo? 1 )' 


Here, the substitution of - for a* gives 


if dz 
n)az + 6’ 



16 Elementary Farms of Integration. 

The value of which is obviously 

-i !<*(«+»), °ril°g(_^ ? ). 


( 


Again, to integrate 


dx 


x yaat* + b 9 


assume x n = and the transformed integral is 

S 


-;J 


dz 


\Za + bz 2 

This is found by (e) or (i) according as b is positive or 
negative. 

/ dx 

/ 15. Integration of 7 -r- a . 

I a (a + cx 2 )* 

Let x = ^ and the expression becomes 

zdz 


(az % + c)* ’ 

the integral of this is evidently 

1 x 


a (1 az 8 + c)V ° r a (a + cx 2 )** 

16. To find the integral of 

dx 

(a + 26a? + co?)V 

This can be written in the form 

c*dx 


(14) 


(ac - b 1 + ( cx + 6)’}®’ 


which is reduced to the preceding on making cx + b = s. 



Integration of 

sin u 


17 


Hence, we get' 




dx 


b + cx 


(a + 2bx + cx 2 )* (ac- V)(a + 2bx + cx*)*' 

Again, if we substitute - for x, 
z 

xdx , - dz 


(» 5 ) 


(a + 2bx + cx 1 )* 
and, accordingly, we have 
f xdx 


becomes 


(as* + zbz + c)V 


a + 


J (a + 2bx + cx*)* (ac - b 2 )(a + zbx + cx*)*' 

Combining these two results, we get 

f (p + qx) dx _ bp - aq + (cp - bq)x 
J (a + 2bx + cx*)* ~ (ac- b 2 )(a + 2bx + cx?)*' 

dO dO 

17. Integration of ^ and 

sin u cos u 


(16) 


It will be shown in a subsequent ohapter that the integra- 
tion of a numerous class of expressions is reducible either to 
dO dO * 

that of — — n, or of - n : we accordingly propose to invee- 

sni 0 00 s 9 o J r r 

tigate their values here. For this purpose we shall first find 

the integral of . — a* 

0 sm 0 00s 0 


Here 


dO 

dO _ 00s 2 0 d{ tang) 

sin 0 cos 0 ~ tan? ~~ tan 0 * 


consequently 

w 


(* 7 ) 



1 


< rj' 

"""C! 


18 Elementary Forms of Integration. 

Next, to find the integral of 

dO 

sin 0’ 

This can be written in the form 

dO 

2 ein-oos- 
2 2 

and, by the preceding, we have 

(,8> 

Again, to determine the integral of ~~q we substitute 

- - 0 for 0, and the expression becomes -r^ : the integral 
2 sin (p 

of this, by ( 1 8), is 

- log ^tan0 or log ^cot or log joot ^ 

Accordingly, we have 




This integral can also be easily obtained otherwise, as 
follows : — 


Let sin 9 = x, and the integral beoomes 

t dx i. fi + x\ i, / 1 + sin 0\ 

The student will find no difficulty in identifying this 
result with that contained in (19). 


1. 


f dO 

f 00s 0 dO 

‘d(sw.O) 

*« 

J 00s 0 , 

J cos* 0 \ 

oos J 0 ' 
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1 8. Integration of 


This can be immediately 


dO 

a + b cos O' 
written in the form 


(a + b) oos* ^ + (a - b) sin s ^ 


or 


sec 5 - dd 

2 


a + b + (a -b) tan* j 


O' 


on substituting s lor tan - this beoomes 

idt 


J.- 


a + b + (a b) «*’ 

Consequently, by Ex. 6, Art. 2, we get 

(1) when a > b, 

(2) when a < b, by formula (A), 
f »/b + a + */b - a tan- 


dO 


b oos 0 yp _ a t 


log < - 


j */b + a- */b - a tan- 


(20) 


..(21) 


If we assume a = b oos a, we deduoe immediately from 
the latter integral 

f a — O' 

f do 1 b I W8 ~ 

J oos a + cos 0 sin a ® 1 



The integral in (20) can be transformed into 


f dO 


lb + a cos 0) 
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In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

*19. Methods of Integration. — The reduction of the 
integration of functions to one or other of the fundamental 
formulae is usually effected by one of the following methods : — 
' (1). Transformation by the introduction of a new va- 
riable. 

(2) . Integration by parts. 

(3) . Integration by rationalization. 

(4) . Successive reduction. 

(5) . Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct: thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We prooeed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

20. Integration by Transformation. — Examples of 
this method have been already given in Arts. 4, 10, &o. One 
or two more cases are here added. 

Ex. 1. To find the integral of sin 2 a? cos *xdx. 

Let sin x = y, and the transformed integral is 




Ex. 2. 

Let e* - y, and we get 


e?dx 


[Jl± 

J * + 


e 2 *' 


I 


dy 

i +y* 


= tan“*y = tan -1 («*). 


sin 5 # 

~ 5 ~' 


21. Integration by Parte. — We have seen in Art 13, 
Diff. Calo., that 

d(uv) = udv + vdu ; 

hence we get 

wo = f udv + / vdu, 

C udv = uv-f vdu. . . 


or 


\ 


(22) 
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Integration by Parte . 


udv 

vdu 


Consequently the integration of an expression of the form 
can always be made to depend on that of the expression 

The advantage of this method will be best exhibited by 
kpplying^it to a few elementary oases. 

Ex. i. fsin" 1 #^ « a? sin ” 1 a?- f— 

J J *s/ 1 - x 2 


Ex. 2. 
Let 


= x sin -1 # + \/ 1 - x 3 * 
| x log x dx. 

u = log x, v « and we get 


J* log xdx = ~j(log* - 0 


Ik. 3. 
Let 


f 


d^xdx. 


go* 

x u, — = v, then 
a 


Ex. 4 * 
Let 


J a )\a a \ a) 

| sinm#d#. 

*nz 

> v, then 


sin was = «, 


I*” - 


sin mxdx 


sin mx m 


m j* 


Similarly, ommxdx 


a a J 
eP* oos mx 


eP* oos mxdx. 

— e™ sin mx dx. 
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Substituting, and solving for Je°* sin mxdx, we obtain 



. , e** (a sin mx - m oos mx) 

e? x 8mmxdx = — r 

a J + m* 

(23) 

In like manner we get 

% 


„ , «°* (« oos m* + m sin mx) 

e°* ooamxdx = — r — , . 

a’ + «t* * 

(24) 

Ex. 

5. |y/o® + o?dx. 


Let 

*y <£ + 3? = w, then 



f a* + a? dx = <r •fa* + a? ■■■ ; 

J J -v/ a* + a? 

also fy/a* 4 - Iddx = a* f- j = - + f— ^== . 

J J j v <? + 

Hence, by addition, and dividing by 2, 

J\/ v? + tfdx = ^ + — + log (x + •>/ a* + a-*); (25) 

Ex. 6. J* i 0 g (# + •/ a? ± a 1 ) dx. 

Here Jlogfc + ± « 2 ) dx = x log (x + ± a 2 ). 


-f 


xdx 


V & ± I 


■ * log (x + */& ± a’) - x* ± a*. 


(26) 



Integration by Rationalization. 
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'Ey A WT>T.Ttfl 


1. 

| 0'kgxdz. 

Am. — /fog* L-V 

» + i v »+i/ 

2. 

^ tan* 1 a? 

» 

x tan* 1 * - i log (i + x 2 ). 

3- 

| x tan 2 xdx. 

99 

x tan * + log (cos*) - — . 

4- ] 

* war 1 xdx 
1 (i - *a)l' 

99 

* sin- 1 * i , , 

+ - log (I *»). 

2 

Let x- 

=» dn y, and the integral beoomee 


i 

i**-i 

y d (tan y) « y tan y + log (cos y). 

* i 

I tP&dx. 

99 

e*(x 2 - 2* + l). 


22. Integration toy Rationalization. — By a proper 
assumption of a new variable we can, in many oases, onange 
an irrational expression into a rational one, and thus inte- 
grate it. An instance of this method has been given in 
Art. 8 . 

The simplest case is where the quantity under the radical 
sign is of the form a + bx : such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

af*dx 
(a + bx) i’ 

where n is a positive integer. Suppose a + bx = s’, then 

. zzdz , z* - a ; 

ax = — r— , and x = — =■ — : ' 

o b 

making these substitutions, the expression becomes 
2 (s’ - a) n dz 
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2 dz . ^ ™ a _ . « 

— , ar ; and the 

c c 


Expanding by the Binomial Theorem and integrating the 
terms separately, the required integral can be immediately 

dx 

found. It is also evident that the expression can 

(a + bx) f 

be integrated by a similar substitution. 

a? m * 1 dx 

^ 23. Integration of 

where m is a positive integer. 

Let a + esc 1 = a® ; then xdx 
transformed expression is 

(a* - a) M dz 
c ”" 1 ’ 

This can be integrated as before. It oan be easily seen 

that the expression ; is immediately integrable by 

(a + <%?)* 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form : a few examples are given for illustra- 
tion. 



Examples. 


Am {I ~^' (1 

*y 1 — 

3 ( 

sfidx 

«* 2i> 

” 7 - Y + a * - 

-v/i+i* 8 

a?dx 

- (2. + 3«T S ) 

(« + 

99 3 fl 2 (a + to*) 1 


V 24. It is easily seen that the more general expression 

/(oj 8 ) xdx 
a 2 + cx? 

where /(x 1 ) is a rational algebraic function, can be ration- 
alized by tne same transformation. 



Integration tff 

Again, if we make x = - the expression 


transforms into 


dx 

of 1 (a + ca? 2 )* 

z n ~ l dz # 
(as 2 + c)* * ^ 


and is reducible to the preceding form when n is an even posi- 
tive integer. ^ 

Hence, in this case, the expression can be easily integrated 
by the substitution ( a + ex 2 )* = xy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar trapsformation. 


Examples. 


dot 

An,. 

1 )** 

3** 

dx 

(** + i)» 

*• (1 +*»)** 

” 15* 


( 2X 2 + i). 

M+Sl- 


25. Integration of 


(A + Co?) (a + 


As in the preceding Article, let (< a + = xz , or 

a + ax? = x 2 z 2 : then, if we differentiate and divide by 2x> we 
shall have 

dx dz 

cdx = z 2 dx + xzdzy or — = a , 

xz c-z 2 

* dx dz . 

(a + cx 2 )* c-z 29 

and the transformed expression evidently is 

dz 

(Ac - Car) - Az 2 ' 
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This is reducible to the fundamental fofinula (A), or (/), 
Ac - Ca . 


according as 


is positive or negative. 


A 

Hence, (i) if — > o, the integral is easily seen to be 

, + (2g) 
\*y A(a + ca f) - x</ Ac - CaJ 


2 * 1 / A (Ac - Ca) 


(2). If — < o, the value of the integral is 


ml x */ Ca - Ac 
\ZA(Ca-Ac)"~** y A(a + cx *) 


tan' 


(29) 


Examples. 


Jft 


dx 


**)(! -**)** 



! 

- J 


dx 

(1 + 4**) (4- 3**) 1 ' 

dx 

(4 - 3*?) (3 + 4»*)*‘ 


99 


— -7- tan -1 
5\/J 


V 12 — 9* 2 / 


m 


_£_ log 2 ^/ 3 + 4** + 5 X 
20 2 */ 3 + 4**- 5* 


26. Rattonalizatton by Trigonometrical Trans- 
formation. — It oan b e easily seen, a s in Art. 6, that the 
irrational expression a + 2 bx + ex* oan be always trans- 
formed into one or other of the following shapes: 


(0 («* - s’) 1 . (2) (®* + *% (3) («* - «*)* ; 


negleoting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making z = a sin 0 ; the second, by 
z - a tan 0 ; and the third, by z = a sec 0. 
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For, (i) when z = a sin 0, we have (a 2 - **)* = a cos 0, and 
dz = a eos Odd . 

( 2 ) . When s = a tan 0, . . . . (a 2 + s 2 )* = 0 sec 0, and 
ad 0 

as = — r7j. 

cos 3 0 

( 3 ) . When z = a seo0, . . . . (z 2 - a 2 )* = a tan 0, and 
cfe = a tan 0 sec Odd. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent plaoe this 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 

! dx 
*»(i +*’)»' 

Let x = tan 8, and the integral becomes 


I cos 
si 


cos 9 d 6 _ frf(sin0) I 
sin 3 0 J sin 2 8 “"sin 8 

dx 


1 + x 2 


2. 


^ (a 2 


- X «) 


i* 


Let x = a sin 8, and we get 


I f dd __ tan 8 _ x 
a* J cos a 8 a 2 ” “ 

This has been integrated by another transformation in Art 15. 

f 

* J 1)*’ 

Let * = sec 8, and the integral becomes 

| cos* $d$ ; or, by (3) Art. 3, 


sin 8 oos 8 0 

—T~ + V 


accordingly, the value of the integral in question is 

V **'- 1 , i . 
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ga tan” 1 * fa 
(i + £ 2 )* 


Let x = tan 0, and we get 


| cos 0 e°B dO ; or by (23), 


e°9 (a cos 0 + sin 0) 
I + a 2 


Hence 


5 - 


faggtuT'x _ (g-f x)e aU ^ X * 
(I +tf 2 )* (1 + 0 2 )(I + *=*)* 


| ate sin -1 



Let — — = sin 2 0, or x — a tan 2 0 , and the integral becomes 

g + * 

af0 d{ tan 2 0), or g J0 d (sec 2 0) : (since sec 2 0 = 1 + tan 2 0). 

Integrating by parts, we have 

J 0d (sec 2 0) — 0 sec 2 0 - j sec 2 0 d0 = 0 sec 2 0 — tan 0 : 
hence the value of the proposed integral is 

(« + x) tan -1 ^ * - (as)*. 

It mav be observed that the fundamental formulae (e) and (/) can be at once 
obtained by aid of the transformations of this Article. 

\j 

27. Remarks on Integration. — The student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest metnod of integration. We have, in Arts. 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions : all that can Be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation in eaoh case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by sucn transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only differ by some constant ; otherwise, they could 
not have the same differential 
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28. Higher Transcendental Functions. — Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the integral cannot, unless in exceptional 
cases, he reduced to any of the fundamental formulae ; and 
consequently cannot he represented in finite terms of x , or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions. 

Thus the integration of irrational functions of a?, in which 
the expression under the square root is of the third or fourth 
degree in x 9 depends on a higher class of transcendentals 
called Elliptic Functions. 

*29. The method of integration hy successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions hy the method of decomposition into partial frac- 
tions will he considered in the next chapter. 

¥ 30. Observations on Fundamental Forms. — From 
what has been already stated, the sign of integration (Jf) may 
he regarded in the light of a question : i. e. the meaning of 
the expression f F(x) dx is the same as asking what function 
of x has F{x) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functions , as 
obtained by the aid of the Differential Calculus . The number 
of fundamental formulae of integration must therefore, ulti- 
mately, he the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may he 
briefly classed as follows : — 


p 

(1) . Ordinary powers and roots, such as of", efl, &c. 

(2) . Exponentials, a x , &c., and their inverse functions; 

viz., Logarithms. 

(3) . Trigonometno functions, sin x, tana?, &c., and their 

inverse functions ; sin -1 #, tan" 1 #, &o. 


This classification may assist the student towards under- 
standing why an expression, in order to he capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must he reducible hy transforma- 
tion to one or other of the fundamental formulae given in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a lew heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of suoh 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

Vy 1/ 31. Definite Integrals. — We now proceed to a brief 
consideration of th q process of integration regarded as a sum- 
mation , reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, w, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value /3, its total increment is obviously repre- 
sented by /3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we • 
consider each increment to be. 

This result is denoted in the case of finite increments by 
the equation 

0 % ^ 

2 (A u) = /3 - a; 

a 

and in the case of infinitely small increments, by 
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in which /3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit . 

Now, suppose u to be a function of another variable, x, 
represented by the equation 

« =/(*) : 

then, if when x = a, u becomes a, and when x = b,u becomes 
/3, we have 

Moreover, in the limit, we have 

du =f(x) dx, 

neglecting* infinitely small quantities of the second order 
(See Diff. Calc., Art. 7). 

Hence, formula (30) becomes 

jy» -/(*) -/(«) ; (3 1) 

in which b and a are styled the superior and the inferior limits 
of x , respectively. 

It should be observed that the expression J f(x)dx, re- 
presents here the limit of the sum denoted by 2 (f(x) Ax), 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element f(x) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and b> are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever f(x), i.e. the integral 
oif(x)dx, can be found, the value of the definite integral 

| f(x) dx is obtained by substituting each limit separately 

* In a subsequent chapter on Definite Integrals a rigorous demonstration 
will be found of the property here assumed, namely that the sum of these 
quantities of the second order becomes evanescent in the limit, and consequently 
may be neglected. Compare also Art. 39, Diff. Calc . 
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instead of x in /(#), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 


Examples. 



f 1 


I 

I. 

1 &dx. 

Ans. 



Jo 


n+i 


V 



2 . 

lain OdO. 

99 

1 . 


Jo 




r« dx 


1 r 

3* 

Jo a 2 + * 2 ’ 

99 

4 a 


ir 



4- 

l 2 sin 3 *<&. 

99 

X 


J 0 


4* 


V 



5- 

1 4 sin 2 xdx. 

99 

1 r 1 


Jo 


8 4 

6 . 

f - sin 2 2 : dx. 

99 

X 


Jo 


2 ’ 


f 4 dx 



7- 


99 

I. 

8 . 

f 1 


X 


Jol + * + *®* 

99 

iVz 


x 



9* 

| 2 co&zdx. ~ 

99 

2-4 


Jo 


3-5 


f 8 


1 , 

IO. 

J 2 I + **' 

99 

- log i. 


fP dx 



ii. 

Ja\/( 2 -a )(0 - x) 

99 

X. 

See Art. II. 




V 



12. 

| 2 a? sin xdx. 
Jo'*' 

99 

I. 

12 . 



r X 

a 0 * 

1 T -f ifUulv w ^ 

J 0 « -f b cos 9 

99 

-/a*-* 

f A 

f«- dx 


X 

*r 

Jo 1 - a a cos* + a 2 * 

99 

!-«*• 



J 
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32. Change of Idmito. — It should be observed that it 
is not necessary that the increment dx should be regarded as 
positive, for we may regard x as decreasing by successive 
stages, as well as increasing. 

Accordingly we have 

f f(x) dx =/{a) -/(b) = - f f(x) dx. (32) 

J b J a 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral . 

Also, it is obvious that 

| 0(#)dk = j 0(a?)dk+J <p(x)dx; 


and so on. 

Again, if we assume x to be any function of a new variable 
s, so that <p(x)dx becomes \f,(z)dz, we obviously have 


nX *z 

I 4 >(*)dx = *(«)*, 

JVo J Sq 


(33) 


where Z and z a are the values whioh 2 assumes when X and 
Xo are substituted for x, respectively. 

dx 

For example, if x ■ a tan s, the expression — — • be- 
comes — — ; and if the limits of x be o and a, those of 
a 3 - 

7 T 

2 are o and Consequently 
4 

f a dx 1 fl r 

J 0 («* + a 2 ) 1 ~ Jo 0082 * ~ d‘^/2 

Also, if we substitute a - z for x 9 we have 

ra ro ra 

<t>(x)dx = - I <j>(a - z)d» = -z)dz. 

[ 3 ] 
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Since neither x nor z ooonrs in the result, this equation 
may evidently be written in the form 

f (p(x)dx = [ <f>(a - x)dx. (34) 

0 Jo 

For example, let <p(x) = em n x 9 then - x^ = co& n x, and 
we have 

v ir 

| sm n xdx=^ cos n xdx. 


And, in general, for any function, 

IT IT 

| r /(sin#)tf# = | /(cos x)dx. 

Vv f ,r . . f* 

33. Taints of sinma? mnnxdx 9 and oosmxoosnxdx. 

Since 

2 sin mx sin nx = cos (m - n) x - cos (m + n) x 9 


2 cos mx cos nx = cos (m - n) x + cos (m + n) x 9 


we have 


f . . , sin (m - n)x sm (m + n) x 

smmxsmnxdx = — 7 7 7—, 

J 2 (m - w) 2 (»» + n) 

, f , sin (w - n) a? sin (m + w) a? 

and oostfM?oostta;da; = — 7 — + — 7 7—. 

! 2 (m - n) 2 (w + n) 

Hence, when w and w are unequal integers, we have 
| sin mx sin nxdx = o, and J cos mx cos nxdx = o. (36) 
When m = n 9 we have 


sm sm i 


sin 2 nxdx ■■ 


- cos 2nx 7 a? sm 2«a? 
ok -• 


f JT ^ 

sin 2 when n is an integer. 
Jo 2 
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In like manner, with the same condition, we have 

| oos* nxdx = (37) 

Again, to find the value of 

\y (x-a) (fi-x)dx. 

Assume, as in Art. 1 1, x = a 00s* 0 + (3 sin* 0 ; then, when 
0 = o, we have x = a; and when 0 = x = (3. 

Hence, as in the article referred to, we have 

(x-a) (fi -x)dx = 2 ((3 - a)* J # sin* 0 00 s* 0d0. 

V W 

Also 2 1 'sin’fioos’firffl = £ J*sin* 2 0d0 

= i| # sin>^^-|; 


JV(— ) (($-x)dx=^ (/3 — «)*. 


(38) 


[8 a] 
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Exempli m, 


Examples. 



f (1 + cos x) dx 


J (x + sin *) 8 

2. 

| x sin x dx. 

3 - 

['—^dx. 

J 1 + * 

4 . 

| (« + bx *)"#*- 1 dm. 


f a?dx 

5 * 

J («• + *«)#• 

6. 

f dx 

J (1 + **) tan’ 1 ** 

7 - 

r . dx .. . 

J *s/ S + 4 * — & 

8. 

f &dx 

J *• + ** - a* 


f dx 

9 * 

J a 2 cos 3 * + b 2 sin 3 *' 

1 a 

f tan*<fo 

ID* 

J a + b tan 3 ** 

ii. 

f cos (log*) dx 

J s 


An*. --- 


2 (x + sin x) % ' 
„ ain a? -a? oo s*. 


» 2 log (i + x) - *. 

(a + bx *) m+1 
99 n(m + i)d * 

2 I 

w " 3 («* + **)* ’ 
m log (tan- 1 *). 



m log («cos J * + Jain**). 

n *in(log«). 


is. Show that the integral of — can be obtained from that of ***<fc. 

jgm*l _ ^w+l 

Write the integral of *■•<& in the form ; and, by the method of 

ifi + i 

indeterminate forma, Ex. 5, Ch. iy. Diff. Calc., it can easily be seen that the 
true value of the fraction when »,+ .= o ie log g), or log*, omitting the 
arbitrary constant. 

13. f*** einmx ooenxdx. 

This is immediately reducible to the integral given in formula (23). 


f dx 

* 4 - 1 irn 


sins 
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* 5 - 


2 a + bx % 

” Pia+bx*) 1 ' 


f g8‘ ,tm 1 » <to - l) 

J (*+**)* (i + o*)(i + «*)i' 

16. J *(« + *)*<fo. „ 3 ( a + * 0 *( 4 * - 3 °) 

f / -r 

17. . » - 

J (« + &r *) 1 

Let a + &r 2 = jb 2 . 

f (p + g COB g)(fa 

J a + 4 cos £ * 7 I ff 

This is equivalent to 

J qdx ^ pb- ga t dx 
b b J a + b cos x 9 
and accordingly can be integrated by Art. 18. 


* 4 «■* 

- J 

f „ r 

21. . (0 x C x r 

J (<* + 4 **)* 

22. [ — . ?* . .ejJ-H 

J X\ / X* + I 


Ant. — . 

1 + x 

» I tan’ 1 (x*). 


Let *® + 1 = s*. 
dx 


* 3 - 


1, 


1 x x» + 1 
24. Integrate 




30 (o + &r 2 )* 

; log K jig -4 

3 \v 1 + as® + 1 / 
n w I + *" + 1/ 


by aid of the assumption * 


a + b cos 0 
b + a CO 8 0 


a + b cob 0* 
The expression transforms into 

dx 


\/(a»-J*) (I-**)' 


accordingly, when a > b, its integral is 

^ 7 P== log(x + v / “ a - *). &o. 


y/*-» 


sin -1 * ; and when a<b f it is 


I 
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>5. Deduce Gregory’s expansion for tan" 1 * from formula (/). 
When * < i, we have 

= I - 3 2 + ** - 


sfi afi x 1 s 

, -• * + + &c. 

** 3 5 7 


I + X 2 

.\ tan- 1 * = [ — ^ 

J i + < 

No constant is added since tan" 1 * vanishes with *. 

2 6. Deduce in a similar manner the expansions of log (i + *), and sin" 1 x. 

de , 


27. Find the integral of 


a + b cos 6 + c sin 0* 


This can be reduced to the form in Art. 18, by assuming - = cot a, &c. 

c 


28, 


f 


Z.* Ctrjh 2 a 


* ( a+bx )*/ 1 + ** 

Ant 1 loff f a + bx j 

</ifi+T 2 g \b - a* + </(«* + J 2 ) (1 + * 3 ) j’ 

This can be integrated either by the method of Art. 13 or by that of Art. 23. 
f dx 


2 9 

3° 

3* 

3 2 

33 

34 

35 

36 


J - 1 

IT 

rsin xdx 


Ant. 




i 


0 cos* 


f 4 

J O cos*’ 

f 2 dx 

'0(4 + 3*2)1" 


: log a. 


log (1 + 1/2)- 


x*dx. 


syersin- 1 l^dx. 

X 

J 2 dx 

0 4 + 5 «in* 

W 

ft dx 

Jo 5 + 4 sin 


I 

w 8* 


4 

5* g2 

4 


. ;**- 
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CHAPTER n. 

INTEGRATION OF RATIONAL FRACTIONS. 

Rational Fractions. — A fraotion whose numerator 
and denominator are both rational and algebraio functions of 
a variable is called a rational fraotion. 

Let the expression in question be of the form 

oaf" + + &o. 

dx* + 6V*- 1 + + &c.’ 

in which m and n are positive integers, and a, b, .. . a\ 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part oan be immediately integrated by 
Art. 3. The integration of the latter part in general comes 
under the method of Partial Fractions. 

V 35. Elementary Applications. — Before proceeding to 
the general process of integration of rational fractions, we 
propose to consider a few elementary examples, which will 
lead up to, and indicate in what the general method really 
consists. 

We commence with the form already considered in Art. 7 ; 
in whioh, denoting by a Y and <x 3 the roots of the denominator, 
the expression to be integrated may be represented by 

(p -f qx)dx 
(x - ai){x - a 2 y 

p + qx _ Ai A% 

(x — «i) (x - a 2 ) x — a 1 x - a a * 


Assum e 
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9 


Multiplying by (x - a x )(x - aj) we get 

p + qx = - (Aia 2 + A 2 ai) + (-4i + A 2 )x. 

Hence, we get for the determination of A x and A 2 the 
equations 

p = - A\a 2 - A 2 ai , q = Ai + A 2 ; 
whence we obtain 


_p + qa i 

-Ai - j 

ai — as 


- 4 2 ■= — 


P + ?a 2 


Consequently 

(p + qx) dx p + qa if dx p + qa 2 f dx 


(x- ai)(x — a 2 ) ai - a 2 J x - ai ai — a 2 J x - a 2 
= — 1 _ - | (p + Jai) log (x-ai)-{p+ qai) log («- a,) j . 


In like manner 


p + qa? 


(a? - ai)(x* - a 2 ) as 2 - «i a ? 2 - a 2 ’ 
where Ai and A 2 have the same values as above ; hence 


f ( p + ga* 2 ) da? + qa i 

db p + qa 2 

* tfa? 

J (as 1 - ai) (<P® - a 2 ) ai - a 2- 

ar® - ai ai - o 2% 

** - a» 


But each of the latter integrals is of one or other of the 
fundamental forms (/) and ( h ) of Chapter I. ; henoe the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

( p + qx + raP) dx 

(x - m) ( x - a 2 ) ( x - a 3 )* 

We assume 

p + qx + rx 2 Ai A 2 + 

(a? - a x ) (a? - a 2 ) (a; - a 3 ) a? - ai a? - a 2 x-a 2 
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then olearing from fractions, and identifying both sides by 
equating the coefficients of z* 9 of x, and the part independent 
of x, at both sides, we obtain three equations of the first 
degree in A 1 ,A 9 ,A 8 , whioh oan be readily solved by ordinary 
algebra ; thus determining the values of A lf A*, A 8 in terms 
of the given constants. 

By this means we get 

f (j> + gs + ra?)tfe _ f dx f dx f dx 

J - ai) {x - at) (x - a,) *J x - <u 

= Ai log (x - ai) + Ailog (x - a,) + A, log (x - a,). 

We shall illustrate these results by a few simple examples. 


/ 




f (*-*)<** 

J(*-3) (« + *)' 

I xdx 
** + 2X - 3* 

f dx 

) 

f . dx 
J s 4 + 5* 2 + 4’ 

I xdx 

iTT 7 - 


f ( 3^-2 )dx 
J**-3*®-4 

! (#**+ x - i) dx 
x* + x*-6x 9 


Examples. 


Ant . j log (* - 3) + j log (x + 2). 

» ;log(* + 3)+ ;log(«- i). 

4 4 

1 i x - 1 1 . , 

»» - log tan-l*. 

99 4 ® * + I 2 


» 


- tan- 1 * - ^ tan- 1 -. 
3 62 


99 



x* - 1 


» l l0R (Srl) +ta "' ,ir * 

„ g!og*+ Ilog(*-i) + Ilog(* + 3). 


Here the denominator is equal to x(x — 2 ) (s + 3 ) ; and we have 

a ? 5 + * — * Ai A 9 A 8 

x{x - 2 ) (*+ 3 )" x + * - » « + 3 * 
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hence x z + x - i = Ai(x* + x — 6) + A 2 x(x + 3) + A 2 x (x - 2 ) ; 


,\ the equations for determining A\, A 2 and A% are 

A\ + A 2 + A3 = 1, A\ + 3^2 — 2^3 = I) 6A\ = i) 
whence we get 



8 . 


{ 


(22^ + 2 X 2 + 42; + i) <?27 
2? 2 + 27 + I 


2T 2 + log (s 3 + X + I). 


We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

N 36. Partial Fractions. — The method of decomposition 
of a fraotion into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short spaoe is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 

, f{x) 

sideration by -H-. 

♦(« 0 

Let ai, a 2 , a 3 , . . . a n denote the roots of <j>(x ) ; then 


<p(x) = (x - ai)(x - a 2 )(x - a 3 ) ... (x - a»). (1) 


There are four cases to be considered, according as we 
have roots, (1) real and unequal; (2) real and equal; (3) 
im agin ary and unequal; (4) imaginary and equal. 

We -proceed to discuss each class separately 

N 37. Real and Unequal Roots. — In this case we may 
assume 


r| f( x ) _ + + + 

X X - ai x - a 2 x - 03 



« 


where A lf A 2 , ... . A n axe independent of x. For, if the 
equation be cleared from fractions by multiplying by d(a>), 
on equating the coefficients of like powers of x on both 
sides we obtain n equations for the determination of the n 
constants A . 2 , ... A.f%* 
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Moreover, since these equations contain A h A if &c., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious : — 

The question (2), when cleared from fractions, gives 


f(x)=Ai(x-a 2 )(x-a 3 ) . . (x — a n ) + A* (x - a x ) (x - a 3 ) .. (a?-a») 

+ &c. + A n (x — ai) (x — a 2 ) . . [x- a^) ; 


and since, by hypothesis, both sides of this equation are 
identical for all values of x , we may substitute a x for x 
throughout; this gives 

f(ai) = - 4 i(oi - a 2 )(oi - a 8 ) . . . (ai - a„), 


or 


A-SM 
1 “*'(«>)■ 


In like manner, we have 




/(“») ^ = / (03) 




/M 


*'(«.)’ ’ ■ *W * " f (»«)■ 

Henqs, when all the roots are unequal, we have 


/(*) /(«») 1 + /(«») £ 

0 (*) ^(«i) * — a, <t>'( a 2) x - at 

Accordingly, in this case 


+ &o. + 


/(an) 

4>'(<*n) to ~ «» 


( 3 ) 


• ( 4 ) 


'm dx= iM 


f /(«) 

J«(*) 


/(«») 


^)--% 7 ) l0g(a ’- ai) + ^ l0g(a, - aj) + &0 ' 

,/M 


tf»'M 


log (as - a„). 


( 5 ) 


The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz. 

/(•) , V 
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one which can always he found, whether the remaining roots 
aky known or not ; and whether they are real or imaginary. 

V38. Case where numerator is of higher Degree 
than Denominator. — It should also he observed that even 
when the degree of a? in the numerator is greater than, or 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denominator is still of the 
form found above. 

For let 

/Q.q+JL 

where Q and R denote the quotient and remainder, and let 

he the partial fraction of corresponding to a single 

root a ; then, by multiplying by <j>(x) and substituting a in- 
stead of x 9 it is easily seen, as before, that we get 


A = 


/w 


For, example, let it be proposed to integrate the ex- 
pression 

x 5 dx 

a? - 2<x? - 53 + 6* 

Here the factors of the denominator are easily seen to be 
x — 1, x + 2, and x - 3 ; 
accordingly, we may assume 
x* 


a? - 2X> - 5x + 6 


. 0 A B C 

= a? + ax + 6+ + + . 

x — 1 x + 2 x - 3 


To find a and j 3 , we equate the coefficients of x 4, and x 8 to 
zero, after clearing from fractions : this gives, immediately, 
a = 2, and j3 = 9. 

Again, since </>(x) = x 3 - 2x* - $x + 6, we have 

= 3x 2 -Ax -5- 
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Accordingly, substituting 1,-2, and 3, successively for a? 
in the fraction 


3 ** - 4* - 5 


we get 

a~L b = -*A c. 2 «; 

6 15 10 

and henoe 

^ . , £ 32 243 . 

a? - 2a? — 5 * + 6 9 ~ 6{x-i) i 5 (* + a) io(*- 3 )’ 

f ar®dk a ? 3 0 log(a?-i) 

]&- 2x*- $x + 6 3 6 




- log (* + 2) +^ 3 log(*-3). 


39. Case of Even Powers. — If the numerator and 
denominator contain a? in even powers only, the process oan 
generally be simplified ; for, on substituting z for a?*, the 
fraction becomes of the form 

m 

*(*)■ 

Accordingly, whenever the roots of <p(z) are real and 
unequal , the fraotion oan be decomposed into partial fractions, 
and to any root (a) corresponds a fraotion of the form 

/(«) 1 


<t>'[a) z — a* 

The corresponding term in the integral of 

is obviously represented by 

/(«) f dx 
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This is of the form (/) or (A), according as a is a positive 
or negative root. 

The case of imaginary roots in ^(s) will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 


Examples. 
f (2*+ 3)<fa 

] zfi + X % - 2X 


Here the factors of the denominator evidently are x, x - 1, and x + 2 ; we 
accordingly assume 

2X 4 - 3 A B C 

— = - + - + ■ 


+ s 8 - x x— \ x + 2 
Again, as $ (x) = x? + st? — 2x f we have $’(x) = %x 2 + 2X — 2 ; 


. /(*) __ + 3 

<p'(x) ~ 32:2 + 2x - 2* 


Hence, by (3) we have 


J = JI.S C=-i; 


consequently 


if 


log * + f log ( *~ log ( * + 


2. 

Here 


f ax 
(** + «*)(** +* 2 )’ 


(s 2 + a 2 )(z 2 + 6 2 ) a 2 
hence the value of the required integral is 


-4» (*> + ** + a 2 ) S 


_ 1 - itan-if? 

(«*-4*)(4 V*/ « \« 


I xdx 
(x 2 + a) {z* + l 



Multiple Real Roots. 

Substitute z for z* and the transformed integral is 


47 


I I dz 

2 (*+«)(*+ b) 

Consequently the value of the required integral is 


4- 


5* 

6 . 


7- 


i 


log 



f (w 1 - i) (to 

J *• - 3 * + j' 

f (g» -j)dx 

J — 7Z + 6 ? 

f (zz -t- I )dx 

J z(z+ i)(z + 2)’ 

{ zfldx 
x* - il* 


32? + II log (« - 2) - 2 log(s - I). 


» ~ 1°6 (*— 1 ) + ~l°g(* _ *) + + 3)- 

„ i log £ + log (ar + 1 ) -|log(*4 1 ). 



<fc(a' + b'z 1 *) 
z nil (a 4- bz n ) * 


Let 



^ 40. Multiple Real Roots. — Suppose $(x) has r roots 
each equal to a, then the fraotion can be written in the shape 

/(*) 

(* — a) r \p(x)‘ 

In this oase we may assume 

/(*) _ Jf» , * , , Jfr . J 

(a; - a) r i// {x) (x - a) r (x - a) r " 1 * * ' # - a ^ (x)’ 

where the last term arises from the remaining roots. 

For, when the expression is oleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, Jfi, M ty &c. . . . M n 
clear from fractions, and we get 

f(x) = Mi^{x) + M 2 (x - a)\p(x) + M z (x - a) 2 \fj(x) + &c. . . . (6) 

This gives, when a is substituted for x 9 

/(a)=M4(a),orM 1 =^ y ( 7 ) 

Next, differentiate with respect to x, and substitute a 
instead of # in the resulting equation, and we get 

/(a) = M4\a) + M4(a) ; (8) 


which determines M 2 . 

By a second differentiation, M s can he determined ; and 
so on. 

It can he readily seen, that the series of equations thus 
arrived at may he written as follows — 


/(«) = M4(a), 

f(a) = M4'(a) +i.M4(a), 

/'(«) = M4"(a) + 2 . M4'(a) + 1 . 2.M4{a), 
f"(a)=M4"\a) + 3 • M4"{a) + 2.3. M4'(a) + 1.2.3. M4{a), 
f°{a) = M4*°(a) + 4.M4"'(a) + 3.4.M4"(a) + 2.3.4. 

+ 1 .2.3.4. 


in whioh the law of formation is obvious, and the .coefficients 
can he obtained in succession. 

The corresponding part of the integral of 


/(a) dx 
{x - a)4 (x) 


evidently is 
M r log (x - a) - 


jfr-i £ M r - a 
2 ( x-a ) 2 


x — a 


(r- 1) (x-a) 


,r-i* 


( 9 ) 


If <f>(x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like , 
manner. 
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41. Imaginary Roots. — The results arrived at in 
Art. 37 apply to the case of imaginary, as well as to real 
roots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to show 
that conjugate imaginaries give rise to groups in which the 
coefficients are all real. 

Suppose a + 6/- 1 and a - b to be a pair of con- 
jugate roots in the equation ${x) = o ; then the corresponding 
quadratic factor is 

(x - a ) 2 + b 1 ; which may be written in the form a? + px + q. 


We accordingly assume 

<f,(x) = (P + px + q)ip(x), 


and hence 


/(f) 

4>(x) a? +px + q ' Q 


Lx + M P 


Jtr • 

where ^ represents the portion arising from the remaining 

roots, and ^ + ^ is the part arising from the roots 
x + px 4* q 

a ± b */- 1. 

Multiplying by <j>(x) we get 


f[x) = {Lx + M) ^ (x) + {tf + px + q) ^ $ (1 x ). (10) 


If in this, - {px + q) be substituted for a? 2 , the last term 
disappears ; and by repeating the same substitution in the 
equation 

f{x) = +{x){Lx + AT), 


it ultimately reduces to a simple equation in x : on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

4 2. In many cases we oan determine the coefficients i, M 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraotion. 

It will also be found that the determination of many 

M 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 


i. 

Assume 


Examples. 

xdx 

(i +a?)(n-« a )‘ 


A Lx + M 
+ ■ 


(i +a?)(i + x 1 ) ~ i -t x i -f « a * 
clearing from fractions, this becomes 

x = A (i + x 2 ) + {Lx + M ){ i + x). 
Equate the coefficients, and we get 

L + A = o, L + M = i, A + M= o. 

Hence 


and accordingly 


X = i, M=-, A=--; 

2 * 2* 2 


ii i i + a? 
+ - ■ 


(i + x)(l* X 2 ) 2 1+X 2I+X*’ 


I +x- 


Let 


f(T +***+«•) " i l0 «|(TT^, + i tan ' ,af - 

f dir 
J i -t x 3 ' 

i _ ^ Zs + if 
i + * 3 ~ I + a; i - a: t a 2 ’ 


consequently, A ~ by formula (3). Substituting and clearing from fractions 
we have 

3 = 1 - x + x? + 3 {Lx + Jf)(i -f x); 
hence, dividing by 1 + x y we have 

2 - x = 3 (Zs + M). 
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Consequently 

I dx _ ir dx i C (2 -x)dx 

i+afi ~ z)i + x 3 J 1 - £ + £ 2 


3- 


dx 


= -log (1 + x) - glog (1 - X + X 2 ) + 



This can be got from the last by changing the sign of x. 


4- 

In this case we haye 


( x idx 
x^i' 


i 


dx 

1 — xP* 


I 1 / 1 1 \ 

1 - X* “2 \ 1 - X* + I 4- x*/ * 

* tan-. 

24 *\x* + x* + i) 4v / 3 



Let x i = e, and the integral becomes 


1 f zdz 


6 . 

Assume 


1 


x 2 dx 

(x - i) 2 (x* + 




a* 

(a? - l) 2 (* 2 + I) 


£ Ix+M 
{x- 1) 2 + x- i + I + a? 2 * 


To find L and M, clear from fractions, and by Art. 41 the values of L and M 
are found by mailing x*=- 1 in the following equation : 

x 2 = (Lx + M)(x- if. 

This gives immediately L=--, M= o. 

2 

Again, by Art. 40, we get immediately A = i. 


To find J3j make x = o in both sides of our identity, and we get 

o=A - B + M\ ,\ £ = A c= 

[4a] 
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Finally 


x* _ I i ii i x 

( x - i)*^ + 1 ) 2 (a? — i) a + 2 * — 1 a 1 + «* * 


■'Ip= 


x 2 dx 11 1 _ . v 1 , , , % 

( — ovvo = - i — + ^o S ? log (** + .). 


I da ? 
a£ + a ? 7 - a ? 4 - s 8 * 


Here the denominator is easily seen to be o?(x - I) [x + i) 2 {x 2 + 1 ), and the 
expression becomes 


f dx 
& {x - i)(x + i) a {x 2 + 1 )* 


Assume x = - , and the transformed expression is evidently 


f z*dz 

J (•-!)(«+ i) 2 (s a +i) # 


The quotient is easily seen to be s - 1 ; and, by the method of Art. 38, we may 
assume 

_A_ B G Lz + M 

(s - i)(» + i) a (« a +i) S=f I+ s-i + (s+i ) 2 + «+ i + ** + I ’ 

Hence (Arts. 37, 40), we have 

*-v 

Next, L and M are found by making z 2 = - 1, in the equation 

2® — {Lz + M){z - i){z + i) a ; 

.\ 1 = 2 {Lz + M)(z + 1) = 2 {Lz 2 + {L + M)z + Jf}, 
which gives ' 

L + M=o, 

M=-, L = ~~. 

4 4 

In order to find the remaining coefficient C y we mafce 2 = 0, when we get 


o = - 1 -A +3+ C+M; 



hence we have 
*« 


Multiple Imaginary Roots. 


53 


(*- I)(*+ !)*(*>+ I) 


I + 


1 ; + ; — — 


8(8-1) 4(8 + i)*' r 8(8+1) 4(^+1)* 

8 * 


I gfidt Sr I I 

^ + jl log' (.- I) »' + 4Trf) 


+ 1 log (* + i) - i log (** + 1) + ^ tan-'z. 


r dx i i x i. !-**.*+ 1 i. .i 

a£ + s 7 — 2X 2 * + 4(8?+ i) + 8 i + «* + a; + 4 a? 


. i _ a? — i i 

Ans. - log . 

2 a?+3 a: - I 


f (3a?+i)<to 

J (ar-i) 2 (* + 3 )’ 

• ^43. Multiple Imaginary Roots. — To complete the 

f(/S 

discussion of the decomposition of the fraction suppose 

the denominator <f> (x) to contain r pairs of equal and imaginary 
roots, i. e. let the denominator contain a factor of the form 
{ (a? - a ) 2 + b 2 ) r ; and suppose <p(x) = ( (x - a ) 2 + b 2 ) r ^(x) 

In this case we assume 


/(*) 


L,x + Mi 


L,x + M\ 


{{x-ay + b') r $i{x) {(ar-a)* + 6 , }«- {(«-«)* + 5 *} f 


L r X + Mr P 
+ . . . + 7 7; — r. + • 


(x - af + b % <jt i(x)’ 


the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, h, Mi, Iq, M„ . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine L t , M h L„ &o . ; let the factor (x - a )* + 6* 
be represented by X, and multiply up by X r , when we get 
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The coefficients h and Mi are determined as in Art. 41. 
To find L 2 and M 2 ; differentiate with respect to a?, and sub- 
stitute a + b/ - 1 for x in the result, when it becomes 

where Xq = a + b/ - 1. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of L 2 and M 2 . By a second 
differentiation, i 8 and M s can be determined, and so on. 

It is unnecessary to go into further detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <j>{x) = o are 
known. 

The practical application is often simplified by transfer- 
igation to a new variable. 

^ 44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms: 

dx dx (. A +yB)dx {Lx + M)dx 
x - d {x - a) r 9 {x - a) 2 + b 29 { {x - a) 2 + 6 2 } r * 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 

^ 45. In the first place it can be divided into two others, 

L{x - a)dx t {La + M)dx 
{(s-a) J + &y + {(*- a 

The integral of the first part is evidently 

-L 

2 {r -i)[{x- a)* + b*) r ~ 1 ' 

To determine the integral of the other part, we substitute 
2 for x - a , and, omitting the constant coefficient, it becomes 

f dz 

J {z 2 + by 
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Again 


r dz 1 

'(z 2 + b 2 - z 2 )dz 1 

dz i f 

| (*• + by ~ b* J 

(z 2 + by ~ b 2 \ 

(z 2 + b 2 ] 


But we get by integration by parts 
zdz 


f z 2 dz f 


(z 3 + b r ) r 2(r- i) [ Z< ^ ((z» + b 1 )™) 


2 (r - i) (z 3 + b i ) r ~ l 2 (r 

Substituting in the preoeding, we obtain 


dz 

I {z'Tbf 


dz 


|(z 3 + 6 3 ) r 2(r 


* r-3 f f 

- i)& 3 J (* 3 + 


dz 


S 2 ) 2 " 1 2 (r - i)J 3 (z 3 + 6 a ) r * 1 ’ 


(12) 


This formula reduoes the integral to another of the same 
shape, in which the exponent r is replaced by r - i. By 
successive repetitions of this formula the integral can be re- 
duced to depend on that of , - 

r (z 2 + b 2 ) 

The preoeding is a case of the method of integration by 
successive reduction , referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preoeding integral can often be found more expedi- 
tiously by the following transformation : — Substitute b tan 0 

dz 

for z, and the expression ~ ^ g a ~ fry becomes, obviously, 

j cos^fldfl. 

The discussion of this class of integrals will be found in 
the next Chapter. 

46. We shall next return to the integration of 

<p\*) 

which has been already considered in Art. 39 in the case 
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where the roots of 0(s) are real. To a pair of imaginary 
roots, a ± b */ - i, corresponds a partial fraction of the form 

{Aa? + B)dx (Aa? + B)dx 
(a? - a ) 2 + 6 2 ’ ° r a? 4 - zax 8 + c 2> 

where e 2 = a 2 + b 2 . 

In order to integrate this, we assume a = c cos 20, when 
the fraction becomes 

( Aa? + B)dx 

0? - 20? C COS 20 + c?' 

The quadratic factors of the denominator are easily seen 
to he 

a? - zx V c cos 0 + c , and x 2 + 2x \/ c cos 0 + c . 
Accordingly we assume 

Ax 2 + B Lx + M L'x + M' 

— — _| — ; 

X* - 20? C COS 20 + C 2 X 2 - 2X a/ C OOS 0 +C a? 2 + 2X </c 00S 0 + C 

hence it can be seen without difficulty that 


L = -L' = 


Ac - B 
4 c* cos 0 9 


M=M' = 


■2C 


and after a few easy transformations, we find 


{Ax 2 + B)dx 

a? 4 — 20? C COS 20 + C 2 


Ac - B i 
8 cos 0 c* 


X 2 - 2X *Sc OOS 0 + C 
0? + 2X */ C COS 0 + C t 


+ Ac + \ tan- 1 ( *»</** 

4 ein ^ c* V c-x % / 




47. Integration of 


dx 

(a? - a) m {x - b) n * 


This expression can be easily transformed into a shape 
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dx 


(x - a) m (x - b) n ' 
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which is immediately integrable, by the following substitu- 
tion : — 

Assume x - a = (x - b) z ; then 

a - bz (a - b)z . a - b . (a -b)dz 

x - ; ,\x-a = - — , x - b , dx = - f 

1—2 1—2 7 I - 2 (i - 2)* 

and the expression transforms into 

(i - s) m+, *' 2 dfe 
(a - 6) m+n ^ 1 2 m * 

Expand the numerator by the Binomial Theorem, and the 
integral can be immediately obtained. (Compare Art. 4.) 
For example, take the integral 

dx 


(x - a) 2 (x - 6) 8 * 
Here the transformed expression is 


f( 1 -2) 8 tfs 

or 

- f + 3 - J—Sjl { 7 - 3» + 3 log* + jj- 


Substituting - — ? for 2, the integral can be expressed in 


x lm * 1 dx 


x - b 

terms of x. 

^’48. Integration of — . 

(a + cx 2 ) n 

where m and n are integers. 

Let a + cx 1 = 2, and the expression becomes 

(2 - a) m dz 9 

2C m+l Z n 9 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 
0an ^ n * e 8 ra ^ e< ^ by ^h® same transformation, where 
f{at) denotes an integral algebraic function of a?. 


Examples. 


0 


I. 

f x 5 dx 

J (a* - 3 2 ) 2 * 

2 . 

f atdx 

J (a + or 2 ) 4 * 


f x 5 dx 

3- 



q 49. Integration of 


Am - J c«»-^ + i +aM ° 8(a2 ~ a: ' ) - 

i a 

” “4 c*(a + cz*)* + 6<*{a+ cx*f 

99 JF+i ~ 4 (* ? +i) 2+ a log(afa+I) * 
dx 

at* - i 9 


where n is a positive integer. 

Suppose a an imaginary root of at* - 1 = o, then it is evi- 
dent mat a " 1 is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 


. 1 

not ' 1 {x - a)’ 



If to this the fraotion arising from the root a" 1 be added, 
we get 

I ( a cf 1 ) I | x(a + a" 1 ) - 2 ) 

n \x - a + x - a" 1 )’ ° r n [at - (a + a" 1 ) x + 1 J* 

But, by the theory of equations, a is of the form 
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where A is any integer ; 


a + a" 1 = 2 OOS 


2.kit 


2 

Hence, if 0 be substituted for — , the preoeding fraction 
becomes 

2 a? cos 0 - i 
n * a ? 2 - 2 a? cos 0 + i* 

The integral of this, by Art. 7, is 

cos 0- # A 2 sin 0 , , /a? - 00s 0\ 

log (1 -2a? cos 0 + a? 2 ) tan” 1 — =—7* — . 

n 0 7 n \ sm 0 / 

There are two oases to be considered, according as n is 
even or odd. 

(1). Let n = 2r: in this case the equation ar* r - 1=0 has 
two real roots, viz., + 1 and - 1 ; and it is easily seen that 


f dx 1 , a? - 1 1 Air. / kn 

— = — log + — 2 cos — log (1 - 2a? cos — + a?*) 

la^-i 2 r°a?+i 2r r r ' 


kir 1 


Air 


- - 2 sin — tan ” 1 
r r 


Att\ 
r a? - 00s — 
r 

. kjr 
sm — 
r 


( 13 ) 


where the summation represented by 2 extends to all integer 
values of A from 1 tor - 1. 

(2). Let n = 2r + 1, we obtain 

f da? log(a?- 1) 1 ^ 2 kir . ( 2 kir A 

Ja? 2 ^ 1 -! 2 r+i 2r+i 2r+i 2 r+i / 


2 _ . 2Air , . , 

2 sm tan ” 1 1 


r a? - cos - 


2kw 
2r+ 1 


2 r + 1 


2r + i 


sm 


2 Air 


( J 4) 


2r+ i 
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where the summation represented by 2 extends to all integer 
values of k from i up to r. 

* \ . a^^dx 

0 50. Integration of — , where m is less thann + 1. 

of* — 1 

As before, let a be a root, and the corresponding partial 

; henoe the partial fraction 


~ m - 1 


fraction is — — — r or -7 r 

na 1 (x - a) n (x - a) 

arising from the conjugate roots, a and cT 1 , is 

if a m q~™ \ _ I fl(q OT + q-”) - (q ^ 1 j- q"^ 1 )) 

w\a? - a x - q" 1 / or* - (q + q" 1 )# + 1 

_ 2 xc °8m0 - cos (w - i )0 
n - 2a?cos0 + 1 1 

where 0 is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

^ jcosw 0 log (ar*- 2rcos0+ 1) - 2 sin mfl tan " 1 X j * (15) 

By giving to k all values from 1 to j - 1, when n is even, and 

fro m 1 to when n is odd, the integral required can be 
written down as in the preceding Article. 
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Examples. 

y. f *i_. iiog f— V 

J & + 6x + 8 a 6 \z + 4/ 

** f > 2 - >> * i<« (#-*)+ log <*+ 1). 


v f (A + Bx 2 )dx A . 

* JlFwT » 7 lo «* + 


JBa -Ab 

iab 

- 1 t V~ 


log (a+ bz *). 


f I , * — I V* A . / a? \ 

40 J a? 4 + a? 3 - 2* ”6 ° g a? + I + 3 (y/ *) 

*■ S- „ ' v,*LtfV^ + ■ 

J + 1 4 y/ 2 a ; 2 — 3 + 1 3 \/ 3 'I - a? 2 / 

7 II . /a? + l\ 

2 (a? + 1) + 4 ° g U+ 3)* 


(aa? - 5)<fa 


S f_0» 

J(»+ 3)(«+l)*’ 

\z (a*+ te 3 ) 2 * ” aa (a + &r*) 4 2a 2 *° g (a + ba?) * 

” no 2 *° g (a + bar) + *a(a + Ar»)* 


8 . 


da? 


\x(a -h to") 1 

I da? 
a; (a + % &r»*) r * 

(a - $Wd* 

Let a + bz* = arts, and the transformed expression is - - 


na r zr 


»• !. 


zdz 


, — . Atu. -log(a?+i) — log (re + 1) + - tan- 1 *. 

Ja^ + a^ + a? + 1 4 2 * 

f da? 2 _ (a? + a) 2 3 . 1 

II# Ja4 + 4 a^ + 5a^ + 4a; + 4 99 25 ° g z 2 + 1 + 35 9 5(a?+a)‘ 


da? 


12. Apply the method of Art. 47 to the integration of ^—-^5 — . 

. (i + zY*-*dz 
The transformed expression is - - — ^ n -i z n — • 


f a?dz 
(!-*»)>• 


. I z ( i + z 2 ) I . I + a? 

An, -sjr^-r 6 log —s 
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14. Prove that 


— 7-^ — r- transforms into - f 
® n (i — x) m J 


(r + z) m +*~ 2 dz 


if we make x - 


1 + 2 


f dx . 1 . . x 1 _ x 

15. ; 7 Ans. , log sin 7 log cos - 

J sin x (a + b cos x) a + b 6 2. a-b 6 2 


b 


a*-b 2 


log (a + b cos®). 


Multiply by sin ®, substitute u for cos ®, and the integral becomes 

f ~ 

J (1 - u 2 ){a + bu)' 

Ans. i log sin^ - log cos ? + ^ log (3 + 2 cos®). 


l6 . y . *l , 

J 3 sin ® + sin 22 
r ( 1 - ® 2 ) dx 

J®(I+ 3 : 2-4 - ® 4 )' 


Let ® 2 = &c. 

2 

18. Prove that 
dx 


f dx 1 

1 — 

J 1 + x 2n 2 n 


(ilc- i)ir 


log (i - 


i . (2 k - i)ir . , 

+ - 2 sin tan- 1 ^ 

n 2 n 


(2 k - i)x ,\ 

2® cos — — + ® 2 ) 

2 n J 


(ilc - 1)0 


. (2k - I)tt 

sin — 


J 


where k extends through all integer values from 1 to n, inclusive. 


19< t 


dx log(l+®) I (2/<?-l)x 

= — ^ — ■■ 2 cos — 

-j- a? 2 “ +1 2tt + 1 2*1 4* 1 2U 


2 .. (i£ - i)x . . 

5 sm — tan 1 < 

2 » + I 2 »+I 


- l)x, t (2 A:— i)ir „\ 

— — log I 1 — 2® cos- — r— 1 

+ I \ 2 fl + 1 / 

(li-Or] 


2 n + I 


»)* 

sin 

2f> + I 


where k assumes all integer values from 1 to n inclusive. 
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CHAPTER III. 

y INTEGRATION BY STJCCESSIYE REDUCTION. 

^i. Cases in which sin m 0 oos n 0d0 is immediately In- 
tegrable. — We shall commenoe this Chapter* with the dis- 
cussion of the integral 

J sin w 0 oosPOdO; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
n is an odd positive integer the expression sin w 0 oo& n 8d0 can 
be immediately integrated. 

For, if n = ir + i, the integral beoomes 

J sin m 0 cos 2rfl 0 dd , or, J sin m 0 (cos 2 0) r d (sin 0). 

If we assume x = sin 0, the integral transforms into 

J x m (i - x % ) r dx\ (i) 

and as, by hypothesis, r is a positive integer, (i - a?) r can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin 0 be an odd integer, we assume 
x = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 


* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, sinco 
other integrals of the same form require this method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Examples. 

I. 

| sin 3 0 dd. 

. cos 3 a 

A ns. oosa. 

3 

2. 

Jcos 5 0rf0. 

. 2 . _ sin 5 0 

.. 8in0 am 8 0-f . 

3 5 

3 

Jsiii 3 0cos 7 0tf0. 

OOS 1O 0 COB 8 0 

”10 8 

4* 

fsin 5 0$? 

J cos 2 a 

I CO8 3 0 

„ n +2 COB0 . 

COS0 3 

5- 

| *y sin0cos?0^0. 

2 ain*0 2 sinfy 
" 3 7 

6. 

pain *0<£0 
J y cosd 

2 cos*0 , „ 

„ 2 CQS*0. 

5 

7 > 

fcos *Od 0 
J sin*0 

„ 3 sini0 — 5sin*0. 

7 


* 5 2 . Again, whenever m + n is an even negative integer 
the expression sin m 0 cos n 0d0 can he readily integrated. 

For if we assume x = tan0, we have 


0080 = - 


1 a x , d* 

, sin 0 = and dv 


1 + a? */i + X* 

and the expression transforms into 

af*dx 


i + Q? 


-+i 


(i + x 2 ) 

Hence, if m + n = - 2 r, this becomes 
^(i + x 2 ) r ~ l dx y 

a form which is immediately integrable. 
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Take, for example, j 
Let x = tan 0, and we get 


j a? (i +x*)dx, 

fs 


or- 


tan s 0 tan»0 


Nert ’ tofilld |EWS- 

Making the same substitution, we obtain 

rfydx 




Hence, the value of the proposed integral is 
- ^ - + tan : 0 + log (tan 0). 


Again, to find 


Here the transformed expression is and ac- 

cordingly the value of the proposed integral is 

. -tan ! 0 - 2 


tanW 


In many cases it is more convenient to assume * = cot 0. 
For example, to findj -4^. 


I 


dO 


Since <J(cot0) = - if oot 0 = x, the transformed 
integral is 

- J (i + a?)d x, or - cot 0 - 

'The following examples are added for illustration ; — 

OJ 
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Examples. 


I. 

f sin 3 0 d6 
J cos 5 0 

Am. 

tan 4 a 
4 


f dQ 


, 2 tan 3 a tan 6 a 

tan a + + 

3 5 


J cos 6 a* 

» 


r de 


tan* a 

— — + lo S (t* 111 #)• 

3* 

J sin 0 cos 3 0 

99 

4- 

f sin* 0c?a 
J cos*0 

99 

~ tan^a. 

5- 

f dJ0 

J sin 4 6 cos 4 a* 

99 

g 

— 8 cot 20 cot 3 20 . 

3 

6. 

r d0 


-wj. 1 t»n»>\ 

J siniacos^a 

99 

Z belli 3 v I I 7 — I • 

V 5 / 


When neither of the preceding methods is applicable, the 
integration of the expression $m m Q cos n 9 d 0 can be obtained 
only by aid of successive reduction. 

We proceed to establish the formulae of reduction Suitable 
to this case. 

y 53. Formula of Reduction for sin m 0 cos "Odd. 


-I 


sin m 0 cos” OdO = cos” -1 0 sin m 0 d (sin 0 ) : 


consequently, if we assume 


u = cos” -1 0, v = 


sin”* 1 0 
m+ 1 ’ 


the formula for integration by parts (Art. 21) gives 

[ sin m 0 cos ”0 dO = — — — - + - — - [ sin m+2 0 cos ^ddO. (2) 
J m + 1 m + 1 J w 
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In like manner, if the integral be written in the form 


- 1 sin^O cos n 0i (cos 0), 


we obtain 


( sin m 0cos n 0d0=— — - [ sin m ~ 2 0 cos n * 2 0 d 0 - — ^ C ° S y (3) 

J ft-fij n+i y / 


It may be observed that this latter formula can be de- 
rived from (2) by substituting - - <p for 0 , and interchanging 
the letters m and n in it. 

K 54. Case of one Positive and one negative Index. 

— The results in (2) and (3) hold whether m or n be positive 
or negative ; accordingly, let one of them be negative (ft sup- 
pose), and on changing n into - ft, formula (3) becomes 


sin m 0 - _ sin m_1 0 m-i C sin m “ 2 0 „ ... 

cos w 0 (ft - 1) cos w_1 0 ft - 1 J cos^O 9 


in which m and n are supposed to have positive* signs. 

sin m 0 

By this formula the integral of — zr^dO is made to de- 
0 cos n 0 

pend on another in which the indices of sin 0 and cos 0 are 
each diminished by two. The same method is applicable to 
(he new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. If mhe even, and ft even and greater 
than m, the method of Art. 52 is applicable ; if m = ft, the 
expression beoomes J tan m 0 ^ 0 , which will be treated subse- 
quently ; if ft < m, the integral reduoes to that of sin m_n 0 dO. 

Again, if n be odd, and > m, the integral reduces to 


cos 1 


p**0 9 


* The formula of reduction employed in practice are indicated by the capital 
letters A , 2?, &c. ; and in them the indices m and n are supposed to have always 
positive signs. By this means the formula will be more easily apprehended 
and applied by the student. 

[5 a] 
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C sin — 1 * 1 0 dd 

and if n < m, it reduces to s — . The mode of find- 

9 J cos 0 

ing these latter integrals will be considered subsequently. 

Again, if the index of sin 0 be negative, we get, by 
changing the sign of m in (2), 


cos"0 - _ cos*** 1 ® n - 1 f oos— 0 - 

sin m 0 (m - 1 ) sin—© w - 1 J sin — 9 


(B, 


We shall next consider the case where the indioes are 
both positive. 

^55. Indices both Positive. — If sin w 0 (1 - cos 2 0 ) be 
writtqp. instead* of sin m+2 0 in formula (2), it becomes 


i 


sin m 0 oos n ddd •> 


cos— 0 sin m+1 0 


m + 1 


+ 1 sin m 0 (cos-0 - cos n 0) dd = 


cos' 1 " 1 0 sin”* 1 0 


m + 1 


n - 1 f . 

1st 

m+ij 


sin m 0 cos— 0d0 


n - 1 f 

- Bin m 

m+ 1 J 


0 oos n ddO: 


hence, transposing the latter integral to the other side, and 
dividing by we gst 

f sin w 0 oos n 0 dd = — - + - — - [sin m 0 oos— 0 d 0 . (C) 

J w+n w + nj v 7 

In like manner, from (3), we get 

[sin m 0 cos n 0 d 0 = — — - [sin— 0 oos n 0 dO - — — — -.(D) . 
J m+n J m + n ' 

By aid of these formulae the integral of sin™ 0 ooePOdO is 
made to depend on another in which the index of either 
sin 0 , or of oos 0 , is reduced by two. By successive appli- 
cation of these formulae the complete integral can always be 
found when the indioes are integers . 
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56. Formulae of Reduction for an” 0 dQ and oos ? 0 d 0 . 
These integrals are evidently oases of the general formulas 
( C ) and (D) ; however, they are so frequently employed that 
we give the formulas of reduotion separately in their case, 


f nn jn Bin® oos"" 1 ® n-if /\ 

oos n 0 d 0 + oos n ~* 0 dQ. (4) 

J ti n J 

f . nn oos 0 sin"” 1 0 » - 1 f . x 

J em n 0 d 0 + — — J sm^ 0 dO. (5) 


The former gives, when n is even, 

f oos n 0d0 = ^foos-0 + - — - oos"" 8 ® 

J n \ n - 2 

+ £ - , t ( — $ «**»+*) 

■ (» - 2)(n - 4) J 

+ (»- 0(»-3)(»-5) • • • I q 

n ( n - 2)(» - 4) ... 2 


(6) 


A Mmilnr expression is readily obtained lor the latter 
integral. 


Examples. 


I. 


2 . 


3- 


! 

J 

I 


sin 4 0rf0. 
co 8 2 0 sin 4 0 de. 
cos 6 0 <70. 


. sin 0 cos 0 / . 2 3 \ 3 

[ S in 2 0 + Z 1 0 . 

4 V 2/8 

sin 0 cos 0/ sin 4 0 sin a 0 i\ 0 

” 2 \ 3 , ” 12 “ 8/ + 16* 

» mP - 6 C?S - (°o»»< + + A(,in»co8S + >). 


57. Indices both Negative. — It remains to consider 
the case where the indices of sin 0 and oos 0 are both 
negative. 

Writing - m and - n instead of m and n, in formula ( O ), 
it becomes 


dQ 


- 1 


I sin m 0 cos n 0 (m + n) cos n+, 0 sirx m ~ l 0 


n+ir dQ 
m + n J sin m 0 cos * H2 0 7 
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or, transposing and multiplying by 

f dO i m + w|* dO 

J sin m 0 cos w+2 0 ~ (n + i) cos” 41 © sin m-1 0 n+ i J sin TO 0cos w 0* 

Again, if w6 substitute n for n + 2 in this, it becomes 

f </0 1 

Jsin m 0cos n 0 (w - 1) cos^'Oem^O 


m + n - 2 f dO 
+ » - 1 Jsin m 0eos n “ 2 0’ 


(*)■ 


Making alike transformation* in formula (2)), it beoomes 
dO 


Is 


- I 


sin m 0cos w 0 


(m - 1) sin^O cos 1 
m+n- 2 [ 


l 0 


m - 1 


dO 

J sin m_2 0 cos w 0* 


(F) 


In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to those of 

one or other Of the forms — r. or - — % : these have been 

oos0 em 0 

already integrated in Art. 17. 

The formulae of reduction for and -- -7, are so 

sm n 0 cos w 0 

important that they are added independently, as follows : — 


• It may be observed that formula) (B), (D), and (F) can be immediately 
obtained from (A), (C), and (2?), by interchanging the letters m and n, and 

substitating ~ - <p instead of 9. For, in this case, sin 0, cos a, and dO, transform 

into cos <p f sin <j>, and — d<p, respectively. 




Application of Method of Differentiation . 


f dO 
Jcos” 

Is 


sin© 


© (n - i) cos” -1 © 
dO - cos 0 


sin”© {n - i) sin* -1 # 


n - 2 f 
n - i Ji 

n - 2 f 

» - i Jsi 


cos” -2 ©' 

^0 
sin” -2 ©* 
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( 7 ) 


( 8 ) 


It may be here observed that, since sin 2 © + cos 2 0 = i, we 
have immediately 

r j£i r jtk 

( 9 ) 


r de 

rf 0 

1 

de 

) sin m 0 oos M 0 . 

sin”*" 2 © cos"© . 

sin m 0 cos” -2 © * 


and a similar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 


<*» , 

f sin0rf0 

sin0cos 2 0 ~~ , 

) cos*0 

dB 

; ?in0*£0 

sin0cos 4 0 

J cos 4 0 


Examples. 

r do _ i 
J sin 0 — cos 

r de 


and is accordingly immediately integrated by the last. 

COS0 


Jsin s 0 


de 


An*. - 


i . e 

. 9 + - log tan 
2 sin 2 0 2 2 


lsin s 0co8 2 0* 


i cos0 3, . 0 

» ^e-^ + i logtan ? 


yj 


58. Application of Method of Differentiation. — 

The formulae of reduction given in the preceding Articles 
cam also be readily arrived at by direct differentiation. 
Thus, for example, we have 


m sin*”" 1 © n sin m+1 0 
cos” -1 © + cos” 41 © * 


d f sin m 0\ _ 
dO \cos”©/ 

and, consequently, 

f sin”^ 1 © g 1 sin m 0 m r ain”" 1 © - 

J cos” 41 © n cos w 0 w J cos” -1 © 

This result is easily identified with formula (^ 4 ). 
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Again, 

(sin m © cos”©) = m sin**" 1 © oos n+1 © - n sin m+1 © 00s”" 1 ©. 


If we substitute for oos n+1 0 its equivalent cos" -1 © (i - sin 2 ©), 
we get 

d 

jq (sin m 0 oos w 0) = m sin* 1 " 1 © cos”" 1 © - (m + ri) sin m+1 0 cos”" 1 © ; 
hence we get 

[ sin mn 0 cos”" 1 © dO = - — ^ - ° - 0S - + [ sin” 1 " 1 © Gos”" 1 ©^©, 

J m + n m + n] 


a result easily identified with (D). 

The other formulae of reduction can be readily obtained 
in like manner. 

dO 

y 59. Integration of tan "0 dO and 

These integrals may be regarded as cases of the preceding : 
they can, however, he arrived at in a simpler manner, as 
follows : — 

Since tan s 0 = se 6*0 - 1, we have 


| tan ”0 dO = | tan "~ 2 0 (sec *0 - 1) dO = J tan B ~ 2 0 d (tan 0 ) 

- 1 tan B ~ 2 0 dO = ~ ~ | tan M “ 2 0 dO. (10) 


By aid of this formula we have, at once, 

tan*-’0 tan"- 3 0 t&n^O . 

+ etc. 

» - 1 » - 3 » - 5 


tan "0 dO > 


(») 


(1.) If n = 2r + i, the last term is easily seen to be 
(- i) m log (cos 0). 

(2.) If n = 2 r, the two last terms may be represented 
by (- i) m (tan0 - 0). 
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In a similar manner we have 


f d e 

f seo 2 0 dO 

f dO - 1 (• 

J tan B 0 

J tan"0 

J tan B " , 0 (»- 1 ) tan*~"0 J 


dd 


r (12) 


Examp les, 


1. 


J tan *Qd9. 

f— • 

J tan 3 0 
f dd 

J tan 5 0* 


Ans. -/tan 0 + 


2 tan 2 0 


- log (sin 0). 


f 


cot 4 0 d$. 


- ^ +log(8ine) - 
cot 8 0 


+ cot 0 + e. 


Trigonometrical Transformations. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. For example, if we 

assume x = a tan 0, the expression transforms into 

(a’ + s 2 )* 

sin m 0 cos n " w “ a 0 dd (neglecting a constant multiplier). 

In like manner, the substitution of a sin 0 for a trans- 

£ . at»dx . a m " n+1 sin m 0^0 

forms the expression — — mto : and, if 


cos” -1 © 
transforms into 


008 * 


2 ddd 


sin n “ l d 


(a 2 - rf)i 

n . a?* dx 

x = a seo 0, the expression 

V (tf-a')* 

(neglecting the constant multiplier). 

A similar transformation may be applied in other oases. 

For example, to find the integral of ; 

let x= 2a sin 2 0, then dx = 4a sin 0 cos 0 < 70 , 

and the transformed integral is 

2 W+1 a n / sin^Orf© : 

accordingly the formula of reduction is the same as that in (5) ; 
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4 - 


5 - 


j 

i 

i 

j 

! 


X K dx 

(T^) *• 

dx 

a? i - x* 
dx 

(a 2 + 0jt 

x i dx 

(a* + ib 2 ) 2 ' 
x 2 dx 

(2ax - a? 2 )** 


Examples. 


V ^ • 3 • 1 I i' g 

sin- 1 ^ — - — (3 + 2$*). 

2 . 4 o 


1 1 1 
-log- 


1 -3? \/ ~l -i 

X 2X 2 


» 


II 


I) 


X 


X 3 


a 4 (a 2 + a 2 )* 3a 4 (<* 2 + **)!’ 

7 T « tan' 1 -] . 
2 (a 2 + a 2 ) 2 \ a) 

- (lax - **)» + j) + 


The integrals considered in this Article admit also of 
a more direct treatment. We shall commence with th6 
following : — 

y /j«jb dtTb 

6i. Cases in which is immediately inte- 
grate. {a + cot?)' 

We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer . 

Again, when m is an even integer, if we assume a + cx 2 
= a? 2 2% the transformed expresssion is 


- (2* - c) 2 dz 

» - m - 1 



This is immediately integrable when n - m - 1 is even 
and positive, i.e. when m is either an even negative integer , 
or an even positive integer , less than n - 1. 

a-8 

•n , d® 1 (2 2 - C) S dz 

For example, becomes - ■ — , and 


accordingly is always integrable by this transformation, 
sinoe n is an odd integer, by hypothesis. 
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Examples. 


1 

P dx 

Am * fi . «** j 

*(« + ex 2 )^ 

a* (a + cz?)l [ 3 (a + ex 2 ) j 

’• ] 

P x*dx 

X 3 ( I ftC 2 ) 


” a 2 (a + cxrf '3 S(a+«: 2 )i 

t 1 

f xHx 

- ( 2 a 2 + 3 * 2 ) 

3 - J 

4- 1 

1 (a* + x*)& 
P dx 

3 («* + **)* ’ 


+ ex 2 )^ 



A 


The differentials considered in this Article are cases of a 
re general class called binomial differentials. 

6 2. Binomial Biflferentials. — Expressions of the form 


af n ( a + b^Pdx, 


in which m, n , p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials. 

Such expressions can be immediately integrated in two 
cases, which we proceed to determine by transformations 
Analogous to those adopted in the preceding Article: — 


(i). Let 


a + bx" = then x = 



and 


i 



hence «**(« + laPydx = 


(«-<»)' 


zPdz 


nb n 

Consequently, whenever V ~~ a positive integer , the 

transformed expression is immediately integrable alter ex- 
pansion by the Binomial Theorem, 
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(2). Again, if we substitute - for a?, the differential 
becomes 

- + b)Pdy. 

This is immediately integrable, as in the preceding 

case, whenever - ( n P. + m+l ) ^ a positive integer ; i. e. when 
n 

+^is a negative integer. In this latter case the inte- 
gration iseffeoted by the Substitution of s for oar" + b, 

jT )• 


- 7 J ' X' 


Examples. 


(1 +*»)*• 


Ans. 


1 (1 4- **)• (a* - 2) 

” *"• 


(1 + *)'■ 


,* 


<r*(i + ic 4 )** 
dx 


(1 + a 3 )*’ 
(I + s 4 )* 
* 

(I + 


I «I(I + <*)*’ 

When neither of the preceding processes is applicable, the 
expression, if jo be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

^ 63. Reduction of J e mx x tl dx 9 

where n is an integer. 

Integrating by parts, we have 


f o?e mx dx = — — - ^jof >F ‘ 1 d n *dx. 


J 


m 


(13) 


By successive applications of this formula the integral 
e?"* dxy i. e. 031 — . 


m 



Reduction offaf* {log x) n dx. 
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r e mx 

Again, to find I ^ dx. 


u = 


v = 


- i 


parts, we have 

C e^dx -e™ m f 

J X* (n - i )af^ 1 + n - ij 


(n - ijaf" 1 ’ 

m [e^dx 

^ =r# 


and integrating by 


{n - i)af^ : 

By means of this the integral is reduced to depend on 

e^dx 
x 


( 14 ) 


[ e^dx 

J x * 


The value of this integral cannot be obtained in a finite 
form; it however may be exhibited in the shape of an 
infinite series ; for, expanding and integrating each term 
separately, we have 


l e^dx . mx m 2 x* m z a? 

= log x + — + + — i 

' x ° i i . 2 3 i . 2 . y 


+ &c. 


(i5) 


The integral of (faPdx is immediately reducible to the 
preceding, since a? = Consequently, by the substitu- 

tion of log a for m in (13) and (14), we obtain the formulae 
of reduction for 


!?*• 


c tf otf 1 dx and 


In like manner we have immediately 

fe^xPdx^- e^at 1 + n jer^^dx. (16) 

hi. Reduction of Ja? m (log x) n dx. 

Let y = log x 9 and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

| a- (log x) n dx = ^ _ _JL_ J 3* (i 0 g xfr-'dx. (17) 
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f 


z z e ax dx. 


Examples. 

a ( a a * a 3 ) 

2 . (log *)•<&. „ ^|(logar) 2 --|^ + ij. 

C(t r I ) 1 f 

” 3 ( ^ + 22* + 2xJ + 3 . 2 . I J 


f e?dx 


x 


\ / 65. Reduction of JV*cos axdx. 

Here f af 1 cos axdx = a?>>sm ^ _ - f of 1 - 1 gin axdx ; 
J a a) 


ogam 


| a?"" 1 si: 


. , x ”" 1 cos ax 7 i—i 

sm axdx + 


| gf* cos ax dx, 


hence 

f ^ . x n ~ l (ax sin ax + n cos ax) n(n-i)C ^ 

I of 1 00s axdx = — t— ^ yx 9 ^ 2 cosax dx. 

J a 2 a 9 J 

The formula of reduction for x” sin axdx can be obtained 
in like manner. 

Again, if we substitute y for sin -1 a?, the integral 
/ (snr l a;) n dk 

transforms into 


jy n cos ydy, 

and accordingly its value can be found by the preceding 
formula. 


Examples. 

1. | sfi cos xdx. Ans. x* sin x + 3a; 2 cos x - 3 . 2 . x sin x - 3 . 2 . 1 . cos x. 

2 . 

Ans. - x* cos* + 4X 3 sin x + 4 . 3 . x 2 cos x - 4 . 3 . 2 . x sin x - 4 . 3 . 2 . 1 . c«s x. 
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/ . Reduction off cos m x sin nxdx. 

\ 

66. Redaction of fe az ooB n xdx. 
Integrating by parts, we get 


’ „ « 7 coB n xe az n 

e oos n xdx = + 


Again, 


i\ 


0 0 * cos* 1 ” 1 # sin xdx. 


j 


e ax (sob P~ l x sin xdx 


eP* cos”" 1 # 


l " 1 # sin x if. _ , x „ , . . . _ 

(cos”# - (n - i) cos”' 2 # sin 2 #} d# 

CL CLJ 


e ax cos”” 1 # sinx (n - i ) | 
a 


^>f 

a J 


- -[« 
a J 


e®* oos "~ 2 xdx — I e** cos n #dr : 


substituting, and solving for f e™ cos n xdx, we get 
e ax cos”" 1 # (i a cos a? 4 - n sin x) 


e? x cos n xdx- 


d 2 + n 2 


w (n - i ) r 

a 2 + n 2 J 


e <uo cos ^ xdx. 


(18) 


The form of reduction for e? x sin”#d# can be obtained in 
like manner. 

67. Redaction of J cos’”# sin nxdx. 

Integrating by parts, we get 


cos’”# sin nxdx = - 


cos # cos nx 


m f 

n J 


cos’”" 1 # cos nx sin xdx : 


replacing cos nx sin # by sin nx cos # - sin {n - 1) #, after one 
or two simple transformations we get 


| cos*”# si 


'# sin nxdx = - 


cos m # cos nx 
m + n 


Yfh f 

+ — — cos’”** 1 # sin (n - 1) xdx. (10) 

m + n J ' 1 v 

The mode of reduction for cos’”# cos nxdx, sin*”# cos nxdx, 
and sin*”# sin nxdx can be easily found in like manner. 



80 


Integration by Successive Reduction. 


Examples. 


! 


sin 2 xdx. 


2. Jcos*®sin4*<fo. 
3 - j 


€T*coa 2 xdz. 


6 ** sin x , 


Am. r {a sin a? - 2 cos a?) + =r. 

4 + « 2 a (4 + a 2 ) 

COS 2 X 006 40 COS X . COS IX COS 2X 


12 


„ — y (cos* x — sin 2® + 2). 


24 


x / 68. Reduction by Differentiation. — We shall now 
return to the disoussion of the integrals already considered in 
Arts. 60 and 61 ; and oommence with the reduction of the 


expression 


at*dx 
(a + ex *)*’ 


This, as well as other formulae of re- 


duction of the same type, is best investigated by the aid of a 
previous differentiation. 

Thus we have 


£ + ctf)i J = (» - i)*~* (a + <*>)» + 

(m- i)at*~ z (i a + cx 1 ) + cat* 
* (a + as 2 )* 

(w - 1) aa?”*" 2 meat* 

(a + as 2 )* + (a + as 2 )** 


hence, transposing and integrating, we obtain 

f _ a^-^a + as 2 )* (w-i)af at*^dx 

J (a + as 2 )* wc me J (a + as 2 )*’ 


(20) 


By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
integer. 

The formula (20) evidently holds whether m be positive 
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af*dx 


a*)*' 
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or negative ; accordingly, if we change m into - (m - 2), we 
obtain, after transposing and dividing, 


1 


dx 


(1 a + cr*)* 


(m - 2) c C 
(m - i)a]i 


dx 


of* (a + car 5 )* (m - 1 )aaf nr ~ l 

More generally, we hare 


a*"* (a + ca*)*' 


(21) 


— {af* -1 (a + cx 2 )*} = (m- 1 ) a** - ! (a + cx*) n + incaf* {a + ca?) n 


Henoe 


= (a + cx 1 ) 9 ^ 1 {(m- 1 )aa?** + (m + 2n- i)cx m }. 

I a^* (a + = 7 — f- 

J v 7 (w+2n-i)(? 

- 7-^ — + ctf^'dx. (22) 
(w + 2n-i)cj ' 7 v 7 

Consequently, when w is positive the integral can be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next prooeed to consider the case where n is negative. 


r 

J(* + 


1 / 70. Redaction of 

tn and n being both positive. 
Here 


af*dx 


ex*) 


>2\n* 


f m f xjx 

J (a + ctf) n J (a + cx 2 ) n * 


or 


- 1 


2 (n - 1 )c(a + ca?) n 


and we get 
«Pdx 


f of* 

J(«+ 


-a"- 1 


ca?)* 2 (n- i)c (a + ca , )* , ■ , 

w 


m - 1 f a" -3 da . , 
+ 2 (n - i)cj (a+ca 1 )”" 1 " 
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By successive applications of this form the int egra l admits 
of being reduced to another of a simpler shape. We are not 
able, however, to find the complete integral by this formula, 

r 

unless when n is either an integer, or is of the form where 
r i^an integer. 

^7 1. Reduction of 


af'dx 


| (a + 2bx + ctf)V 
By differentiation, we have 
d 

— [of 1 ' 1 (a + zbx + ca? 2 )*} = (m - i + 2 bx + cx*)* 


hence 
( 2m - i)6 


+ cx) 

[a + 2bx+ cx 2 )* 

aPdx 


(m - i) aaf ^ 2 + (im - i) baf *" 1 + mcaf* 
(a + 2bx + or 2 )* 9 


I(«+ 


_ of *- 1 (a - f 2bx + C3 2 )* 
2bx -hex 1 )* me 

(m-i)af x m ~ 2 dx 


l dx 


me J (a+ 2&r + ca 8 )* 


me 


J(«+ 


2bx + a c?)i* 


(24) 


This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx dx 

(a + 2bx + cx x )* (a+ 2 bx + <%?)*' 

These have been determined already in Arts. 9 and 12. 

Again, the integral of — ( ^ -jr? oan be reduced to 

the preceding form by making x = K 

7 2. The more general integral 

f a^dx 
J (a + 2bx + cx 2 ) n 

admits of being treated in like manner* 
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J (a + 2bx + cx*) n 

For if a + ibx + or* be represented by T 9 we have, by 
differentiation, 

d f a^ -1 \ (m - i)af^ 2 2 (n - i)^ 1 (6 + cx) 

dx (t^ 1 ) ~ T*-* T* 

(m - 1 )g m ~ 2 (g + 2bx + cx 2 ) - 2(n- + ag) 

y« 


(w- i)aaf*“ 2 2b(m-n)aP^ 1 (2n - m - 1 ) ca?* 

fn J*n Jin 


Hence, we get the formula of reduction 

f x m dx - x™" 1 2 (m-ri)b faP*~ l dx 

J T n {2n-m-i)c T* -1 + (m-m- i)cj T n 

(m - i)a f at n ' 2 dx 
+ (2n - m - i)c J T n 

, af*dx 


(25) 


By aid of this, the integral of -^ T — , when m is a positive 

integer, is made to depend on those of and Again, 

it is easily seen that the integral of is reduced to that of 
dx „ 
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Integration by Successive Reduction . 


73 . Seduction of 

In order to reduce 


1 (« + 


dx 


r dx 

J T* 


ibx + «»*)" 
we have 


Henoe 


c 

2n (6 + ex)* 



T n ~~ 




c 

1 

2n[ac-b *) 2nc 

2n(ac-b*) 

{in 

T* 

ytiti y* 

~ 2*1*1 

/ 

J 

dx 

b + cx 

(2« - l)c ( 

dx 

T** 1 = 

2n{ac- b 2 )T n 

2n(ac - &*) J 

Y*' 


T* 


(27) 


dx 


By aid of this formula of reduction the integral of ^ can 
be found whenever » is an integer, or when it is of the form 

T 

- (r being an integer). 


74. Reduction of 

when n is a positive integer. 


J(«+ 


dx 


b 00s x) n * 


dU 


XT - a 


Let U= a + b 00s x, then — = - b sin x, 00s a 

dx v 

Again, by differentiation, we have 

d (sin®) oos x (n - i) 6 sin** 

dx ( Z 7 - 1 j = U ^ 1 + TJ n 

ooso? (n- i)J (n - 1)6 oos # a? ^ 

m W- I+ u* u* 5 

for oos x in the numerators of these fractions. 


substitute 


U-a 


and we get 
d_ ( sin x ) 
dx ( U"- 1 ] ’ 


bU»* bU "- 1 


(» ~ 0& 
U* 


n - 1 2(n- i)a 

bU ^ + bU *- 1 


(rt-i)a* - (« - 2 ) ( 2 »- 3 )« (n-i)(a?-&*) 

W* bU”~* + bJ 7 n ~ l ~ bU n 


Reduction 


ion of j 


d» v 

(a + b oos«)"’ 


Henoe, transposing and integrating, we get 
[dx -b am* (2« - 3 )o f dx 

J V* ~ (» - i)(o» - ¥) U ”- 1 + (» - i)(a* - V) J W* 

n - 2 f dx , oS 

~ (n - i)(a* - W) J IF* 

By this formnla the proposed integral can be reduoed to 
depend on 

f dx 
Jo + b oos <s* 


the value of which has been found in Art. 18. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than b, as follows : — 




Integration by Successive Redaction. 


and we get 

' x \ n 
i + tan’-j dx 

A + B tan* 


= 2 


/ A \<*-l 

•(i-f-^tanVj df 
A n ae a 3 "-*# 


2 (B oos 2 tp + A sin’^)” -1 d<f> 

= (AB) n ~i * 

Hence, replacing A and B by a + b and a -b, we get 


f ^_. 2 f 

J (a + b cob x) n J 


(a - b cos 2^)*" I ( 
(a 2 - b‘)”~ i 


( 29 ) 


When n is positive integer, the integral at the right- 
hand side oan be found by expanding (a - b 00s 2^) n ~ 1 , and 
integrating each term separately by formula (4). 

Again, if in (28) we make b = aoosa, and 2$ = y y we 
obtain 

J (. u°> 

where tan - = tan - tan 
2 22 


Hence, if we take o and — as limits for x* we have 
7 2 7 


fa dx _ 

Jo(l + OOSa 0082 ?)" ~~ 

76. Integration of 


^ « + ^bx + ca? 


We shall conclude this Chapter with the discussion of the 
above form, where /(a?) and <j>(x) are supposed rational alge- 
braic functions of a?. 

If f(x) be of higher dimensions than $(#), the fraotion 
may be written in the form 


/(•) ^ . * 



Integration of 


f{x)dx 


<p(x)*/a + 2 bx 4 - cx 1 
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Again, since Q is of the form 7? + qx + + &o., the inte- 

Q dx 

gration of — - ■■■ oan be found by the method of 


a + zbx + 
R 


Art. 71. 

The fraction oan be decomposed by the method of 
partial fractions (Chap. II.). To any root a, which is not a 

multiple root, corresponds a term of the form , and the 

corresponding term in the expression under discussion is 

Adx 

(x - a) a + ibx + car* 

The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 


(x - a) r a + zbx + cx 2 

This is reducible to the form of Art. 71 on making 
x — a = —. Again, to a pair of imaginary roots corresponds 
an expression of the form 

(fa + m)dx 

{( x - a) 2 + j3 8 } \/ a + zbx + cx* 

If z be substituted for x - a, the transformed expression 
may be written 

(Lz + M) dz 

(2* + / 3 2 ) yT+ 2Bz + Cz* 

where Z, M> A, B, C, are constants. 

To integrate this form ; assume* z =2 j 3 tan (0 + 7), where 


* For this simple method of determining the integral in question I am 
indebted to Mr. Cathcart. 






Examples. 


i 


I. I cos 8 0 sin 20d0. Am. — cos 8 0 . 

5 

sin 8 0 sin 80 


4 - 

> j 


co stOdO 


I COff 

si 


2. I sin 2 0 cos 8 0d0. 

J 3 5 

3. 1 8in 8 0 COS 6 0d0. .. - ~ (cos 20 -- 00S 8 20 + - COS 6 20J . 

J 64 ( 3 S ) 

„ + 00*8 + log ^tan^. 

8. | r+co&xdx. „ ^ 1 3 (gin a? - cob a?) + 00S 8 a? (3 sin 2 -cos 2) | . 


sin 0 

cos 4 0 d 9 
sin 8 0 * 


I- 

J (r + 


(1 + * s ) ! ‘ 


«•" ls=lb 


— — = __ 1 ___________ 

sin m 0 cos n 0 sm "*” 1 0 cos " -1 0 J sm "* -8 0 cos* 0 * 
determine the Tallies of A and B by differentiation* 


!, 


o. \ { — 

J (**+ 


(z* - otyfe 
« 8 ) 8 • 


“• 1(7 


flinty d 9 


( 1 + COB0) 8 


Am. 2 tan - - 0 . 
2 


12. Prove that the integral J tranafonn* into »«-»« j 
where 0 = 2 $>. 
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f 3 * 


f dx 
J (a + b cob x) 8 


Am. 


— b gin x 




(a 8 — d*)(a + b cos*) 

f co B$d 0 5 rind 8 / t<m 2\ 

14. 1 7 An*. - . tan 1 1 — . 

J (5 + 4 cos d) 8 9 5+4 cos d 27 \ 3 / 

15. j (sin' 1 *) 4 dx = x { (sin^x) 4 -4.3. (sin- 1 ®) 2 44.3.2.1} 

+ 4\/ 1 - x* sin _1 x {(sin' 1 *) 8 -3.2}. 

/(cos x) (fo 

16. Prove by Art. 74. that any expression of the form / ■ — - — — is 

J J r (a + dcosx)» 

capable of being integrated when /(cos x) consists of integral powers of 00s x. 

17. Show, in like manner, that the expression 

/( cosx, sin x)dx 
(a + b cos x) n 

can be integrated when /(00s x sin x) consists only of integral powers of cos x 
and sin x. 

,8 - If j (7+ = Plog(a + ^ + «**<• + ** + «* 


+ P 


a + bx + ex 8 * 


find tho values of P, < 2 , and R. 
C de 

19. . 

J (a oos*d + b sin 1 d) 8 
where tan <f> = tan d. 


< 4 **. 


(a + d)^ (a - j) sin *<j> 


2 (ad)* 


4 (<•*)* ’ 


20. Find the values of n for which f — ===== is integrable in finite 

Jy^-x 2 * 

[ f — — s . 1 — [* (1 - cos a cos y)*- l dy. 

Jo (I + cosa cosx)* sm^ajo' 


terms. 

21. Prove that 
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CHAPTER IY. 

INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x = z n , where n 
is the least common multiple of the denominators of the 
several fractional powers. By this means the integration of 
suoh expressions is reduced to that of rational functions. 

For example, to find 

f (1 + xi)dx 

J I + xb 

Let x = s 4 , and the transformed expression is 

(V(i + z)dz 

4 J I +Z 2 

Consequently the value of the integral is 

Aft I 

— + 2x*~ 4x* + 4 tan -1 (^) - 2 log (1 + x&). 

3 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + bx is immediately reduced to the preceding, 
by the substitution of z f or a + bx. 


f z*dx 


Ana, 


Examples. 
2\/ x - 


5 -7 


[5s 3 -f 6a a + %x + 16]. 


2 (2 a + bx) 
y / a + bx 


I xdx 
(a + bx)* 

f y ■ : • » log(* + V / x-i) — ~ tan - 1 ( * “ZjLllll \ 

J z + yz-i V3 \ v 3 ' 
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Integration by Rationalization . 


78 . Rationalization of F(x, a + 2bx + cot?) dx. It 
has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic fun ction containing 
a single radical of the form a + ibx + ca?, where a, b 9 c are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 


The expression* 


f(x) dx 
$ ( x ) \/ a + ibx + cot? 


can be made ra- 


tional in several ways, which we propose to consider in 
order : — 


(1). Assume a + zbx + cot? - z - x */c, (1) 

Then a + ibx = s* - 2xz ; .\ bdx = zdz - </c (xdz + zdx) 9 
or dx(b + z*/c) = dz(z- x*/c) = dz ^a + zbx + ca? ; 


Also 


dx 


dz 


\/a + 2bx + co? b + z*/o 


z*-a 

2(b + Z^/c) 


(2) 

( 3 ) 


This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 


* It wiU be shown subsequently that the integration of all expressions of 

the form 

F(x 9 */ a + ibx + cx*) dx 

is reducible to that of the above when F is a rational algebraic function. 

It may also be observed that, in general, the most expeditious method of in- 
tegration in practice is that of successive Seduction (Arts. 71, 72, 76). 
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Rationalization of F(x, a + zbx + ca?) dx. 


When b = o, we get 
dx dz 


and x 


(see Art. 9). 


\/a + ca? z*s/c 2z*/c 

By aid of the preceding substitution the expression 
dx 


transforms into 


( x -p) */a + zbx + ca? 

dz 


(Art. 13) 


s 2 - zzp y~c - a - 2 pb 

For example, to find f — , 

J (p + qx) a/i + a? 

_ z 9 - 1 , dx zdz 

Here x , and — > — - - —5 ; 

2% ( p + qx) a/i +x* q * 2 + 2pz- q 




dx 


■ , (f+r-S? T?\ 

9 +<f \qz +p + p 2 +q 2 ) 


(p + qx) a/ 1 + a? 

When the coefficient c is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are avoided. 

(2). Assume* a + zbx + cx* = a /a + xz. (4) 

Squaring both sides, we get immediately 
zb + cx = zz a /a + xz 9 ; 

.*. dx(c - z 9 ) = 2 dz(\/a + xz) = zdz a + zbx + cx*. 

dx zdz 

Hence - , ■ = — . (5) 


A /a + zbx + cx 2 c-s 2 


• This is reducible to the preceding, by changing x into and then em- 
ploying the former transformation. 
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And 


Integration by Rationalization . 
2 (2 / a - J) 


# = 


c - 2 * 


( 6 ) 


This substitution also evidently renders the proposed 
expression rational, provided a be positive. 

For example, to f 


f dx 

J x\/ 1 - a? 


Assume 1 - x 2 = 1 - xz, and we get 

- J * - k «* - 

( 3 ). Again, when the roots of a + 262 ? + or 2 are real, there 
is another method of transformation. 

For, let a and (3 be the roots, and the radical becomes 
of the form 

c (x - a)(x - (3), or */c (x - a )(/3 - x), 

according as the coefficient of x 2 is positive or negative. 

In the former case, assume */x-a = z^/x - (3, and we 
get 

a - (3z 2 , r> a- (3 dx 2zdz 

= ; hence x - /3 = £ ; ^ = 2 . 

T ~ 2 1 » - a? - p 1 - s 2 


1-2 
Accordingly 


d<r 


1 - 2 * 


da? 


— :• (7) 


v / 'c(x-a)(x-(3) z(a!-/3)\/c y^ci-z* 

In the latter case, let </x-a = z\/fi-x, and we get 
a + /32 s 


a? = 


da? 


1 + S' 


2 > 


\/c(x-a)((3-x) \/ci+z 2 


and 


( 8 ) 
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Rationalization of F(x, \/a + zbx + cx 2 ) dx. 
For example, the integral 


transforms into 


i 

i 


dx 

(p + qx) i 

2dz 


g® I 

on making x = — . 

D z 2 + i 

The student can compare this method of integrating the 
preceding example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the fore- 
going methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 

/ 7 lb 2 -ac- (cx - b ) 2 

is imaginary for all real values of x unless b 2 - ac is positive ; 
i.e. unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that the 
expression 

F(x f a + 2bx + ca?) dx 

can be always rationalized ; F denoting a rational algebraic 
funotion of x and of ^/a + zbx + cx 2 . 
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Integration by nationalisation. 


Etawtt.hs. 


I. 


2 . 


f 

1 


dx 

(2 + i»)y/ 4 - 
<£r 

[(«’ + s 3 )* + *]*’ 



*y 4 + ag-y/ 2 — a? 
-y/ 4+23 + v^ 2 -* 


Asau me * = («* + ® 2 )* + <r, and we get for the yalue of the proposed integral 


2 2 a* 

™ IP “ * * “T • 

3 5 i 


3. | dx \/x + 2 + t*. 

4 . | *"•{(«* + **)» + *}• dx. 


2 x* + * \/ 2 + a* - a 

3 v. . .✓ 3 + (( , 




Making the tame aeaumption as in Ex. 2, the transformed ex pression ia 

(z a -a a )~(a » +z*)dt 
2»»+i $»-»♦* * 

which is immediately integrable when m is a positive integer. 

Amm Kl+ ^)* + *> +1 . [(i + »*)* + a?]** 1 

2 (#1 + 1) + a>- i) * 

„ £{(i + **)* + *}". 

7 3 \/ a + 2 bx + oc 3 {•/ a+2bx + cx*± x*fo) n ' 

Let */ a + 2bx + c& ±x^/ e = s, then, aa in Art. 78, we get 

dx dz 

y/ a + 2 bx + ox 2 b i e c / 


6 . 


f — 

J {(l +**)*-$}** 

f {(1 + + x} n dx 

J (!+«*)* • 


hence the proposed expression transforms into 



General Investigation . 


97 


79 . General Investigation. — The following more 
general investigation may be worthy of the notice of the 
student. 

Let R denote the quadratic expression a + ibx + cx 2 ; 
then, since the even powers of V~R are rational, and the odd 
contain a/P as a factor, any rational algebraic funotion of x 
and of \/ h R oan evidently be reduced to the form 

P + Qa/P 
P'+Q'y/p’ 


where P, Q, P', O' axe rational algebraic functions of x. 

On multiplying the numerator and denominator of this 
fraction by the complementary surd P' - Q' */ R, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

M+N*/R, 


where M and N are rational functions. 

The integration of Mdx is effeoted by the methods of 
Chapter II. 

— f NRdx 
Rdx = I " 


Also 

whioh is of the form 


w 


J vTt 


f(x)dx 


J 0 (x) *ya + 2 bx + car* 

Let, as before, a + ihx + cat? = V c(x - a)(x - j3), and 

substitute instead of x, when the radioal becomes 

A+2/xs+vV 9 


s/ e {A. — -f 2 (fA — aft ') z + (v - tup g*} 2 fr—Q/j.') z + (y - £✓) g 8 } 

+ 2 y!z + v's*. 

(9) 

Again, if the quadratic factors under this radioal be made 
each a perfect square, the expression obviously beoomes 
rational. 

w 
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Integration by Rationalization . 


The simplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing s’. 

Accordingly, let 

X - aX' = o, ft - aji = o, jj, — /V = o, v - (3v = o ; 
or y. = o, // - o 9 X = aX', v = /3v'. 

On making these substitutions the expression (9) becomes 


q ) 2 cX v # = 

X' + vV 


aX 7 + j3vV 
X' + v's 3 * 


In order that \/ - ck'v should be real, X'and v must have 
opposite signs when c is positive, and the same sign when c 
is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = 1, and v = ± 1. 


Hence, when c is positive, we get a? = 


a-/3s* 


1 - S' 


.2 9 


and when 


• a + /3« 2 

c is negative, x = - . 

These agree with the third transformation in the preced- 
ing Article. 

More generally, when the factors in (9) are each squares, 
we must have 


( fi ~ ajx ) 2 - (X - aX') (v - av) - O, 

or y? - Xv + (Xi/ + vX - 2 fi//) a + (jx 2 - XV) a 2 = O, (10) 

and a similar equation with (3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + iba + ca a = O. 


* For the substitution of y 2 for — transforms 


oA' 4- £ y'z 2 
A' + vz 1 


into 


o+_^. 

i+y” 


&o. 
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Accordingly (io) is satisfied if we assume the constants 
A, ft, &c., so as to satisfy the equations 

fi 2 - Xv = a y Xv 4 - Xv' — 2 fifi = zby ft 2 — XV = c. (i i) 

Again, solving for z from the equation 

x(X + 2 flZ + vV) = A + 2/lZ + vs 2 , (12) 

we obtain 

( v - #1/) z + p- Xfi = >v/V - A v + ( A v + A'v - 2 ju//) x + (ji 2 - A V) x 2 
=</a+ zbx + cx 2 . (13) 

Also, by differentiation, we get from (12), 

(A' + 2 f/z + v'z 2 )dx = 2[fi + vz — x (jx + vz) j dz 
= z^/a + zbx + cx 2 dz\ 

dx zdz ^ ^ 

a/«+ 2 bx+ ex 2 X + 2 f/z + vz 2 ^ 

Now, since we have but three equations (11) connecting 
A, ft, &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(1). Let a be positive, and we may assume v = o, and 
fi - o ; this gives 

fi = Av' = zby Xv “ — c. 


Again, without loss of generality, we may assume v'=- 1, 
which gives 

A = - zby X = c ; whenoe x = 2 ( g v // ^ _ ^ j) > 



and 
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(2). In like manner, if c be positive we may assum e 
v - o, fj. = o, and v = i, 


which, gives 


2? = 


fi = a/c, A = 
2* - a 


, and 


and A' = 25 ; 
dx 


y— > 9 

2 (6 + c) v a + 2bx + ex* b + z</c 


as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and / 3 , they hold whether these roots be real or 
imaginary; as already shown in Art. 78. 

It is easily seen that if we make n = o, and \i = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f{x)dx 

<fa + 2bx + cx 2 


where f(x) is a rational algebraic function of x 9 it is often 
more convenient to prooeed as follows : — 

The substitution of z - - for x transforms the proposed 


into 


/ 


Hh 


*/cC + cz 2 


where c ( = 


ac - 5 2 


If the even and odd powers be separated in the expan- 
sion of f(z - it can plainly be written in the form 

and the proposed integral becomes 

f (p (z 2 ) dz f z\p (s 8 ) dz 
)y7 + CS a J •/ <j + cs? 

The former of these is rationalized (Ar t. 24), b y making 
yV + cs J - yz, and the latter by making yV + «* = y. 
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It may be observed that in general the expression 
/(ct?) dx 

*/ a + cx 2 

is also made rational by the transformation 

a + ex* = xy. 

81. Case of a Recurring Biquadratic under the 
Radical Sign. — As the solution of a recurring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Integral (Art. 28), in which the biquadratic under the radi- 
cal sign is recurring, is reducible by the corresponding sub- 
stitution. 

Writing the expression in the form 

<p(x)dx ^ <j>(x)dx 

*/a + 2bx+cx i + 2b&+ax 1 ’ M I / . i\ i\ 

%rY + < J + 2 T + *J +c 

and, assuming x + ^ = 2, the radical becomes y/az 2 + 2bz + c - 2a ; 


and also 



dz. 


Consequently, in order that the transformed expression 
should be of the required type, it is obvious that ^(x) must 
be reducible to the form 


In this case 


HVH) 

A / a + 2bxTafi + Tbsf^aaf 
/(g) dz 

Y as* + zbz + 0 - 2 a 


transforms into 
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Integration by nationalization . 


In like manner, the expression 

x/a + ibx + ex* - 2ba? + a& 

transforms into 3 by the assumption 

V az 2 - 2bz + 2a - c 

i 

X = 2 . 

X 

When 5 = o the expression oan in some oases be reduced 
by assuming either 

• i * 1 

ar* + -r or or — 5 = 2. 
a? x 2 


Examples. 


I. 

f (x % - 1 )d» 
j X 1 + set 

. , + 
Ans. log g — 

2. 

f (jj® + 1) dx 
J x\/ 1 +x* 

, x 1 - 1 + s / 1 + 
» log 

3- 

f I — x* dx 

— gin-i (*■/ 2\ 

* 1 + x 2 1 + x* 

” yi IrrpJ- 


f 1 + x 2 dx 

I , \/ \ + ** + *7* 

4* 

' 1 - x 2 \ / 1 + x 4 

” 7? g «-*» 

This and the preceding were given by Euler (Calc, InU y tom. 4) : the 
connexion, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 

5- 

f (a4 - I )dx 

<y & + x? + 1 

Ans. ■■ ■ ■--* 

' &*/ X i + x 2 + 1 

X 

Let 

* + ^ = *> &c - 


6. 

f (s 2 - 1) dx 



J x\/ (x* + ax + x) (a£ + fix + i) 


Atl 8 . 

tfx^ + ax + i+ v s?+ fix +1 
« bg m 

7- 

r (1 -x*)dx 

J (1 + 
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. j 

9 


xdx 
(a+ bx)V 

I + x 1 


f_L_ 

Jl - x 2 \/l 


dx 


1(7 


-v/ 1 + X 2 + 1C 4 

dx 


L_ 1™, \/ l + ® 2 + ** + *\/ 3 

" l/i ^ 


IO. 
Assume 


(i + a^){(i + a? 4 )* -® 2 } 1 ’ 

a? = (i + (c 4 )* sin 0, &o. 
dx 


ii. 


l(i + **“){( 1 


+ x 2n ) n - a? 2 }* 


ainV — 5_V 

\(i +«>)*»/ 


■■ I 

Lfisumc 

ij. f 


xdx 


I (I + *)*+ (! +*)** 
Assume i + x = 
aft<to 

(i - **)(! + a 4 )*' 


I , (!+**)» + *-/* 1 + **)* 

-4»>. —p. log - — + —p k® /=-• 

4v / 2 l-*» 4V 2 *V» 


*4- 


1 (i -f xfydx 

(i -**)*’ 


Ana. 


4V ^2 

a? 

(!-*•)» 


* 


(i+**)i<fc 
*» * 


r . /a/i + **4 *\/*Y I *“/* 

Ant. - logl i + — p tan - 

\ »-** / 2-/* V« + *‘ 


« Jr 
* !; 


i - a; 2 


(to 


+ a<w? + ** ^T^ltoiT^baF^Ti^ + s 4 

i - ax 2 dx 

+ ax? *y i + 2cx 2 + a 2 x i 

i 


Ana. 


*V_ 2(0~«) +■/ 1 + ^*4- 0»g* when e > # 
I + ox 2 


1 gin' 1 , when a > «. 

5TT3 V 2 + 0* 2 ^ 


*y 2 (a — 0) 
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CHAPTER Y. 


MISCELLANEOUS EXAMPLES OP INTEGRATION. 

(A oobx+ jgsma?+ C)dx 


82. Integration of 


gcosa? + isina; + c 


Let a cosa? + b wax + c = u, then - a sin x + b 00s a? = 

* dk 


Next assume 


du 


A cos a? + 2? sin a? + C = Aw + a — + v, 

ax 

and, equating coefficients, we have 

A = Xa + fib, B = Xb — pa, C = Ac + v. 

Solving for X, p, v, we get 

x _ Aa + Bb Ab - Ba „ (Aa + 2?J) c 

A “ «* + &» ’ M “ a J + i* ’ v ” ° a* + 6* ‘ 

Hence f (-4 cos tg + 1? sin a; + 0) 

J ocos* + b ante + c 

(Aa + Bb)x Ab-Ba. . , . . 

= VTy + ~V+W log (a 008 <B+ 5 + c > 


(g 2 + b 2 ) C - (u 4 g + Jft) c f dfe 

a 2 + b 2 J g cosa? + 6 sin x + c 

The latter integral can he readily found ; for, if we make 
g = r cos a, b = r sin a, we get 

g COS0+ b sin a? - r (cosa? cos a + sin x sin a) = r cos (x - a). 
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* aoosas + osinas + c 


105 


On making x — a = 0, the integral reduoes to the form con- 
sidered in Art. 18. 

As a simple example, let us take 


Here 


1 


( A + B tan x) dx 
a + b tana? 


A + B tan a? _ A cos x + B sin x 
a + Jtana? a oosa? + b sina ? 9 


and we evidently have 


f (A+ Btonx)dx ( Aa + Bb)x Ab-Ba 
j a + b tan x a 2 + b 2 + a 2 + b 2 


log(aoosa?+Jsma?). 


83. Integration of 


/(cos x, sin x)dx 
a 00s x + b sin x + c 9 


where /is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume x = 0 + a, and the 
expression becomes of the form 

0 (cos 0, sin 0) dO 
A cos 0 + B 


Again, sinoe sin 8 0 = 1 - cos 2 0, any integral function of sin 0 
and cos 0 oan be transformed into another of the form 

0i (cos 0) + sin 0 0a (cos 0). 

Accordingly, the proposed expression is reducible to 

0i (cos 6)d0 0 2(008 0) sin Odd 

A cos 0 + B + A cos 0 + B 

The latter is immediately integrable, by assuming 

A cos 0 + B = s. 

To integrate the former, we divide by A cos 0 + B f and 
integrate each term separately. 
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84. Integration of 

/( 008 x)dx 

(fh + bi oos x) (a, + ft 2 oos^). .. .(a» + b n oos x)* 

where/, as before, denotes a rational algebraic function. 
Substitute z for oos x and decompose 

/w 

(«! + b t z) (<h + b 2 z) (a„ + b n z) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 

A + B oos o? 

each of which can be immediately integrated. 


TItav-pt.tml 


.. ( * .. Au. + 3 

J 0082(5 + 3 coax) 10 0 \i-bui*/ 10 


tan \- r j. 

f dx 

2. 1 ■; g , — — r r, when a>b. 

J mn?x (a + b cos x) 

. b — a cobs 

(b + a oos *\ 

(a*-J»)sin* 

'a + 5 cob x* 

t dx . tan* b . /* z\ 

3 * ] OQB a 2(a + &cofl2)' *** a a 3 ° g \4 + *J 

| f dx 

r a* J a+bomz 


85. Integration of {f[x) +f(x))e?dx. 

The expression e?Pdx is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P - f{x) +f[x) 9 

J efPdx = f eFfix) dx + / eFfix) dx. 


then 
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Again, integrating by parts, we have 

/ e* f(x) dx (#) dx. 

Accordingly, 

I {/(*) +/(*)} fdx = «*/(*)• 

For instanoe, to find 


Here 


, x 
(» +•)' 

i 


dx. 


(i + x ) 2 I + X (i + x) % 9 
consequently the value of the proposed integral is 


e 

i + x 


Examples. 


I. 

J ?* (<m% + sin x) dx. 

Ant. e*Bmx. 

2. 

\e- 1+x ^ x dx. 

„ flogx. 


f aP + i . 

X — I 

3- 

r (T+o**’’ 

” *”*+ 1‘ 

4* 

MrrsO*- 

ef 

” 1 + X 2 ’ 


86 . Differentiation under the 8ign of Integra- 
<ton. — The integral of any expression of the form <p(x, a)dx, 
where a is independent of x, is obviously a funotion of a as 
well as of x. 

Suppose the integral to be denoted by F(x, a), i. e. let 
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Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 

d 2 . F(x, a) _ d . <f>(x , a) 
dadx da 9 

or (Art. 1 1 9 , Diff. Calc.), 

d / d.F(x, a) \ _ d . <p(x, a) 
dx\ da J da 

Consequently, integrating with respect to a?, we get 
d.F(x,a) [d . <p(x, a) 

da J " ' 

i.e.±^{x,a)dx^^^d al . (i) 


In other words, if 

u = / 0 (<r, a)dx. 


then 


du Cdd> . 

z-j£ *■ 


provided a be independent of x ; in whioh oase, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 


<Pu = f ^ n 0 (r, a) ^ 
da n J da n 1 


( 2 ) 


where u = j $(x, a)dx, a being independent of x. 
For example, if the equation 
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be differentiated n times with respect to a, we get 

l"'*’- (sT(t) 


’(• 




(See Art. 49, Diff. Calo.). 

Again, in Art. 2 1 we have seen that 




sin mxdx 


eP* (g sin mx - m 00s mx) 


Accordingly, 


f . _ / d s ^(eP x (a sin w# - moos ^r)\ 

^ [ m , + ? !). 


We now proceed to consider the inverse process, namely, 
the method of integration under the sign of integration. 

87. Integration under the Sign of Integration. — 
If in the last Artiole we suppose <p(x, a) to be the derived 
with respect to a of another function v 9 i.e. if 


, N av 

then v = J^(a?, a) da. 

Also by the preceding Artiole we have 

= J^r dx=j<p(x, a)dx = F(x 9 a). 

Henoe J vdx = jV(a?, a) da. 

In other words, if 

F(x 9 a) = (x 9 a) dx 9 
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then ^F(x>a)da = J [/*(*» a) da\ dx. 


( 3 ) 


It may be remarked that the results established in this 
and in the preceding Artiole are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next Chapter. 

88. Integration by Infinite Series. — It has been 
already observed that in most oases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
oases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in suoh a form has 
been given in Art. 63. 

The simplest mode of seeking the integral of f(x)dxin the 
form of an infinite series consists in expanding f(x) in a 
series of ascending powers of x y and integrating each term 
separately : then 11 the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion of f(x) be a 
convergent series, that of ff{x)dx is also convergent. 

For let 


f{x) = a 0 + a x x + a*a? + . . . a n xP + &o., 


then 



a x a? 

a 0 x + 

2 


+ 


fla a?* 

+ 

3 


| AnS ”* 1 
n + i 


+ . • • 


Now (Diff. Calo., Art. 73), the expression for f(x) is 
convergent whenever — is less than unity for all values 

a n~l 

of n beyond a certain number ; and the latter series is con- 
vergent provided — — be less than unity, under the same 

n + 1 1 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Ill 


Examples. 


2 . 


L-*_ = f + if? + :Ljgl + . 1 - . 3 + 

1 — 3fi I 26 2.4II 2.4.616 

1 <fcr ✓ — / I sm 2 s 1 . 3 sin 4 * \ 

— = 2 sin a; I 1 + + +. . . 1 . 

V sin a? ' 25 2 *49 ' 


I , .z . , (1 pc r* p(p-4)<? s 2 " - \ 

(I +CX»)qX*~ l dx = *«[- + — -f + &C. ) . 

V \m q m + n I . 2 . q 2 m + 2n } 


89. Expansion of j log (1 + 2 m cos a? + m a ) &?. 
We shall conolude by showing that the integral 


fiog (1 + 2m cos x + m 2 ) dx 

can be exhibited in the form of an infinite series. 

For we have 

1 + 2tn OOS.P + m 2 = (1 + me t ‘ Cl )( 1 + mer* 4 - 1 ). 

Hence 

log (1 + 2mooBx + m 2 ) = log (1 + mef'" 1 ) + log (1 + me*'*- 1 ) 


m 


+ e-* 4 - 1 ) - — (e 2 ^ 1 + e 2 ** 7 ') + &c. 


..r. 






WOOS* 008 2X + — 008 3* - &C 

\ 2 3 


) 


Accordingly 

jlog(i +2mooBx+m 2 )dx=2[ m&uix-m‘ 


f . . sin 2x „sin 

= 2 msinai-m 2 — — + m 8 


r-} W 


This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be 
easily obtained. 
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For i + 2m oos x + m* ■ m? 

and accordingly 

, , , /cos* 008 ZX COB 3* o \ 

log(i + 2moosa;+»» J ) = 2log0» + 2 — + — ). 

. ' ' \ »» 2m 1 3m 3 / 

Consequently, when w > i, we hare 



f, , /sin a? sin 2o? sin 3# \ 

jlog(i + 2moos*+»»‘)<fo= zxlogm+ 2^— - -p-j- + 

From the above it is easily seen that the integral 
Jlog(i + aooBx)dx 

can be exhibited in the form of an infinite series when a is 
less than unity : for making a = — ^ — - we have 


log (1 + aooBx) = log (1 + 2m oos x + m*) - log (i + m 8 ). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a - sin a, and we get m = tan 
Making this substitution in (4), we get 

| log(i + sin aQOBx)dx » 2a?log^oos-^ 


+ 2 


A a . , a sm 20? . \ 

tan - sm x - tan 8 - — =— +&o. ]. 
\ 2 2 2 8 / 


( 5 ) 
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I (2coea?+ 38ms)<fo 
3006®+ 2 an <r 
f dd 

J i - sin 4 0 

! e* (x 9 + x -f i)dx 
(i + x 2 )* 


'RTAHTPT.TEfl - 

j I2X 5 i , . , 

-dm. —log (3 cos x + 2 sin x). 

1 3 13 

„ - tan 0 + . - tan -1 (tan 0 v/2). 
2 x»y 2 

tt*x 

” 7 f+ 7 »' 


f f e ~r— = 7log(l+COfl0) + ilog(l-CO8 0)--log(l-2COS0). 

J sin 20 -iin0 6 ' 2 3 ^ v 9 


sin -tan- <20 
2 2 


cos 0 


6. When ** < 1, prove that 
dx 


* - 1 — + 1 
\/ 1 + 1 2 $ 


! dx 

Vffi 


3 f^ 

2.49 


3 • 5* m 


+ . . 


4 . 6 13 

and when x 2 > 1 

f dx 1 ^1.1 1.31 ^.3.51 ^ 

J 1 +** * 2 5 *® 2 4 9 ** 2 . 4 . 6 13 s 13 

7. Prov6that 

f *** _ . (. .. . «4 + * a 2 (d + *) 2 ) 

j3Ti ,fo= ^| k8(J+ * )+ 7 _ r + m^— + --|> 

and determine when the series is convergent, and when divergent. 

8. Prove that 




* . , sin^a A 2 + I 2 sin' 

■ sin^wdw = — + 


#t+8 


M+ I 1.2 m +3 

. (A 2 -f i*)(A 2 + 3 2 )8in # ^ 5 « . 

1 ~ “ ■ ■ + . • • 

I . 2 . 3 . 4 /* + 5 

Substitute « for sin* 1 a; in the expansion of '‘(Dif. Calc., Art. 87 ), &c. 

. a j K sin ***» A(A 2 + 2 2 )sm M *« 

J 2 - I^t + 2 1.2.3 fi + 4 

. \(\» + 2 *)(tf + 4 ! ) 

+ I.2.3.4T7" m + 6 +&C - 

[ 8 ] 
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CHAPTER VL 


DEFINITE INTEGRALS. 

]/ 90. Integration regarded as Summation. — We have in 
the commencement observed that the process of integration 
may be regarded as that of finding the limit of the sum of 
the series of values of a differential / (x) dx, when x varies by 
indefinitely small increments from any one assigned Value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of whioh we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from whioh we have hitherto 
considered it. 

Suppose (x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and x 0 ; 
suppose also that X - x 0 is divided into n intervals x x - a*>, 
x*-x i, x 3 - Xt, ... X - x n _\ ; then by definition (Diff. Calc., 
Art. 6), we have 


x l - x 0 


in the limit when xi = x 0 ; accordingly we have 

4>i x i) - ♦ W * (*1 “ x o){<p'(Vo) + Co), 
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where e 0 becomes infinitely small along with x x - x*. Hence 
we may write 

<P («i) - <t> (*o) = (a?i - x 0 ) (<p'(x 0 ) + € 0 }, 

</> (a?,) - <j> (iCx) = (a* - a?i) + fi}, 

~<t> (x%) = fa-Xi) (tp'fa) + €a }, 

0 (-2Q ““ 4> {&n- 1) = (-X — (0 (a^-i) + fn-i} > 

where €i . . . c„_i become evanescent when the intervals axe 
taken as infinitely small. 

By addition, we have 

<t>(X) - i>(x o) = (a>i - Xo) <j>'(x 0 ) + (X2 - a?j) ^(a?,) + . . . 

+ (X- Xn-J (p'iXn-i) + (xi -Xo) £ 0 + (x^-X^) 6j + . . . + (X- £,*_,) €^i. 

Now if rj denote the greatest of the quantities € 0 , e u . . . 6^, 
the latter portion of the right-hand side is evidently less 
than (X - x 0 )n ; and accordingly becomes evanesoent ulti- 
mately (oompare Diff. Calo., Art. 39). 2 

Hence 1 

<{> (X) - (j> (x 0 ) = limit of [(^ - x 0 ) <p'(x 0 ) + (a*- x x ) <j>'(xi) + . . . 

f + (X-x^) <j>' (x n -i)'], (1) 

when n is increased indefinitely. 

This result can also be written in the form 

(p ( X ) - </> (x 0 ) - 2 (a;) dxy 

V where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xq and X. 

91. Definite Integrals, Idmftts of Integration. — 

The result just arrived at, as already stated in Art. 31, is 
written in the form 

jf(X) -/(*)- [*/(*)<&, (2) 

J *o 

where X is called the superior, and « 0 the inferior limit of the 
integral. 

[8a] 



116 


Definite Integral 8. 


Again, the expression 



is called the definite integral of ${x)dx between the limits Xo 
and X, and represents the limit of the sum of the infinitely 
small elements 0 (x) dx, taken between the proposed limits. 
Prom equation (i) we see that the limit of 

(xi-x 0 )f(x 0 ) + (x 2 - x x ) f(x{) + . . . + (X - tfn-i )f(x n - 1 ), 


when Xi - x 0 , x % - x u . . . X - x^ become evanescent, is got 
by finding the integral oif(x) dx (i. e. the function of which 
Jr{x) is the derived), and substituting the limits x 0 , X for a? in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in ( 2 ) we have 

/(*) -/(*.) - f (3) 

J *o 


in whioh the upper limit* x may be regarded as variable. 
Again, as the lower limit x 0 may be assumed arbitrarily,/^) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrate is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into aocount, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 


* The student should observe that in (3) the letter x which rtands for the 
superior limit and the x in the element f'(z) dx must be considered as being 
entirely distinct. The want of attention to this distinction often causes muon 
confusion in the mind of the beginner. 
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Examples. 


I. 

f xfidx. 

J*w-i __ ap+1 

Ans. . 


ia 

n+i 

2. 

IT 

f T 3in 9 dS 
’ 0 cos 2 9 ■ 

„ 1 / 2 - 1 . 

3. 1 

C« dx 

'0 */ x + a + \ / x 

” \ •/«(/ ■ 

„ I 

r“ dx 

T 

4. 1 

to « a + +' 

” Ta 

5» 1 

r« dx 

r 


’0 *s/ a* — 

99 r 

6. | 

[ r«*dx (a positive). 

I 

ft 



a 

* 1 

r 1 dx 

* 

1# I + IX cos ^ + **" 

M 2sm<p* 

8. 1 

r* dx 


J 

'0 I + 2X COS <p + &P* 

99 dn^* 


9 - 


i: 

r 


' jn mx dx. 


io. I r«* cos mx dx. 


” o* + »»' 


” «» + m 2 ' 


"• L alW + «? = pootiye. 

V" 92. To prove that 

[ a^-‘(i - as)*- 1 ^ = [ - a ?)" -1 dx = - I ’ 2 • 3 *) 

Jo Jo n(n+ 1 ). .(n + m- 1 ) 

fflAen w awtf n are positive, and m is an integer . 
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The first relation is evident from (3^, Art. 32. 
Again, integrating by parts, we have 


- a*)* -1 dx = ^ (1 -x ) m ~ 1 + ~~ Ja^*(i ~ x) m ~*dx. 

Moreover, since n and m - 1 are positive, the term 
a!"(i - ar)" -1 vanishes for both limits ; 

£ af^i - x )"- 1 dx = £ a!" (1 - x^dx. 

The repeated application of this formula reduces the in- 
tegral to depend on J a?**-* dx, the value of whioh is x ■ 

Hence we have 


aj , *- , (i —x) m ~ l dx = 


2.3 


n (» + 1) . 


• (» - 0 

(n + m - 1)' 


( 4 ) 


This formula, oombined with the equation 

j" as ** -1 (1 —x) m ~ l dx = | as ** -1 (1 - a :)* -1 dx, 

shows that when either m or n is an integer the definite 
integral 



oan be easily evaluated. 

'When m and n are both fractional, the preoeding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 


Examples. 


lm ( 8?(l-x)*dx. 
* 0 

J 2, j **(1 - x)ldx. 


Am. — . 

3 . 7 . 11.13 

” S.7.9.I3.I7* 


( 
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/ w w 

v f: T . faT 

93. Tallies of j sm*<rdirand I 00s n xdx. 


One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter III. 

We begin with the simple case of 


Bm n xdx. 


If in the equation (Art. 56) 


. . . cos x sin*" 1 # 

sin* a? ax + 

n 


n- if. 
si 

* J 


sm^xdx 


we take o and - for limits, the term — 1 ■ * — — - vanishes 
2 n 

for both limits, and we have 

«r w 

( sm n xdx = - — - rsin B ' 1 *c?a;. 

Jo n Jo 

Now, if n be an integer, the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(1). Suppose the index even, and represented by 2m, 
then 


em tm zdx = 


sin tm ~ t xdx. 


Similarly, 


[ 2 sin”*"* a; dir = — — - psin !m " 4 ir<£r ; 
Jo 2»»- 2 Jo 


and by suooessive application of the formula, we get 


sin”* a; dir = 


i • 3 * 5 ... • ( 2 m- i) 
2.4.6.... 2m 
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then 


(2). Suppose the index odd, and represented hy 2m + 1, 


7 . 
si 

. « 0 


sin 2m+1 x dx * 


2m fa . 

' 1 SI 

2m + 1 J 0 


sin tmr ~ l xdx. 


Henoe, it is easily seen that 


L“ 


sin *•“*& = 


2.4.6.... 2m 


3.5.7.... (2 m+ 1)* 
Again, it is evident from (3^), Art. 32, that 


( 6 ) 


IT V 

j*ooa n xclx = j^sin"*^, 


and consequently (5) and (6) hold when 00s x is substituted 
for sin*. 


, ff. 

94. Investigation of I sin"*oos*a:cfo. 

From Art. 55, when m and n are positive, we have 

IT W 

I sin m # co& n xdx = - a sin m # cos* - * xdx 9 

Jo m + n)o 

sin"* 00s"* dx = — — - 1 2 8in""’* cos"* dx. 

+ »J 0 


and 


J> 


m 


Henoe, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 


* The result in this case follows also immediately from Art. 92, by making 
cos 3 x — %\ for this substitution transforms the integral into 




For, writing 2m + 1 instead of m, we have 

•r * 

ruin’"* 1 * cos"* d* = — — ^in”" -1 * cob" a: dx. 

J. 2 m + n + 1 Jo 


Hence 


i 


&m tm * l xoos n xdx 


2m (2m - 2) .... 2 


(2*» + fl+l)(2W + »-l) 

2.4.6 


2 fa 

. . (» + 3)J« 


(2OT) 


In like manner, 

*r 


(» + i)(» + 3) ...(» + 2m + 1)' 

V 

2 n - I f * 

2 (»* + »)Jo 


sin* co8"*d* 


( 7 ) 


sin 1 ** oos’* - ’*<£». 


Hence 


V w 

[ 2 sin >fl> fl? cos 2 " a? dx = — 3 » ■ 3 » 5 » » « ( 2 ^ — il_ f a sin m xdx 
Jo (2tn+ 2) . . . (2f»+2n)J 0 


( 8 ) 


= 1.3.5. 0 - 1 - 3-5 • »« ( 2 ”>- 0 W 

2.4.6 (2m + 2n) # 2* 

in which w and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0 , we get 


ooB^OdO « 1 * 3 * l • ‘ ‘ { 2W ~ 3 i . -. (9) 

2.4.6... (2n-2) 2 X7/ 


r dx r» 

J,(i + *»)* = J,' 

fa . * 

Similarly, by * - a sin 0 , I *“ (a’ - **) ’ dx transforms into 

W 

f* sin"0 oos " +1 0 dO. 
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ra 5 

In like manner } ( zax -&)*dx, 

0 

on making x = a (i - oos 0), becomes 

n 

a** j a war* l 0d0. 

The expressions for these integrals, when m and n are 
fraotional in form, will be given in a subsequent Article. 

Examples. 


IT 


I. 


4 * . 
3 • 5 • 7 • 11 

A a - 

w 

J a gm 9 * cos*x dx. 

5 ..io . 20 . 30 . 40 

” 9 • 19 • 29 • 39 . 49* 

3- 

ir 

1.2.3... («•-») 

99 ft . (»+ 1) . . . (ft + »- 1)' 

4- 

f (i — x 9 ) n dx. 
J 0 

2.4.6... (2ft) 

” 3 -5* 7 ... (*•+*)’ 


f l x*»dz 

1 . 3 . j ...(»»- 1) * 

5- 

J Oy' l-gfi 

»» , * * 
2.4.6... 2ft 2 . 

6. 

f 1 X**+ I dx 

2.4.6... 2ft 


\ 

l 

o 

" 3 . 5 . 7 . . . (2ft + I) 

7 - 

Deduce Wallis’s value for 

ft by aid of the two preceding definite integrals. 

8. 

f® 

^ 2 . 4 . 6 . . . (ft - 1) 1 

jo (« + 4* a ) 5 "* 

"ft*» / 

3.5.7 » V 

when ft is an odd integer. 


9- 




0 



(P*r /> m 
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95. Value of I tr+ctPdx, when ft is a positive Integer. 

Ia Art. 63 we have seen that 


I 


e^aFdx = - e*v? + n e^af^ 1 dx. 


«[, 


Again, the expression — vanishes when x = o, and also 


when a? = 00 (Diff. Calo., Art. 94, Ex. 2). 
Henoe J er*a»dx = n J dx. 

Consequently J e^aPdx = 1 . 2 . 3 . . . 


(10) 


00 


Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make x = as we get 


1 


- 1 • 2 • 3 • • 

0»+l * 


(12) 


in whioh a is supposed to be positive. 

Again, to find | «** (log as)* dx ; let x - e~°, and the in- 
tegral becomes 

(- i) n f «"( w+1 )* s* dz = (- i)* 1 7 2 — t£4— . 

J, v ' (m+i )’* 1 

Since log * = - log this result may be written in the 


form 
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The definite integral J e^aP^dx is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of w, it is denoted by the symbol T(»), and is styled the 
Gamma-Function. 


It followB from (io) that 


r(n + 1 ) = *r(«). 

(*4) 

Also, when n is an integer we have 


r (» + 1 ) - i . 2 . 3 . . . h . 

(15) 


Again, when x is less than unify, we have 


— — = i+ x + a? + cP + &o : 
i - x 


log a?- — - = J loga?(i + x+aP + ...)dx 



(by a well-known result in Trigonometry). 

In like manner we get 

f 1 log xdx _ ir % 

Jo i +» i*' 

An account of the more elementary properties of Gamma- 
Functions will be given at the end of this Chapter. 



* The integral j &*~ l (i - a?)*" 1 considered in Art. 92, is sometimes called 

the First Eulerian Integral ; we shall show subsequently how it can be ex- 
pressed in terms of Gamma-Functions. 





I. 

nor- 

Am. i . 2 . 3 ... n. 

2 . 

j <r*x*dx. 

I . 2 ... 91 

” (log a)** 1 * 

3* 

Jo I - * s 

” ~r 

4* 

ji<&aog*) s --‘ = i , 2 . 3 ... ( 2*1 ,)| 


J* 9 

£?-(E9- 

4 


t) g6. Jfu and v be both functions of x 9 and if v preserve the 
same sign while x varies from Xq to X, then we shall have 

ex rx 

I uvdx = U \ vdx 9 
J J Xq 

where U is some quantity comprised between the greatest and the 
least values of u, between the assigned limits. 

For, let A and B be the greatest and the least values of 
u, and we shall have, when v is positive, 

Av > uv > Bv; 

when v is negative* 

Av < uv < Bv. 

Consequently, for all values of x between x 0 and X the 
expression uvdx lies between Avdx and Bvdx, and accord- 
ingly, if the sign of v does not change between the limits, 

[ uvdx lies between A ( vdx and B j vdx, 

J** 1*0 1*0 

which establishes the theorem proposed. 
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Gob. If f[x) be finite and continuous for all values of x 
between the finite limits x, and X, then the integral 



will also have a finite value. 

For, let A be the greatest value of f{x), and B the least, 
then I f{x) dx evidently lies between the quantities 

Jz o 


A f dx and B f dx ; 
J *o J*o 


ex 

f{x) dx > B (X - x 0 ) and < A (X - x t ). 
J*0 


V 97. Taylor’s Theorem. — The method of definite inte- 
gration oombined with that of integration by parts furnishes 
a simple proof of Taylor’s series. 
v For, if in the equation 


f(X + h)-/{X)- ^ f(x)dx 


we assume * = X + h - «, we get dx = - dz, and also 

[X*h r/i 

J x f'{x)dx =\/(X + h-z)dz; 

/(X + h) -/(X) = |V(-T + h - 2) dz. 
Again, integrating by parts, we have 


|>(X + A-s)* = zf (X+h-z) + j z/"(X + h - s) dz. 

J H Y r 

Hence, substituting the limits, we hare 

}V'(X + h-z)dz = hf{X) + J* zf\X + h-z)d». 



Taylor's Theorem. 
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In like maimer, 

| */'(X+A - z)dz ^/'(X + h-z) +jjf"(X+h-z)dz, 
which gives 

J* s/'(X + h-z)dz = jf'(X) +£ ^/"(X +h~z)dz; 


and so on. 

Accordingly, we have finally 

/(*+*) -/m + *rm * +. • • + r£j/*”>w 

+ J>(T+*-.)g£ (.6) 

This is Taylor’s well-known expansion.* 
if 98. Remainder In Taylor’s Theorem expressed 
as a Definite Integral. — Let B n represent the remainder 
after n terms in Taylor’s series, then by the preceding Article 
we have 

rh gfl“l fin 

*-J/«(X + A-) (17) 

There is no difficulty in deduoing Lagrange’s form for 
the remainder from this result. 

For, by Art. 96, we have 



sf^'d z 

2 .3 ... (»-i) 


U - 
1 


A” 
2 .. 


n 




where U lies between the greatest and least values which 
/( n )(X + h - z) assumes while s varies between o and h. 


* The student will observe that it is essential for the validity of this proof 

r\x\ &c., should be 

limits X and X + A. 


vau.uj.by uj min piwi 

(Art. 90), that the successive derived functions, /'(«), /"(*), &c., should be 
finite and continuous for all values of x between the limi 


Compare Articles 54 and 75, JHf. Calc. 
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Hence, aa in Art. 75, Diff. Calc, (since any value of * between 
o and A may be represented by (1 - 0 ) h, where 0 >o and < 1) ; 
we have 


*-7 7T7^'"< x+ *‘> 


where 0 is some quantity between the limits zero and unity. 
o,u t. //r .0 99 - Bernoulli’s Series. — H we apply the method of 
6 integration by parts to the expression f(x)dx we get 

| f(x) dx - xf(x) - | x/{x)dx ; 

.'. /(< r) cte = Xf(X) f[x)xdx. 


la like manner, 


-/>w 7 




and so on. 

Hence, we get finally 


*•3 


/'(X)-&c....(i8) 


Compare Art 66, Diff. Calc., where the result was obtained 
directly from Taylor’s expansion. 

100. Exceptional Cases In Definite Integrals. — 
In the foregoing discussion of definite integrals we have sup- 
posed that the iunotion /(#), under the sign of integration, 
has a finite value for all values of x between the limits. We 
have also supposed that the limits are finite. We purpose now 
to give a short discussion of the exceptional oases.* They may 


* The complete investigation of definite integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to 
M. Moigno’s Calcul Integral, as also to those of M. Secret and M. Bertrand. 
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be classed as follows : — (i). When f{x) becomes infinite at 
one of the limits of integration. (2). When f{x) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 


In these cases, the integral f(x)dx may still have a 

J*° . 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function f{x) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

101. Case In which f(x) becomes infinite at one of 
the limits. — Suppose that f(x) is finite for all values of x 
between x 0 and X, but that it becomes infinite when x = X. 
The case that most commonly arises is where /(a?) is of 

\f,(x)dx_ w ^ c j 1 is finite for all values 


in 


theform (X^p 
between the limits, and n is a positive index. 

Let a be assumed so that \p(x) preserves the same sign 
between the limits a and X; then 


[ x \p(x)dx ( a \f,(x)dx C x \f,(x)dx 

J, o (x^y* " + J. (z^p 

The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(1). Let n < 1, and also let A and B be the greatest 
and least values of \fj(x) between the limits a and X : then, 
by Art. 96, the integral 


K b , A [ x dx d£ [ x dx 

J a (X - «)• h6S b t ^ J . (X - x)» ' J . (X - <r)»* 

Moreover, since n < 1, we have evidently 
rX dx ( X - o) 1_n 


1: 


(X-x)” 


i - n 


and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > 1, and, as before, suppose A and B the 
greatest and least values of \p(x) between a and X; then 


x \fj(x)dx 

a(X ^ 


lies between A 


x dx 
«{X-x)» 


and B 


'X dx 

a [X~*r 


Again, we have 


dx 


1 

(n - i)(X - a?) w " 1# 


Now -7= — - becomes infinite when x = X, but has a 

(A - x) n ~ l 

finite value when x = a ; consequently the definite integral 
proposed has an infinite value in this case. 

f dx 

When n = 1, J ^ ~ l°g (A - x). This becomes 

infinite when x = X ; and consequently in this case also the 

n osed integral becomes infinite. 

?he investigation when f{x) becomes infinite for x = Xq 
follows from the preceding by interchanging the limits. 

102. Case where f(x) becomes infinite between 
the Omits. — Suppose f{x) becomes infinite when x = a, 
where a lies between the limits x 0 and X ; then since 

[ f{x)dx = f f{x)dx + f f(x)dx y 
J*0 Jx 0 Jo 


the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose f(x) = ^ v it follows, as in 
the last Article, that f(x)dx has a finite or an infinite 

J x 0 

value according as n is less or not less than unity. 

The case in which /(a?) becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example, ii 

f(ai) - /(«*) = 00, . . . f(a n ) = 00, 

where a% ... a n lie between the limits X and x 0 ; then 

r f(x)dx= f 1 f(x)dx+ [ f(x)dx + &c. + f f(x)dx , 


each of which can be treated separately. 

103. Case of Infinite JLImite. — Suppose the superior 
limit X to be infinite, and, as in the preceding discussion, let 

/(a?) be of the form £ K where is finite for all values 

of x . 

As before, we have 


[ f(x)dx = l f(x)dx + { f(x)dx. 
J « 0 J x a J a 


The integral between the finite limits x 0 and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(1). Let n > 1, and let A be the greatest value of \p(x) 
between the limits a and 00, then 


\fj(x) dx 


is less than 



dx 

(x - a) n ' 


But 


f x dx _ 1 1 1 

J a (x -a) n n - 1 [_(a - a)"" 1 ( X - a) n ~\ 


The latter term becomes evanescent when X= 00 : accord- 
ingly in this case the proposed integral has a finite value. 

# In like manner it is easily seen that if n be not greater than 
unity, the definite integral 
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has an infinite value ; and consequently 


f" xp(x)dx 

J« (*-«)• 


is also infinite, provided \fj(x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 

| \fj(x)dx 

J * 0 ( x - a)* 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity : \^(x) being supposed finite, 
and x 0 being greater than a. 

If X become - oo, a similar investigation is applicable; for 
on changing x into - x , we have 


f f{x)dx = -["/(-*)<&, 

JXa J-*o 


in which the superior limit becomes oo. 

104. Principal and General Talnes of a Definite 
Integral. — We shall conolude this discussion with a short 
account of Cauchy’s* method of investigation. 

Suppose f(x) to be infinite when x = a, where a lies be- 
tween the limits x 0 and X ; then the integral J f{x)dx is re- 
garded as the limit towards which the sum 


ra-n* f X 

I f(x)dx+ f{x)dx 
J *0 J «♦*» 


approaches when e becomes evanescent ; p and v being any 
arbitrary constants. 


* THs and the four following Articles have been taken, with some modifica- 
tions, from Moigno’s Caleul Intigral. 
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This value depends on the nature of /(a?), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose p = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral ; 
while that given above is called its general value. 


' x dx 
x' 


Here 


But 


For example, let us consider the integral 

J-** LJ~* J~, *J 

13 ■ loe (w) 

Also, making x = - s, 

iog(e!\ 

J-*. * J*»» w 

Accordingly, the principal value ofj^ ^ is log^j ; while 

its general value is log + log (^~j. The latter expres- 
sion is perfectly arbitrary and indeterminate. 

Again, let us take 

A * bef ™- i3-“[in + n$} 


1**- limit 

i i i i 

— + — — — , 

.u * 

pc vc X x 0 


Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 

r %- limit '\ 

2 \vV /uV V XV 

Hence the general value of the integral is infinite, while 

its principal value is j ^ 

It may be observed that the principal value of 

[ x dx . . f x dx 

— is equal to -3 . 

J-*(, ** J*„ »* 

This holds also whenever /(*) is a function of an odd 
order: i.e. when/(- x) = -f{x). 

For we have 

r f{x)dx = f 0 f[x)dx + [ f(x)dx. 

J -* 0 JO J-<E 0 

But f° f(x)dx = -\ f(-x)dx = [*/(-«) dx; 

J “*0 J * 0 J 0 


f 0 /(*)<& = f ° {/(*) +/( - x)}dx. 
J-* 0 Jo 

Accordingly, if/(- x) = -fix), we get 

*0 

* /(«) dx = o. 


( x 9> 


r 


Again, if/(#) be of an even order, i.e. if /(- x) =/(«), we 
have 


[ ° f(x) dx = 2 f °/(a?) efo. 
J-*o Jo 


105. Singular Definite Integral. — The difference 
between the general and the prinoipal value of the integral 
considered at the commencement of the preceding Artiole is 
represented by 

f a + /A« 

f{x)dx, 


in whioh /(a) = co, and e is evanesoent. 
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Such an integral is called by Cauchy a singular definite 
integral } in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

106. Infinite Limits. — If the superior limit be infinite, 


we 


regard f{x) dx as the limit of fix) dx, when c becomes 

J *<> J *0 


evanescent. 


Also J fix) dx = limit of J z f(x) dx when e is evanesoent. 

/ne 

In the latter case the value of the definite integral when 
p = v is, as before, called the principal value of 


r 


fix) dx. 


In this we assume that f{x) does not become infinite for 
any real value of x. 

fix) 

107. Example. — Suppose to be a rational algebraio 

fraction, in whioh f(x) is at least two degrees lowering than 
F(x), and suppose all the roots of F(x) = o to be imaginary, 
it is required to find the value of 


r m 

J -.Fix) 


dx. 


From the foregoing conditions it follows that cannot 

F[x) 

beoome infinite for any real value of x : accordingly the true 
value of the integral is the limit of 


r m 


dx 


when e vanishes. 
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To find this value, suppose decomposed by the me- 
thod oi partial fractions, and let 

A - B*/^\ _ A + B*/-i 

and 


x - a - x - a + 6y/ - i 

be the fractions corresponding to the pair of conjugate roots 
a + iy/ - i and a - b */ - i, of F(x) = o ; 
then the corresponding quadratic fraotion is the sum of 

A ~ I A + * 


x - a - b</-~i x - a + b •/ - i* 
2 A (x - a) + 2Bb 


1. e. 


(i x - a) 2 + 6 2 

z 

f _ 7 — - n = 27 tjB when s vanishes. 

- a) 2 + 6 2 

/M 

^ + y " A log {( * " a) * + y) ; 

f” 2 A(x - a)dx .. 1/x* (i - fflvt)* + JVt*) 

**■ J.JL (X- a)* + “ 0g (i + afi t y + by?} 


■■ 2 A log-, when t « o. 



r* 
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Hence Zl { — ■ 2A lQ g© + 2,rJ? - (20) 

Now, suppose JF(#) to be of the degree 2n in a?, and let the 
values of A and j B, corresponding to the n pairs of imaginary 
roots, be denoted by A u A t , . . . An, and B x , B 2} . . . 2 ?», re- 
spectively ; then we have 

1_ 

° 2 ( a ' +a ' + -" +a ») lo %(z) 

v* 

+ 27 t(jBi + B 2 + • . . + Bf^j, 

Again, since /(a?) is of the degree 2n - 2 at most, we have 


-4i + A 2 + . . • + An — o. 


For, if we clear the equation 

fix) = 2A 1 (x-a 1 ) + 2BA 2 A n {x-a n ) + 2B n bn 

F{x) (r- a x y + bi 2 * * * (a? - a n ) a 4 * 6 n 2 

from fractions, the coefficient of x *”" 1 at the right-hand side is 
evidently 

2 [Ai + A% + . . • + AgJ) 1 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 

| ^^da>= 2ir{B 1 + £t+ . . . + JB n ). ( 21 ) 


* It may be observed that when f(x) is but one degree lower than JF{x), 
the principal value of j F~(x) ^ orm 8^ ven ( 2I )« 
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We prooeed to apply this result to an important example, 
r* ///*» 

108 Value of r when m and n ore Positive 

)oi+x‘ n 

Integers, and « > m. 

Let a be a root of a?* + i = o, and, by Art. 37, we have 


A - Bj - 1 =■ — ^rr , 5 

v 2«a sl 


SWI+1 
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A gain, by the theory of equations, « is of the form 

(2*+ i)v . /— (a* + »)* 

N cos - — — — - + v ~ 1 8111 ^ » 


\ 2 » 


in whioh k is either zero or a positive integer less than n ; 

cos (2 k + 1) 9 + \/—~i sin ( 2 ^ + x ) 

( 2 W+ 2 ) 2 r 

where o = 

Hence 5 = ; andlmtofftogty we have 

2n 

B 1 + B t + . . . + B n = — {sin 0 + sin 30 + .Xs , - 8in ( 2w “ 1 )^- 


2n 


To find this sum, let 

$= sin 0 + sin 30 + ... + sin (2n - i)( 

then 

2$sin 0 = 2 sin ®0 + 2 sin 0 sin 30 +. . . + 2 sin 0sin(2^~ 
= 1 - cos 20 + cos 20 - cos 40 + . . . + cos (2n - 2) 0 - < 

7T 

= 1 - cos 2»0= 2sin’n0 = 2 sin J (2«t+ i) — = 2 ; 


1 2nd 


. 0 1 1 

sin 0 • (2^ + 1 ) 7T 


sin : 


2n 
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f x* m 

Accordingly, we have 

f" X 2m dx _ 7T 

J,. I + 0 ? n = . ( 2 W+ l) 7 T* 

J n sin — 

in 

Hence, by (19), 

r a 2 " 1 da? _ 1 f" x 2m dx _ 7 r 1 

Joi+a 2 " 2j_ ci i 2n . {2m + i)ir' 

J J sin — 


(22) 


2n 


We now proceed to consider the analogous integral 

[ ——^9 where m and n, as before, are positive integers, 
J 0 1 “ x 
and n>m. 

r x 2m 

109. Investigation of j — 

We commence by showing that 
r dx 

This is easily seen as follows : 

f" dx _ f 1 dx f" dx 

J 0 i-a? s J 0 i + J 1 1 -a a ‘ 

Now, transform the latter integral, by making # = -, and 
we get 


r dx 

1 

1 

-8 

0 

1 

1 

r dx 


1 

n, 

1 

1 

0 1 - s 2 

0 

1 

n> 


Again, proceeding to the integral 

o? m dx 


r dx 

i = O. 

Jo I 

» the ini 
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we observe that i + x and i - x are the only real factors of 
i - x* n y and that the corresponding partial quadratic fraction 
in the decomposition of 


rf* . i 
i - a !*" 18 «(! -*>)• 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the » - 1 pairs 
of imaginary roots, and accordingly 

= 27T [B\ + B% + • • • + 

where B l9 B 2 , . • • B M have the same signification as before. 
Again, since the roots of a? 2w - 1 = o are of the form 

kw j — . kir 

cos — ± - ism — , 

n n 

it follows, as in Art. 108, that 



jBi + jB 2 + . . . + -B*_i = “[sin 2O + sin 40 + .. . + sin2(»- i)0], 

where 6 = ( 2yn + 1 ) 7r as before. 

2 n 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 40 + . . . + sin 2 (n - 1) 0 

cos0 -cos(2»- i)0 ,2m + 1 

v — = cot ir. 


2sin0 


2n 


Hence 


D 


x 2m dx ir , 2m + 1 

— = — cot ir ; 

x 2n n 2n 


* a? m dx 


, 1 - a? n 2n 


ir , 2 m+ 1 
cot ir. 


2 n 


(23) 



Examples . 


141 


Again, if we transform (22) and (23) by making = 2 

, 2m + 1 , 

and a = , we get 

2 U ° 


rv- 1 * _ 7T 

Jo i + 2 sinaTr’ 


r ^dz 

Jo I - * 


= 7 r cot air . 


(24) 


The conditions imposed on and n require that a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > m, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we proceed to add a few. 

For example, on making u = z a in (24), we get 


f" du air du 

I : 5 I” 

J 0 1 + u a sin aw J 0 1 —u a 


air oot air. 


If - = r, these become 
a 


f " du ir f" du ir , ir . x 

.771 ?-—' .T^?"? 001 ? < 25 > 

*• w a. Dir* " v 


rsm- 

r 


where r is positive and greater than unity. 

Again 

r xf'dx _ f> a?dx f* af'dx 

J 0 i + x* ~ J 0 1 + a? + Ji 1 + x*' 

Now, if in the latter integral we make a = we get 
f* aFdx _ f° z~*dz _ f 1 ar*dx _ 

J, 1 + a?~ Ji 1 +s® _ J 0 1 + «*’ 

f* aPdx f‘a!" + ar" 

*' Jo 1 +** - J 0 1 +*’ 


1 + *’ 


(a6) 
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Moreover, from (22), when n is less than unity, we have 

f" xPdx ir t x 

J,TT? Sr ■ < 27 > 

J o nno 


Accordingly 


1 x n + or* dx 
) x + ar 1 a 


n7r 

2 cos — 
2 


In like manner, it is easily seen that 

f l Otf* — (XT* dx 7T . 11TT t x 

: = — tan — . (29) 

)o x - ar 1 x 2 2 ' 

It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = r** and 
nir = a , and we get 

re“ + f“. I fl re az -e-«* i x a , . 

— = - sec-, — — dz — — tan- (30) 

J 0 ^ 2 2 J 0 6 rt -^ 2 2 

We add a few examples for illustration. 

Examples. 


dz 

e irz + e ~nZ 

) add a 

few 

(*« dx 

0 (a n - 

1- 

*")" 

r 

dx 

Jo(^ + 

a 2 ) (x> 

r dx 



IT 

2ab(a + $j* 


4. j tan”0<f0, where w lies between + 1 and - 1. 


nir 

2 cos — 
2 
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( l x m + x "*• dx . 

• , ■ _ where n > m. 
o X* + xr» x 


Ana. 


2n 

a b 


6 . 


7- 


(<!«* + e-ax') + fix} ^ 

2 COS - COS - 
2 2 

err* + e~Tr x * 

** cos a+ cos b' 

{e** + er**){e*>* - r h *) ^ 

sin b 

err* — e~rr x 

” cosa+cosd' 


It should be observed, that in these we must have a + b < v. 
8. Hence, when b < ir, prove that 


f ' * + e~ b * 


etTX+g-TTX 

cos 

' eb* — e~b* 


err* — e~rr* 


eb* + e~ bx 


err* 

sin 

sP-zr* 
dz . 



(M 


3 

cos - 

2 


“ + 2 cos £ + e~ a 

sin b 

“ e* + 2 cosfl + «" a# 

__ i efi - g- g 
2 0 0 + 2 cos b + er a% 


Ana. ir cot at r - - 


hi. Differentiation of Definite Integrals. — It is 

plain from Art. 86 that the method of differentiation under 
the sign of integration applies to definite as well as to in- 
definite integrals, provided the limits of integration are 
independent of the quantity with respect to which we dif- 
ferentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e. 
let 

w=| 0(#, a)dx 9 

where a and h are independent of a. 

To find ^ let A u denote the change in u arising from the 
da 

change A a in a ; then, since the limits are unaltered, 
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A u « J { <f> (x 9 a + A a) - 0 (x 9 a ) } dx ; 

. A** _ f 6 <j>(. r, a + Aa) - (s, a) 

“Aa J fl Aa 

Hence, on passing to the limit,* we have 

du f 6 d<j> (x, a) 
da ]o da 

Also, if we differentiate n times in succession, we ob- 
viously have 

g» = r» *0( ?t q) 

da n ) 0 da n 

The importance of this method will be best exhibited by a 
few elementary examples. 

1 12. Integrals deduced by Differentiation. — If 

the equation 

r ^ 

fT^dx^- 

Jo a 

be differentiated n times with respect to a , we get 

[* tfe^dx = - ‘ 2 ‘ 3 ‘ — . 

Jo a»« * 

as in Art. 95. 

Again, from the equation 

f® dx _ 7T 1 

J 0 a? 2 + a za$ 

we get, after n differentiations with respect to a , 

f* cb _ w 1 . 3 . 5 ... ( 2 n - 1) 1 
Jo (a? + fl)” +1 ~ 2 2 • 4 • 6 • • • 2 n a n+ * 1 
which agrees with Art. 94. 

• For exceptions to this general result the student is referred to Bertrand’s 
Calettl Integral, p. 181. 
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Again, if we take o and oo for limits in the integrals (23) 
and (24) of Art. 2 1, we get 


oosmxdx 


=_±_ r 

a*+m* Jo 


&m nix (to- 


rn 


a % + m 2 * 


(30 


Now, differentiate each of these n times with respect to a, 
and we get 

J. 0*(|)' (jrb) 

In .cos(n + i )0 

~ .+ 1 > 

(a 2 + m 2 ) * 


f mat dot = [g • ^ ( w+ 0 A 

J# «+ l > 

(a* + m 2 ) * 


(32) 


where m = a tan 0 . (See Ex. 17, 18, DifE. Calo., pp. 58, 59.) 
Next, from (24) we have 

f® a?- l dx , 

I = 7r cot air. 

Jo i-« 

Accordingly, if we differentiate with respeot to a> we have 

r a^" 1 log xdx 7 r 8 

Jo i — a? sin 2 air* 

Again, if the equation 

5a? 

be transformed, by making ^j , it evidently gives 

Jo (a + bx )”" 1 ~ na b n ’ 

[10] 
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Now, differentiating with respeot to a, we have 
r aT'dx i 


(a + bz )** 2 n(n + i )a 2 b n ' 
rentiate m - i time 

i . 2 ■ 3 .. . (m-i) 


If we proceed to differentiate m - i times with regard to 
a, we have 

f® af %r ’ 1 dx 


Jo (a + bz ) m+n n . (» + i )(n + 2) ...(» + «»- i) * a m 6 n# 

1 13. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
We shall illustrate this statement by one or two examples. 
Ex. 1. To find 


j: 


log(i + sin a oosa?) 


cos a? 


dz. 


Denote the definite integral by u, and differentiate with 
respeot to a ; then 4 

du C* cos adz „ A . 

-7- = : 7 T (by Art. 18). 

da Jo 1 + sina coax v ' 


Hence, we get 


i; 


dz log (1 4- sin a cos a?) 


cos a? 


: wo. 


No constant is added since the integral evidently vanishes 
along with a. 

f® <r**sin mx 

u = 

Jo a 


Ex. 2. 

In this case 


■ dx . 


er°* cos mx dx = 


a 2 + m 2 9 


* r 

“Jo 

f rfm /W\ 

.\ w = a — , = tan 1 ( — . 

J a 2 + m 2 \aj 

No constant is added since u vanishes with m. 


Case where the Limits are Variable . 
Ex. 3. Next suppose 

r log^^ f av) 

J 0 i+JV 

„ du r zacddx 

1016 da = J 0 (1 + 1 + i’* 1 ) 
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I 

f ® 2a dx 

r zadx "I 

a* - ¥ L 

Jo I + Vtfi 

Jo i+avj 


1 /a \ 7 t 

~ a r ^V6“ I J 7r_ 6(a + 6) ; 

•■• M= ?l^T6“I log(a + J) + oon8t ' 

To determine the oonstant : let a = o, and we obviously 
have i* = o. 

IT 

Consequently, the oonstant is - t- log 6 ; 



log (1 + aV) 
1 + i 2 * 2 



The method adopted in this Article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and b are functions of 
the quantity with respect to which we differentiate. 

1 14. Differentiation where the Limits are Va- 
riable. — Let the indefinite integral of the expression 
$>(#, a)dx be denoted by jF(a?, a ) ; then, by Art. 91, we have 
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and 


du dF(a, a ) 


da 


= « 0 (a, a). 


Again, taking the total differential coefficient of u re* 
garding a and b as functions of a, we have 

du _ C b d<p(x , a) du db du da 

da Jo da + db da + da da 

[* dd>(x 9 a) . db , .da . . 

■ l *r *♦♦<*•>*: *<“> •>£• <«> 

di^u (Pu 

By repeating this prooess, the values of &o., can 

be obtained, if required. 

1 15- Integration under the Sign of Integration. — 

Returning to the equation 


u = | tj>(x 9 a)dx 9 


where the limits are independent of a, it is obvious, as in 
Art. 87, that 

| uda = j Q <j>(x } a) rfaj dx 9 

provided a be taken between the same limits in both oases. 

If we denote the limits of a by a 0 and a l9 we get 

J* uda = J <j>(x 9 a)cfe I dx 9 

^ J a)*?J da = j* <j>(x 9 a)c?ajdk. (34) 


or 


This result is easily written in the form 

I f a)dxda=\ | <j>(x 9 a)dadx. 

J Oo Jo Jo Jap 


( 35 ) 
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These expressions are called double definite integral s, as in- 
volving successive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 

f f a)dxda 
J a Q Jo 

is here taken as an abbreviation of 


•“iff® *1 

$(x, a)dx da 9 
. a 0 L J « J 


in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a y between the limits o 0 and ai. 

The principle* established above may be otherwise stated, 
thus : In the determination of the integral of the expression 


<p(#y a)dxda 


between the respective limits x 0 , x u and a 0 , ai, we mag effect the 
integrations in either order , provided the limits of x and a are 
independent of each other . 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

1 1 6. Applications of Integration under ttie Sign J. 

Ex. i. From the equation 

f 1 ar l dx - - 

Jo a 

we get 

r*" 1 da dx = 




* It should be noted that this principle fails whenever <p(x, «), or either at 
its integrals with respect to a, or to x, becomes infinite for any values of x and « 
contained between the limits of integration. The student will find that the 
examples here given are exempt from such failure. 
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Again, if we make x « e* in this equation, we get 


E 


- e"*** 




Ex. 2 . We have already Been that 


Henoe 


r 

E EC^^] 


6^008 0W?dk = 


a 1 + wr 


oos mxdx * 


or 


_ f* 1 arfa 

I, /ai* + w*\ 
f" «r*t* - e-^o* I / ai * + m*\ 

I oaamxdx = -log[ — ; ; ). 

J. * 2 6 W + «*v 

Ex. 3. Again, from the equation 


E 


e"°*8in mxdx = 


m 


d • + »»*’ 


we get 


f [**r**8in mxdadx = [ * 

J« J.. J. .« +«**’ 


-E 


gT*o* __ 


sin = tan^f-j- tan" 1 


Compare Ex. 2, Art. 1 13. 


obtain 


we make oo = o and a A = 00 in the latter result, 


GO • 

f sin;; 

Jo x 


mx it 
ax = — • 
2 


we 


2 IS* 
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Ex. 4. To find the value of 

J* e~*‘dx. 

Denoting the proposed integral by k, and substituting 
ox for x, we obviously have 

| er*'*‘adx = k; 


Hence 

But 


Henoe 


J J tr* t ( 1 **‘')adadx = k J 

[ e ra *( 1+ **)ada j ; 

Jo 21 +*” 

I f“ dx IT 

- — -: = **; •*.- = , 
2J01 + ®* 4 

[ (T*“dx = k =■ - 

Jo 2 


<r*da - A*. 


(36) 


This definite integral is of considerable importance, and 
several others are readily deduced from it. 


Here 


1 17. For example, to find 

f" t_ ^ 

(A) u = I e X 'dx. 

du f* -*•-£ dx 
da ~ 2 )o e a tf 


Again, let % * -, and we get 

X 
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T.adx r s 


f* -“'--^adx f 

J.* * "J. 


ds = u ; 


du 


2 M ; henoe u = Ce~ ia . 
da 

To determine C, let a = o, and, by the preceding example, 

« beoomes 

2 


Consequently 


j: 




e' *'dx=^(T». 
2 


(37) 


Again, to find 


( B > -c 


^’*'008 ibxdx. 


Here 

^ = - 2 P e - **** 008 zbxxdx. 
do Jo 

Bat, integrating by parts, we have 

r***' sin zbx 2 b 


2 «’* w sin ibxxdx = - 


Henoe 


r* ?h r 

I e^sin ibxxdx = — J e~° ax# cos 


+ 6T 0 *** oos 2 bxdx; 


du 2 bu du 2 bdb 
db~ a* ’ ° T u~ a* 


Henoe 

Also, when J = o, u beoomes 


u= Ce 


za 


-j: 


/- * 
v 7r „ - 5 * 


er aW QOB 2 bxdx - - — e 
o 2a 


(38) 
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Again, if we differentiate n times, with respect to a, the 
equation 

Jo 2</a 

and afterwards make a = i, we get 

(0) I, 

Next, to find 


er x 'a? n dx = 


I . 3 . 5...(2»-l) y- 

v 7r - 


(D) 

We obviously have 


("■oos»fcr<fo 

Jo i +* ' 

[ ae"**( 1+ *')da= — - — i ; 

Jo i + «* 

r* cos m®cfe 
Jo I +*’ 


.*.2 a «r«* cos tw# <£r <fa 


But, by (38), we have 


2 e' a ***oos0M:d(E 


••• yi \. 


m? 

r B * _ *a*da 


$ 4a* 

a 


f* ooBtmtdx 

J„ I +*» • 


Henoe, by (37), we have 


f ooswa:<fo ir _ 

7- = -e~ m . 

Jo 1 + as* 2 


(39) 


Again, differentiating with respeot to m, we obtain 


f° a?sin#wo?cfe ir ^ 

LlTT-^- 


(40) 
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Examples. 


C" + (T** 

i. I xdx. 

)o e** - r** 

( l x *' 1 + ar« dx 

% I + X ~x' 

when a > o and < i. 

p i «■ + sr« - a As 


. 1 9 ® 

An*. - sec 2 
4 » 


3 ‘ Jo i-i 


logo 


4. (•bgti+ao.fco..)— . 

*• I, 008 * 108 ^)^ 


„ log ^tan , 

- -te)- 

- Ht-)- 


^ f * g^logzrfg 

Jo I + 


! 


e 2 * 

* sin qflifl 
jtrS — e~irO' 


frin — 
»* 2 


C08 a — 
2 


I 0» — I 


4 #• + i 


1 1 8. The values of some important definite integrals oan 
be easily deduced from formula (31), Art. 32. 

For example,* to find 

r 

J* log (sin 0 ) dO. 

W IT 

Here j* log (sin 0 ) dO - 1 * log (00s 6 )d 0 . 

Hence, denoting either integral by u, we have 

w 

■ = {log (sin 0 ) + log (oos 0 ) } dd 


2 u ■■ 


* These examples are taken from a Paper, signed “H. G.,” in the Cambridge 

Mathematical Journal , YoL 3. 
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= f * log (sin z6)d0 - - log 2 . 

J« 2 

Again, if 2 = 20, we have 

IT 

J*log (sin 20 )d 0 = ^ J log (sin z)dz 

W 

= i|* log (sin z)dz + log (sin z)dz ; 

5 * 

but, sinoe sin (a- - s) = sin s, 

*r 

| log (sin z)dz = | 2 log (sin z) dz. 

5 * 

Consequently 

I* log (sin 20 )dO = | 2 log (sin 0)d0 ; 

w 

J** log (sin 0)dO = - ^ log ( 2 ). 

Again, to find 

| 0 log (sin 0)d0. 


Here 


40 


| 0 log (sin 0 )d 0 = | {ir - 6 ) log (sin 0 )dd ; 

f 01og (sin 0 )d 0 = - [ log (sin 0 )dd = - — log (2). 
Jo 2 J 0 2 

1 19. Theorem of Fnrilani. — To prove that 
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Let v «=| <£, . gabetitate ax for z, and we get 

If we robetitute 6 for 0, we get 
Jo * 

(*$* - j|? - *w >4 <4» 

H-O tM* ■ »(oj l»g(j) (43) 

a 

If w© suppose A = 00, we get 
j*" ft(aa?) - ft (6#) 


1 0 a? 

h 


<fc= ft(o)log(-J, 


( 44 ) 


provided P = 0 when A = 00. 

J * a? 

b 

For example, let ft (a?) = oos a?, and, sinoe the integral 

h 


k 

f 6 cos 6 a? 


evidently vanishes when h = oo, we have 


i, 


oos aa? - oos 6 a? _ , 6 

— dx = log -• 

0 a? e a 
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Frullani’s theorem plainly fails when <f>(ax) tends to a 
definite limit when x becomes infinitely great. The formulae 
can be exhibited, however, in this case m a simple shape, as 
was shown by Mr. E. B. Elliott* 

For, in (42) let h = ab> and it becomes 


f 6 $(ax)dx C a 

Jo x Jo 




(45) 


Again, if 00) denote the definite value to which <j>(ax) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute <p( 00) instead of <p(bx) in the 
integral 

A 

r* ${bx) 

l h 

in which case it becomes 

a 


A 

£ 


dx ; 


* (w) j!$ = * (( * )lo e(!} 


On making this substitution in (43), we get 

j; * - {♦(-) - ♦<•)} %(?). <46) 

For example, let <p(ax) = tan^(oa?) then we have <j>(o) = o, 


and <f>( 00) = 

Accordingly we have 

f® tan -1 ax - tan " 1 1 




• Educational T\me* y 18*7 5. The student will find some remarkable exten- 
sions of the formulae, given above, to Multiple Definite Integrals, by Mr. Elliott, 
in the Proceedings of the London Mathematical Society, 1076, 1S77. Also by 
Mr. Lendesdoif, in the same Journal, 1878. 
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1 19 a. Remainder in Lagrange’s Series. — We next 
proceed to show that the remainder in Lagrange’s series 
(Diff. Calo., Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. Popoff ( Comptes Rendus , 1861, pp. 795-8). 


The following proof, whioh at the same time affords a 
demonstration of the series, of a simple character, is due to 
M. Zolotareff : — 

Let s = x + y ; and consider the definite integral 

8 n = J [y$(u) + x - u} n F\u)du. 

Differentiating this with respect to x, we get, by (33), 
Art. 1 14, 

= “V. {$(?))* (47) 


If in this we make » = 1, we get 
So = 


but 




*0 = F(z) - F(x) ; 

tJo 

F(z)=F(x) + y<j>{x)F(x) + ^. 


(48) 


In like manner, making n = 2, we have 

y 2 d 


ds x 

dx 




1 . 2 dx I 

Substituting in (48) it becomes 

F(z) =F(*) + * i i,(x)F\x) + J' 

Again, 



Gamma Functions. 


159 


■■•7 Til?- 


d*8 3 


3 *•* 




I a”- 1 *,*., I ^T (J/11 . W/ vl 

= = _ 7T7 = — {*(*)}"■*» 

i.2...»-i d#’*' 1 i . 2 .. .n d*" -1 L J 


d"* B 


1.2 ...» dir* ’ 


Hence we get finally 

F(z) = *(«) + f *(•) [{(*)}**>)] + &o. 

+ 1 . 2 !..» (£) j . +<e_ du - (49) 

Consequently the remainder in Lagrange’s series is always 
represented by a definite integral. 

We next proceed to consider a general olass of Definite 
Integrals first introduced into analysis by Euler. 

\\ 1 20. Gamma Functions. — It may be observed that 

xhere is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple ; nor in which 
the results arrived at are of greater elegance and interest. 
It would be manifestly impossible in the limits of an 
.elementary treatise to give more than a sketch of the results 
arrived at. At the same time the Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties. With such an outline 
we propose to conclude this Chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. > 

The First Eulerian Integral, viz., 

| - x)"~ l dx> 

is evidently a function of its two pa ramet ers, m and n ; it is 
usually represented by the notation 1 ?(m, w). 
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Thus, we have by definition 

| (i - xy^'dx = B(m, »). 

| e*aT'dx = r(p). 



The constants m, n, are supposed positive in all oases. 

It is evident that the result in equation (14), Art. 95, still 
holds when p is of fractional form. 

Henoe, we have in all oases 

J 

r(p+ i)=pr(p). (51) 


This may be regarded as the fundamental property of 
Gamma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers. 
For this purpose the values of T(^), or rather of log r(_p), 
have been tabulated by Legendre* to 12 decimal places, for 
all values of p (between 1 and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma Functions. 

It may be remarked that we have 

r(i) = 1, r (o) = 00, r(-i>)=oo, 


p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of x, where z is a con- 
stant with respeot to x> we obviously have 

(52) 


* See Traite de» Fonctiona Elliptiquea , Tome 2, Int. Euler, chap. 16. 
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With respect to the First Eulerian Integral, we have 
already seen (Art. 92) that 

| - x)"~ 1 dx = j* af^ 1 (1 - x) m " 1 dx; 

B(m , n) = B(n , m). 

Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute for we get 

Hence |o (FT y)”"» = - g(OT> w) - (53) 

We now prooeed to express £ (w, n) in terms of Gamma 
Functions. 

121. To prove that 

From equation (52) we have 


Hence 


r M = j e <a % m td n - 1 dx. 
r (m) e* s"- 1 = j e~* («*) 2 mtn -' sc^-'dx ; 


r(i»)| e*z^ x d% = [ Q j af n ' 1 dx. 

C 11 ] 0 
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But, if z (i + x) = y, we get 

f * > i f " , r (/» + n) 

1 ’ <771*4 ' (T+^ = * > 

f * dx 

uTxr^' 


Accordingly, by (53), we have 

x T(m) T(n) 

B(m, n ) = —7-- — 

v ; r (m + n) 
Again, if m = 1 - n, we get, by (24), 

af*~ l dx tt 


+ x sinnTr 


r(») r(i -») = | # 7 

If in this » = -, we get * L V.‘ ^ 

i « r ‘ V ’ r (i)-^. “■ 

This agrees -with (36), for if we make a? = *, we get 


(54) 

(55) 




e~* z~l dz 


. r M 


(56) 


Again, if we suppose in the double integral 


ii 




x and y extended to all positive values, subject to the condi- 
tion that x + y is not greater than unity ; then, integrating 
with respect to y, between the limits o and i - x, the 
integral beoomes 


if 

»Jo 


«-•(. -«>■*- y(54)= 


II 


a? m ~ l y** -1 dxdy ■- 


r(»»)r(») . 

r(»»+n+ i)’ 


(57) 


in whioh x and y are always positive, and subject to the con- 
dition x + y < 1. 
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122. By aid of the relation in (54) a number of definite 
integrals are reducible to Gamma Functions. 

For instance, we have 


f y m ' l dy 

■* tf*-'dy 

f/ mr ' 1 dy 

1 

I 

+ 

'w*' 

O 

o (, + y)”>™ + J 

i (i + y) m+ " 


Now, substituting - for y in the last integral, we get 

x 


f" y m ~ l dy _ f 1 xf^dx 

Ji (1 + y)"** ** J 0 (1 + 

Hence 

f 1 «"*-• + r(m) r(n) 

J 0 (1 + x) mH> ~ r (m + n) ’ 

Next, if we make x ■= we get 

. a m b n f tr^y . 

(i+ir)"^ J. [ay + b)"**’ 

. f“ tr~ l dy r(»w) i» 

’ ' Jo (ay + 6)**** a*6 n r(m + »)’ 

Again,* let <r = sin 2 #, and we get 

* 

x™- 1 (1 - «)"‘ l <£* = 2 f* sin’**" 1 0 oos*" -1 6d0 ; 
o Jo 

f*i sm 1 ’*" 1 0 cob’”' 1 0d0 = 
jo 2 r(»» + ») 

This result may also be written as follows : 


t siD*- 1 OeoB?- 1 Od0 

0 



( 5 ») 


( 59 ) 


( 6 °) 


(6i) 


* These results may he regarded as generalisations of the formula given in 

Arte. 93 , 94, to which the student can readily see that they are reducible when 

the indices are integers. 
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Definite Integrals. 


If we make q = i, we get 

J. • P («i») 

Again, ifp = jin(6i)it becomes 

UAY 

1 — = 1 2 sirt p ' 1 9 cos* 1 " 1 Odd = fi sin? -1 29 dO. 

2 r<j>) J. 2*~ l J o 

Let 26 = z, and we have 


(6z) 


\/~Tr 

2 


IT 

f’sin p-, 20d0 = - f sin^zdz = psinT 1 
Jo 2j 0 Jo 

r(Zpj 

If we substitute 2m for p, this becomes 

rWr(«^)=^r (24 

A gain, make y = tan *0 in (59), and we get 


%d% 


Hence 


|* 2 sin sm_1 9 oos'"' 1 6d9 r(m) r(») 

Jo (a sin 2 9 + 6 cos’ 0)*”* ~ 2a m b n r{m + n)' 
123. To find the Value* of 


( 63 ) 


(64) 


r©r©r(|)...r(^} 

» being any integer. 

* This important theorem is due to Euler, by whom, as already noticed, tke 
G amma Functions were first investigated. 
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r^,„/r(i)rg)r0)...r(^i). 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 

tt*- 1 


. IT . 27T . $TT . (n - i) TT 

sin — sin — sin — • . . sin — 

n n n n 

To calculate this expression, we have by the theory of 
equations 


1 - of* 
1 - a? 


= ^I -20008^ + 2^1 - 20008^+0*^... - 


(n-iW 


20 008 '—+& 

n 


> 


Making successively in this, x = i, and x = - i, and re- 
placing the first member by its true value n, we get 

/ . wV/ . 2ir\ 2 ( . (n- i)t\ 2 

n = ( 2 sm — 1 [2 sm — J . . . ( 2 sm - — ^ -- I , 

/ 7r\y 2 tt\ 2 / (n - i)w\ a 

\ 2 n)\ 2 n) \ 2n J 1 

whence, multiplying and extracting the square root, 

- , . 7r . 27 r . (n - iW 

n = 2**“ l sm — sm — . . . sm — . 

n n n 


Hence, it follows that 

r (j) r ©-- r (-^)- 


( 2y ) 

ni 


*»-i 

2 


( 65 ) 
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Definite Integrals. 


124. To find the values of 

| e^cos bxif'-'dx, andj er^ambx^dx. 

Ifin (52) a - b<y~ 1 be substituted* for % the equation 
becomes 

, r g-axjrtl-igHr-ife „ r (”>)_ = T{m){a + by^Tr 

(a-J/- 1)" (a* + b*) m 

Let a = (a* + 6 8 )* oos 9 , then b = (a % + sin 6, and the 
preceding result becomes 

| e-°*(oos bx + y/- 1 sin bx)af > ~ 1 dx 

■ r(m) 

(a* + 5 8 ) 8 

r(») 


(cos 9 + v~i sin 9 ) 


+ y~ 1 sin 


(a 8 + 6*)* 

Hence, equating real and imaginary parts, we have 

T(m) 


£"“*008 bx 3 f n " 1 dx ■■ 


I .' 


oos m 0 ^\ 

+ b'Y [ 


in whioh 6 = tan -1 ^. 


(«* 

_I 

(« 8 + 6 8 ) 8 


6^ sin bxx m ~ l dx » sin f»6 


J 


( 66 ) 


If we make a = 0, 9 becomes and these formulae become 

2 


* For a rigorous proof of the validity of this transformation the student is 
referred to Serrettfs Calc. Ini., p. 194. 
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j 008 lx of 1 ' 1 dx - cos 

f” . , , r(m) . mv { 

I sin bxaf^ 1 dx = sin — J 


(67) 


It may be observed that these latter integrals oan be ar- 
rived at in another manner, as follows : — 

From (52) we have 

r(w) = j cos j 2 fa . 

2 Jo 

. . f“ 00s teds I* f“ , , , 

r(n) — = e 00s bz x"~ l dxdz. 

Jo 2 J 0 J 0 

But, by (32), we have 

r * 

e"* a oosteds = ■ l - X - ; 

Jo W + a?’ 

r" 00s teds i f “ cte 

J, — 3? I>)j. 

&"- 1 a - 

’ r( ”) 2.0.-, by (27), 

2 

in which n must he positive and < 1 . 

In like manner we find 

f" sin feds __ 6”" 1 7 r 

Jo 2 n - T(n) . nir 

J x ' 2 sm — 

2 

The results in (67) follow from these by aid of the relation 
contained in equation (55). 
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Definite Integrt 
Examples. 


r. | X*(l -7fi)PdX. 
f 1 - x) n ~ l dx 

2m Jo (a + *)""" 

3 . Prove that 

f 1 sPdx f 1 dx 

J • (1 - s 4 )* J 0 (1 + **)* 

I CD X 

cos (bP) dt. 

1 dx 

**y 1 - z* 

b. (" 

Jo * 


r(* + i)rp±i) 

An,. LJL 4. 

-T +,+ — ) 

r(w)r(«) 

” a" (i +a)“r(w+ ft)' 

IT 

77 ? 

r(» + i)cos 


*g r (i) 



12 Jr Numerical Calculation of Gamma Func- 
tions. — The following Table gives the values of log T(_p), 
to six decimal places, for all values of p between 1 and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = r(2) = 1, and 
that for all values of jp between 1 and 2, T{p) is positive and 
less than unity ; and hence the values of log r (p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 



Log r (p) 


p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1. 00 


9750 

9500 

9251 

9003 

8755 

8509 

8263 

8017 

7773 

I.OI 

9997529 

7285 

7043 

6801 

6560 

6320 

6080 

5841 

5602 

5365 

1.02 

5128 

4892 

4656 

4421 

4*87 

3953 

3721 

3489 

3257 

3026 

1.03 

2796 

2567 

2338 

2110 

1883 

1656 

I 43 ° 

1205 

098 1 

0775 

1.04 

0533 

0311 

0089 

9868 

9647 

9427 

9208 

8989 

8772 

8554 

1.05 

9.988338 

8122 

7907 

7692 

7478 

7265 

7052 

6841 

6629 

64*9 

1.06 

6209 

6000 

579 i 

5583 

5378 

5*69 

4963 

4758 

4553 

4349 

1.07 

4145 

3943 

374 i 

3539 

3338 

3138 

2939 

2740 

2541 

2344 

1.08 

2147 

i 95 i 

1755 

1560 

*365 

1172 

0978 

0786 

9594 

0403 1 

1.09 

0212 

0022 

9833 

9644 

9456 

9269 

9682 

8900 

8710 

8525 

1. 10 

9-978341 

8*57 

7974 

7791 

7610 

7428 

7248 

7068 

6888 

6709 

I. II 

6531 

6354 

6177 

tiOOO 

5825 

5^50 

5475 

530 i 

5128 

4955 

1. 12 

4783 

4612 

4441 

4271 

4101 

3932 

3764 

3596 

3429 

3262 

*•*3 

3096 

2931 

2766 

2602 

2438 

2275 

2113 

1951 

1790 

1629 

1.14 

1469 

1309 

1150 

0992 

0835 

0677 

0521 

03 b 5 

0210 

0055 

*•*5 

9.969901 

9747 

9594 

9442 

9290 

9139 

8988 

8838 

8688 

8539 

1. 16 

8390 

8243 

8096 

7949 

7803 

7958 

75*3 

7369 

7225 

7082 

1.17 

6939 

6797 

6655 

6514 

6374 


6095 

5957 

5818 

5681 

1.18 

5544 

5408 

5272 

5*37 

5002 

4868 

4734 

4601 

4469 

4337 

1. 19 

4205 

4075 

3944 

38*5 

3686 

3557 

3429 

3302 

3175 

3048 

1.20 

2922 

2797 

2672 

2548 

2425 

2302 

2179 

2057 

*936 

if 1 ? 

1.21 

1695 

*575 

1456 

*337 

1219 

IIOI 

0984 

0867 

0751 

0636 

1.22 

0521 

0407 

0293 

Ol 80 

0067 

0955 

§843 

9732 

§621 

95 11 

*•23 

9 - 9594 <» 

9292 

2 l8 S 

9076 

8968 

8861 

8755 

8649 

8544 

8439 

1.24 

8335 

8231 

8128 

8025 

7923 

7821 

7720 

7620 

7520 

7420 

1-25 

73 *i 

7223 

7125 

1 7027 

6 93 ° 

6834 

6738 

6642 

6547 

6453 

1.26 

6359 

6267 

6173 

608l 

5989 

5898 

5807 

57*6 

5627 

5537 

1.27 

5449 

536 o 

5273 

5*85 

5099 

5 OI 3 

4927 

4842 

4757 

4673 

1.28 

. 4589 

4506 

4423 

434 * 

4259 

4178 

4097 

4 OI 7 

3938 

3858 

1.29 

378 o 

3702 

3624 

3547 

3470 

3394 

33*8 

3243 

3168 

3094 

1.30 

3020 

2947 

2874 

2802 

2730 

2659 

2588 

2 5*8 

2448 

2379 

*• 3 * 

2310 

2242 

2174 

2106 

2040 

1973 

1007 

1842 

*777 

1712 

132 

I648 

15S5 

1522 

M 59 

1397 

1336 

«75 

1214 

**54 

1094 

*•33 

1035 

0977 

0918 

O86I 

0803 

0747 

0690 

0634 

0579 

0524 

i .34 

0470 

0416 

0362 

0309 

0257 

0205 

OJ 53 

0102 

0051 

0001 

i -35 

9.949951 

9902 

9853 

9805 

9757 

9710 

9663 

9617 

957* 

9525 | 

1.36 

9480 

9435 

9391 

9348 

9304 

9262 

9219 

9*78 

9*36 

9095 

1*37 

9054 

9015 

8975 

8936 

8898 

8859 

8822 

8785 

8748 

8711 

1.38 

8676 

8640 

8605 

8571 

8537 

8503 

8470 

8437 

8405 

8373 

*•39 

8342 

8311 

8280 

8250 

8221 

8192 

8163 

8*35 

8107 

8080 

1.40 

8053 

8026 

8000 

7975 

7950 

7925 

7901 

7877 

7854 

7831 

1.41 

7808 

7786 

7765 

7744 

7723 

7703 

7683 

7664 

7645 

7626 

1.42 

7608 

7590 

7573 

7556 

7540 

7524 

7509 

7494 

7479 

74 6 5 

M 3 

745 J 

7438 

7425 

74*3 

7401 

7389 

7378 

7368 

7357 

734 » 

1.44 

7338 

7329 

7321 

73*2 

7305 

7298 

7291 

7284 

7278 

7273 

M 5 

7262 

7263 

7259 

7255 

7251 

7248 

7246 

7244 

7242 

7241 

1.46 

7240 

7239 

7239 

7240 

7240 

7242 

7243 

7245 

7248 

7251 

*•47 

7254 

7258 

7262 

7266 

7271 

7277 

7282 

7289 

7295 

7302 

1.48 

73 *o 

73*7 

7326 

7334 

7343 

7353 

7363 

7373 

7384 

7395 

1.49 

7407 

74*9 

743* 

7444 

7457 

747* 

7485 

7499 

75*4 

7529 
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Log r(/>). 


p 

0 

1 

2 

3 



6 

7 

8 

9 

1.50 

9-947545 

7561 

7577 

7594 

76!2 

7629 

7647 

7666 

7685 

7704 

i- 5 i 

7724 

7744 

7764 

7785 

7806 

7828 

7850 

7873 

7896 

7919 

i -52 

7943 

7967 

7991 

8010 

8041 

8067 

8093 

8120 

8146 

8174 

i -53 

8201 

8229 

8258 

8287 

8316 

8346 

8376 

8406 

8437 

8468 

1-54 

8500 

8532 

8554 

8597 

8630 

8664 

8698 

8732 

8767 

8802 

i -55 

8837 

8873 

8910 

8946 

8983 

9021 

9059 

9097 

9 i 35 

9174 1 

i -56 

9214 

9254 

9294 

9334 

9375 

9417 

945 « 

9500 

9543 

9580 

i -57 

9629 

9672 

9716 

8761 

9806 

9851 

9896 

9942 

9989 

b ism 

1.58 

9.950082 

0130 

0177 

022 5 

0274 

0 3 2 3 

°372 

0422 

0472 

0522 

i -59 

0573 

0624 

0676 

0728 

0780 

08 33 

0886 

0939 

°993 

1047 

1.60 

1102 

ii 57 

1212 

1268 

>324 

1380 

1437 

1494 

1552 

1610 

1.61 

1668 

1727 

1786 

*845 

1905 

1965 

2025 

2086 

2147 

2209 

1.62 

2271 

2333 

2396 

2459 

2522 

2586 

2650 

2715 

2780 

2845 

1.63 

2911 

2977 

3043 

3110 

3177 

3244 

3312 

3380 

3449 

3517 

1.64 

3587 

3656 

3726 

3797 

3867 

3938 

4010 

4081 

415 4 

4226 

1.65 

4299 

4372 

4446 

4519 

4594 

4668 

4743 

4819 

4894 

4970 

1.66 

5047 

5124 

5201 

5278 

5350 

5434 

5513 

5592 

5671 

574? 

1.67 

§830 

59 ii 

5991 

6072 

6!54 

6235 

6317 

6400 

6482 

6566 

1.68 

6649 

6733 

6817 

6901 

6986 

7072 

7J57 

7243 

7322 

7416 

1.69 

7503 

7590 

7678 

7766 

7854 

7943 

8032 

8122 

8211 

8301 

1.70 

8391 

8482 

8573 

8664 

8756 

8848 

8941 

9034 

9127 

9220 

1. 71 

9314 

9409 

9502 

9598 

9693 

9788 

9884 

9980 

0077 

oi 74 

1.72 

9.960271 

0369 

0467 

<>565 

0664 

0763 

0862 

0961 

1061 

1162 

i *73 

1262 

1363 

1464 

1566 

1668 

1770 

1873 

1976 

2079 

2183 

1.74 

2287 

2391 

2496 

2601 

2706 

2812 

2918 

3024 

3131 

3238 

I *75 

3345 

3453 

3561 

3669 

3778 

3887 

3996 

4105 

4215 

4326 

1.76 
i .7 7 

4436 

SS61 

4547 

5675 

4659 

5789 

4770 

5904 

4882 

6019 

4994 

6i 3 § 

5107 

6251 

5220 

6367 

5333 

6484 

5447 

6600 

1.78 

67I8 

6835 

6953 

7071 

7189 

7308 

7427 

7547 

7666 

00 

i -79 

7907 

8023 

8149 

8270 

8392 

8514 

8636 

8759 

8882 

9005 

1.80 

9129 

9253 

9377 

9501 

9626 

9751 

9877 

0008 

6129 

0255 

1.81 

9-970383 

0509 

0637 

0765 

0893 

1021 

1150 

1279 

1408 

I538 

1.82 

1668 

1798 

1929 

2060 

2191 

2322 

2454 

2586 

2719 

2852 

uS 3 

298s 

3118 

3252 

3386 

352 ° 

3655 

3790 

3925 

4061 

4197 

1.84 

4333 

4470 

4606 

4744 

4881 

5019 

5157 

5295 

5434 

5573 

1.85 

5712 

5852 

5992 

6132 

6273 

6414 

6 555 

6697 

6838 

6980 

1.86 

7123 

7266 

74 ° 8 

7552 

7696 

7840 

7984 

8128 

8273 

8419 

1.87 

8564 

8710 

8856 

9002 

9149 

9296 

9443 

9591 

9739 

9887 

1.88 

9.98OO36 

9^4 

0333 

0483 

0633 

0783 

0933 

IO84 

1234 

1386 

1.89 

1537 

1689 

1841 

1994 

2147 

2299 

2453 

2607 

2761 

2915 

1.90 

3069 

3224 

3379 

3535 

3690 

3846 

4003 

4159 

4316 

4474 

1.91 

4631 

4789 

4947 

5 IO S 

5264 

5423 

5582 

5742 

5902 

6062 

1.92 

6223 

6383 

6544 

6706 

6867 

7029 

II 92 

7354 

7517 

7680 

1 93 

7844 

8007 

8171 

8336 

8500 

8665 

8830 

8996 

9161 

9327 

1.94 

9494 

9660 

9827 

9995 

6162 

0330 

0498 

0666 

0835 

1004 

i -95 

9 - 99*173 

1343 

1512 

1683 

1853 

2024 

2195 

2366 

2537 

2709 

1.96 

2881 

3054 

3227 

3399 

3573 

3746 

3920 

4094 

4269 

4443 

l -97 

$618 

4794 

4969 

5145 

532 i 

5498 

5674 

5851 

6029 

6206 

1.98 

1.99 

i$ 

6562 

8359 

6740 

8540 

6919 

8722 

7098 

8903 

7277 

9085 

7457 

9268 

"637 

9450 

7817 

9633 
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Examples. 


i. 

Jo a — x 


> a — x 

2 . If f{z) =/(» -f *) for all values of x, prove that 

j /M** = » \y(x)dx, 


Arts. 2 a. 


where » is an integer, 
f® dx 


i 


0 \/ ax — x % 
r 2 dx 
Ji z */ ** - i 

sin- 1 x dx. 


T 

3 * 


— i. 

2 




5 - J\ 

Jo 

6. f 1 * 

J° (i +*)-v/ 1 + 2X-i 

7 - Lrr£r^ » ^=- 

8. Prove that 

f <£r t ^ 

o a+2^+1? 5 * whereA = 2(v / ««+4). 

f» dx 

9 * Jo I + cos 0 cos a?" 


Arts . - — - 


IT 

sind’ 


io. 


f s — 

Jo I + 


dx 


cos 0 coax 


w 

{ 2 dx 

o a 2 sin 2 a? + b 2 


cos 2 a?* 


Bind 


2ab* 


12 . 


J 


o (a 2 sin 2 x +J 2 cos 2 a) 2 ’ 


w (a 2 + £ 2 ) 
4a 3 £ 8 * 
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Definite Integrals. 


r 1 fa , 

14- I 7 , a>b* 

J -i (a — bx) 1 - & 

- C; 


, •* 

uto. —7- + — . 
16 4 


■v/a*-** 


> */(*-«)(*-*) 
r«tV*«'fr a 

«<• I 

J ►Vi*-* 1 

. f" anai cot &r 
17. Show that I 


**V.*-i* (y8 + 

■v/ 4 «v - (y* + **)* 


xa*. 


<£r = -, or o, according as 0 > or< i; and 


that when a = J the value of the integral is 


'““■TsKlr^D 


I! 


t&n*x fa. 


3 » 

I T ninx fa 
— 

0 1 + 


x A . I 
» - + tan-»- 7= . 

4 -/ 2 

it. If every infinitesimal element of the side 0 of any triangle be divided 
by its distanoe from the opposite angle C t and the sum taken, show that its 
value is 


log^cot— cotj^. 


22. Being given tho base of a triangle ; if the sum of every dement of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the loous of the vertex is a circle. 


! V cos* 6 sin 0 de 
0 i-M s eo» a e* 

IT 

! a cos^e sin6f6 

- , — ■ 

0 y 1 + a* oos*6 


. 1 tan“U 

Jm -7Sr' 


+ logfc + vA + e*) 
” 10 i? • 
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25. Deduce the expansions for sins and cos x from Bernoulli’s series. 

26. Show that the integral 

| s"(log x) m dx 

can be immediately evaluated by the method of Art. hi, when m is an integer. 


f® taxr l (ax)dx 

* 7 ’ Jo *(1 + **) 

28. Bind the value of 


Am. - log (1 + a). 


j* log (1 - 2a cos x + a*) dx , 


distinguishing between the cases where a is > or < i. 

Am. a < 1, its value is o. 

„ a > I, its value is 2irlog a. 

29. If /(#) can be expanded in a series of the form 

Oo + aiCQBX+ O2 0OB2X + ... + q»cos#i3+..., 

show that any coefficient after oo can be exhibited in the form of a definite 
integral. 


Ans. an 




coenxdx. 


30. Find the analogous theorem when f(x) can be expanded in a series of 
sines of multiples of x ; and apply the method to prove the relation 

( . sin xx sin 3* \ 

sin z — + — &c. J , 

when x lies between + *■. 

31. Prove the relation 

dO [J , 

l»s : sro*)y ,iR9d8=w - 

32. Express the definite integral 

IT 

f r do 

^ °*y i — ic 2 sin 8 0 

in the form of a series, k being < i. 
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33 * 


35 - 


39 - 


40 


F log ( i -f cos g coa g) j? 


jjlog(i 


34. j XT " 008 bxdx, where a > o. 


i; 


tan^flUctan-'jSa; _ 
<tXm 


36. J*log (o’ cob 2 0 + 0*Bm 2 0)dO. 

37 ’ jo 1<>g y*-$sin0/ sin a* 
f 1 <£r 

* ' *• (1 -**)*' 


1: 


<for 


i* 


(I - *»)• 

* coBrxdx 


r i 

Jo 1 — 2acoBa? + ^* 

41. Find the Bum of the series 


A ns. 


;( t -4 




” (a* + i 2 )* 


log 


« + /B 




w sm — 
n 


»a r 

F^a 5 * 


7 * t T» ( n ( » 

7* + 5J+1 3 + ^>+1* + * • ' + n* 

when n is increased indefinitely. 

This is evidently represented by the definite integral 


I 1 dx w 

0 «"+**’ W ~ 4' 


42. Find the limit of the sum 
1 1 


y : + —y ' ' - 4 y ■ + • • • + y r 

n 2 — l 2 </n 2 - 2* y n 2 — $ 2 %/** " ( n — *) 2 


2 


when n = 00. 
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43. Prove that 

ir ir 

1 2 , m(m - 1) fa" * 

coe" 1 * coe dx = —5 ^ I cos"*-* * coe nxdx ; 

0 fit* — tt Jo 

and hence, deduce the values of the integrals 

IT W 

| * cos 2m x cos (2ft + 1 ) x dx, and j * cos ?m+1 x cos inx dx, 
when m and n are integers. 

! ir to* 

log(i — 2a cos 0 + ti 2 ) coe nB d$, when a 2 < 1. Ant. . 

0 n 

r® 

4S- J ^ cos -£**• „ >. 

4 6. [ , i£i(L±^ (fo . 

JO I+* 2 ” 

47. Prove the following equation : 

( 7 — . jrr = , f* (1 - 2a 008 0 + a 2 )"'" 1 *#. 

Jo (1 -2a cos0+ a 2 )* (i-« 2 ) n_1 Jo ' 

48. Prove the more general equation 


I * sin m 0d0 _ 1 f» 

0 (1 — 2a cos 0 + a 2 ) n “ (1 - a 2 ) 2 ”-”*' 1 J 0 (1 - 


sin m 0 dd 


2a cos 0 + a 2 ) 1 *"'*’ 


in which m + 1 is positive. 


It loo 
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CHAPTER VII. 


AREAS OF PLANE CURVES. 

J . . 

v 126. Areas of Curves. — The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
axes of co-ordinates; then, the area included between the 
curve, the axis of r, and the two ordinates corresponding to the 
values x 0 and x x of x , is represented by the definite integral 

*1 

ydx. 

*0 

For, let the area in question be represented by the space 
AB VT, and suppose B V divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented hypMNQ, and greater 
than the sum of the rectangles 
PMNq ; but the difference be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (since the rectangles have equal 
bases) the rectangle under MN and the difference between 
TV and AB. Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MN ( TV - AB) also becpmes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same time. 



Fig. 1. 



l 
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If now the 00 -ordinates of Pbe denoted by x and y, and MN 
by Ax, it follows that the area AB VT is the limiting value* 
of 2 (VjAx) when the increment Ax becomes infinitely small ; 

or area ABVT- 


1 ydx; 
J*o 


where x x « OV, x 0 ■ OB. 


It should be observed that this result requires that y 
continue finite, . and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
\ out the axis of x, the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x. 

In such' cases it is preferable to oonsider each area sepa- 
. lately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
f the case where the co-ordinate axes are oblique ; in which 
. case the area is represented by 


whe: 


sin u> 


[ x ydx, 
J 


>re ai represents the angle between the axes. 

In applying these formulae the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y = f(x) be thus equation, the area is represented by 


| /(*)«<*» 

taken between suitable limits. 

Conversely, the value of any definite integral, such as 

j 8 /(*)<&, 

may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y =/(*)• 


* This demonstration is substantially that given by Newton (see Principia, 
Lib. I., Sect. I., Lemma 2) ; and is the geometrical representation of the result 
established in Art. 90. 

The modification in the proof when the elements of BV are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Biff. Calc. 

[ia] 
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On account of this property the prooess of integration was 
called, by Newton and the early writers on the Calculus, 
the method of quadratures. 

Again, it is plain that the area between the ourve, the • 
axis of y , and two ordinates to that axis, is represented by 



taken between the proper limits : the oo-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 


127. The Circle. — Taking the equation of a circle in 
e form 


0 ? + y 2 = d \ we get y « </ a 2 - x 2 y 
and the area is represented by 



taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let 
x - a cos 0, then the area in ques- 
tion plainly is represented by 





sin 2 0dO *= — (a - sin a cosa); where a = LDCA. 
2 x 7 


This result is also evident from geometry ; for the area 
DPAE is the difference between DP AC and DCE y or is 


a 2 a a 2 sin a cos a 

2 2 


The area of the quadrant ACB is got by making a = - ; . 
wa 2 

and accordingly is — : hence the entire area of the circle 
is 7 ra 2 . 



f,8. 
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The Ellipse. — From the equation of the ellipse 

a? y* , b 

-+|i= i, wegety= 


y~and the element of area is 

6 , 

~ v d* - x 2 dx; 
b U 

but this is - times the area of the corresponding element of 

CL , 

the cirole whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

of the cirole. This is also evident from geometry. 

The area of the entire ellipse is nab. 

Again, if the equation of an ellipse be given in the form 

irC 

, Ax 2 + By* = C, its area is evidently . / 

^ — . . */ AB 

As an application of oblique axes, let it be proposed 
to find the area of the segment 
of an ellipse cut off by any chord 
BIX. 

\\ Draw the diameter AA\ con- 
jugate to the chord, and BB' 
parallel to it. Then, C being 
the centre, let 



G4W, CB! = l\ ACB'-wy 

and the equation of the ellipse is ^ i ; henoe the area 

DA' If is represented by 

b' . ( CA ‘ y 

2 —y sin <0 I v d % -a?dx = a'b' sinw(a - sin a cosa), 
a J oe 


where 


oosa = 


CE 

CA r 


• Again, d V sin w ■= ab 9 by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in question is 

ab(a - sin a cos a). 

r- ^ t 
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This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are x, y, by S, we may write 


28 


sin a. 


x 20 y 

a ab b ab 

The Parabola. — Taking the 
equation of the parabola in the form 

= px> we get y = Vpx. 

Hence the area of the portion APN is 

f 2.2 

pi J a^dx 9 or - pix*, i.e. - xy . 

Consequently, the area of the seg- 
ment PAUPy out off by a chord perpen- 
dicular to the axis, is 4 of the rectangle 
PMM'P'. 

It is easily seen that a similar relation holds for the seg- 
ment out off by any chord. 

More generally, let the equation of the curve be y «* or", 
where n is positive. 

aa ?* 1 



Fig* 


Here 




aPdx ■ 


+ const. 


n + 1 

If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

ax"* 1 xy 

, or ■ 11 • 
n+ v n + 1 

Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion, when n is negative, is left to 
the student. 

Example. 

Express the area of a segment of a parabola out off by any focal chord in 
terms of the length of the chord, and p, the parameter of the parabola. 

fipi 
6 ’ 


Am. 
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i 3 oNrhe Hyperbola. — The simplest form of the 
equation of a hyperbola is where the asymptotes are taken 
for oo-ordinate axes ; in this case its equation is of the form 
xy = c*. 

Hence, denoting the angle between the asymptotes by oj, 
the area between the curve and an asymptote is denoted by 

& sin w j or & sin w log 

where x Y and x 0 are the abscissae of the limiting points. 

‘If the curve be referred to its axes, its equation is 

s 2 tf 
_ — * • 

a 2 b 2 ’ 

and the element of area ydx becomes 

- \/ x 1 - a 2 dx. 
a 

Hence the area is represented by 

taken between proper limits. 

Again, j x/x 2 - a?dx=j 



x/ - d 1 f \Zx* - a 1 

Also, integrating by parts, we have 

J x/ x 2 - a 2 dx y^x 2 -a* - J 


Adding, and dividing by 2 , we get 
x x 2 - a 2 


' x/ x 2 - a 2 




dx 




dx 




X-/&-C? a* , /- — - 

— — 7 log (x+yaf-f). - 


i I 

\ ' 
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Accordingly, if we suppose the area counted from the 
summit A, we have 

Again, since the triangle CPN = \xy, it follows that 
sector ACP = y log 0 + 

For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon’s Conics , Art. 395. 

130(a). Hyperbolic Sine and Cosine. — If 8 repre- 
sent the sector ACP, the final equation of the preceding 
Article becomes 

7 <■> 


which may also be written 


1 + y = e . 

a + b 6 ’ 


introducing a single letter v to denote the quantity 

28 


= v. 


Hence, by the equation of the hyperbola, we get 


a 0 


Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolio cosine and hyperoolic 
cone of v, and for brevity writing them oosh v, and sinh v, 

& + er* = 2 cosht?, e? - er* = 2 sinhtv (2) 

the oo-ordinates of any point on the ourve are 


x 

a 


oosh v « oosh 


28 


ab' b 


r = sinh v > 


. , 28 
sinh —r. 
ab 
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We might have treated the matter differently by intro- 
ducing the angle 0 defined by the equation x = a sec 0, and 
therefore y = b tan 6 (for the geometrio meaning of this 
transformation, see Salmon’s Conics , Art. 232) ; whence (1) 
may be written* 

and we see that the hyperbolio cosine of a real quantity is the 
secant, and the hyperbolio sine the tangent of the same real 
angle. Also, since 

. sinh v 1 . 1 cosh v 

S m<t> = t — , COS <b = r — , cot 6 = -r-r , oosec 6 = -r-i — , 

T cosh v T cosh v T sinh v T sinh v 


we can obviously extend the names of the other trigono metri cal 
functions likewise. Again, putting in (2) for r, u\/ - 1, or 
its, they become, by Art. 8, 

cos w = oosh tw, t sin w = sinh ni. 


V131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived 
at from elementary mechanics, as fol- 
lows : — 

Let Vbe the lowest point on the 
curve; then any portion VP of the 
string must be in equilibrium under 
the action of the tensions at its ex- 
tremities, and its own weight, TV. 

Let A be the tension at V\ T that 
at P, which acts along PE, the tangent at P; lPRM * 
Then, by the property of the triangle of foroe, we have 



Fig. 6. 


*• 


W:A=PM:RM ; 
.*. W= A tan (p. 


• When <p is related to v by this equation, <p is what Professor Cayley 
(Elliptic Functions , p. 56) calls the gudermannian of v, after Professor Guder- 
mann, and writes the inverse equation <p~gdv. 
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Again, if 1 1 >e the length of VP, and a that of the portion 
of the string whoee weight is A, we have, since the string is 
uniform, 

W=A-i 

a 


* = a tan 0. 

This is the intrinsic equation of the catenary. 
Calc., Art. 24 2 (a).) 

Its equation in Cartesian co- 
(ordinates can be easily arrived at. 

For, on the vertical through V 
take VO - a, and draw OX in the 
horizontal direction, and assume 
OX and OT as axes of co-ordi- 
nates. Let 


(Liff. 


then 


PN-y, ON = x, . 



Y 

/ 

p 




0 

\Y 

* !r 






Kg- 7- 


dx 


dx 


dy dy dx sin 0 

* ' dtp ds dtp 008*0* d</> oos0* 

Hence y - a setup, x = a log(seo tp + tan 0). (3) 

No oonstant is added to either integral, since y = a, and 
a - o, when 0-0. 

From the latter equation we get 


also 


seo 0 + tan 0 - e 5 ; 


seo 0 - tan 0 


sec 0 + tan 0 


Henoe, we have 

• -® 

a seo 0 - e 5 + e a , 2 tan 0 


e° - e 
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Consequently, 

a ( 5 -5\ 

(4) 


y = - [+ + « a J- 

Also 


(5) 


In the notation of last Article these equations may he 
'written 

- = cosh - and- = sinh - . 
a a a a 

Again, if NL be drawn perpendioular to the tangent at 
P, we hare 

NL = PN oos <p ; NL = a. (6) 

Also PL = NL tan <p ; PL = * = PV. (7) 

The area of any portion VPNO is 




a (y* - o’)*. 


( 8 ) 


Accordingly, the area VPNO is double that of the triangle 
PNL. 


Examples. 


i. To find the area of the oval of the parabola of the third degree with a 
double point 


ay* = {x- a){x - b ) a . 

The area in question is represented by 


J (b - x) x — adx. 



Fig. 8. 


Let «-« = «*, and we easily find the area* to be 


8 (b-a)* 


3 - 5 <* 

2. Find the whole area of the curve o 2 y* = x* (2 a - x). Ant. wa 2 . 

3. Find the whole area between the cissoid x 3 = y 2 (a - x) and its asymptote. 


2\/ 2 

* The student will find little difficulty in proving that this area is — — 

times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate axes. 
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Since x - a = o is the equation of the asymptote the area in question is re- 
presented hy 

! ° x^dx 
0 (« - 

Let x — a sin 2 9 , and this becomes 

ir 

2 a* | sin 4 0 dO : 


hence the area in question is | wa*. 

4. Find the area of the loop of the curve 

a*y* = x*(b + x). 

This curve has been considered in Art. 262, Diff. 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 

"a f b + xdx. 
or J -b 

Let b + x = z*, and it is easily seen that the area 
in question is represented by 

3 • 5 • 7 • 

5. Find the area between the witch of Agnesi 

xy 2 = 4a 2 (2 a - x) 

and its asymptote. 



Fig. 9 . 


Am. 4 wa*. 

^<^132. In finding the whole area of a closed ourve, such as 

p 


that represented in the figure, we 
suppose lines, PM, QN, &o., drawn 
parallel to the axis of y ; then* as- 
suming each of these lines to meet 
the curve in hut two points, and 
making PM = y 2 , PM = y l9 the 
elementary area PQQfP is repre- 
sented by (y 2 - yi) dx, and the en- 
tire* area by 

{OB' 

fa-yjdx; 


r OB' 

< 

JOB 



Fig. to. 


in which OB, OP are the limiting values of x. 


* This form still holds when the axis of x intersects the cmrve, for the ordi- 
nates below that axis have a negative sign, and {y% — y\) dx will stall represent 
the element of the area between two parallel ordinates. 
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For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

oa? 2 + 2hxy + by 1 + igx + ify + c = o. 

Here, solving for y, we easily find 

t/z - V\ = | (A 2 - ab) x 2 + 2 ( hf - bg) x +/ 2 - be. 

Also, the limiting values of x are the roots of the quadratic 
expression under the radical sign. 

Accordingly, denoting these roots by a and /3, and observ- 
ing that A 2 - ab is negative for an ellipse, the entire area is 
represented by 

^ J S(x-a)(P -X) dx. 

To find this, assume x - a = (/3 - a) sin’fi ; 
then (5-X“ (J3 - a) oos’0, 

and we get 


P fa 

*/ (x - a) (Ji - x) dx = 2 (/3 - a)’ sin’® cos' 0 dd 
a Jo 

m jV , (W-b9)' + (f'-bc)(ab-h') 

( P~ a) =4 * 

4 b(af l + bg 2 + cA 2 - 2/yA - tffic) 

= (ab - A 2 ) 2 ’ 

Hence the area of the ellipse is represented by 

w(«/‘ a + bg 2 + cA 2 - 2/gh - ata) 

, (aft -A 2 )* * 

. This result oan be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by / ydx y 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A' 
along the upper portion of the curve, the corresponding part 
of the integral j ydx represents the area APA!EB . Again, 
in returning from A' to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
of J ydx is also negative (assuming that the curve does not 
intersect the axis of x), and represents the area A'P'ABE , 
taken with a negative sign. Consequently, the whole area of 
the closed ourve is represented by the integral / ydx 9 taken 
for all points on the ourve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 

I* 1 !* 


taken through the entire perimeter of the curve, the element of the 
curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 
double point. It the ourve cut itself, so as to form two loops, 


f dx 

when taken round the entire 


perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

j, 133. In many oases, instead of determining y in terms of 
x, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instanoe, in the ellipse, if we make x = a sin 0, we 
get y = b cos 6, and ydx becomes ab oos 2 $ cty, the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 



Let x = a sin- then y = b co$?<p, and ydx becomes 
3 ab sin 2 ^ cos 4 ^ dtp : 
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hence the entire area of the ourve is represented by 

tr 

f jf 2 

i2ab sin 2 0 cos *<j>d<l> = ^ nab . 

Jo o 


Examples. 


i. Find the whole area of the evolute of the ellipse ^‘ vV 


b 


«* + 

2. Find the whole area of the curve 


3 * (•>-*)* 
'*"• 8oA • 


3 

*\ 3**fl 


+ T 


y\ 2»+i 


2.4.6 2 (»*+»+ i) 

\l34. The Cycloid. — In the cycloid, we have (Diff. 
Calc., Art. 272), 

x = a (0 - sin 0), y = a (1 - cos 0) $ 

| ycte = a 2 | ( 1 - cos 0) 2 d0 = ^a 2 J sin 4 ^0. . 

Taking 0 between o and tt, we get 37ra a for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 



It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid Bp A, To determine 
this, let points P and P be taken on the semioirclo suoh that 
arc BP = arc DP : draw MPp and M'Pp' perpendicular to 
BD. Take MN and M' N' of equal length, and draw JSq 
and N'<f, also perpendioular to BD : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc BP, and Pp' 
= arc BP : Pp + Pp ' = semicircle = 7r a. y 
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Now, if the interval MN be regarded as indefinitely small, 
the sum of the elementary areas PpqQ and P'p'tfQ' is equal 
to the rectangle under MN and the sum of Pp and Pp', or to 
7T0 x MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ira multiplied by the sum of 
the elements MN, taken from B to the centre (7, i.e. equal to w a 2 . 

Consequently the whole area of the cycloid is 3ira 2 , as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

^ 135 . Areas in Polar Co-ordinates. — Suppose the 
curve APB to be referred to polar co-ordinates, 0 being the 
pole, and let OP, OQ, OB represent conseoutive radii vectores, 
and Pi, QM, arcs of circles described with 0 as centre. Then 
the area OPQ = OPL + PLQ ; but 
PLQ becomes evanesoent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 
ts Jia 

tary area OPQ = area OPL = — — ; 

r and 0 being the polar co-ordi- 
nates of P. 

Henoe the sectorial area A OB 
is represented by Fig. 12 . 



where a and (3 are the values of 0 corresponding to the limit- 
ing points A and B. 

' 5 136. Area off Pedals off Ellipse and Hyperbola. — 

For example, let it be proposed to find the area of the loous 
of the foot of the perpendicular from the centre on a tangent 
to an ellipse. 

Writing the equation of the ellipse in the form—, + i, 
the equation of the loous in question is obviously 
r* - a’oos’fl + b* sin’fl. 
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Henoe its area is 


o’ f „ njn b* f . , a , a o’ +J*n a*-6 2 . a a 

— I cos ?0d0 + — I sm'ddO = 0 + sin 0 cos 0. 

2j 2j 44 


The entire area of the loous is 




is 


The equation of the corresponding locus for the hyperbola 
r 2 = a 2 cos 2 0 - b 2 sin* 0. 


In finding its area, since r must be real, we must have 
a 2 cos 2 0 - b 2 sin 2 0 positive : accordingly, the limits for 0 are o 

and tan -1 7. 

0 

Integrating between these limits, and multiplying by 4, 
we get for the entire area 

ah + (a 2 - b 2 ) tan" 1 


In this case, if we had at once integrated between 0 = o 
and 0 = 2?r, we should have found for the area (a 2 - b 2 ) 

2 

This anomaly would arise from our having integrated 
through an interval for which r 2 is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin will be given in a subsequent Article. 


k. Examples. 

' 1. Show that the entire area of the Lemniecate 
r 3 = a 2 cos 20 i 

is a 3 . 

2. In the hyperbolic spiral 

re = a, ; 

prove that the area hounded by any two radii veotores if proportional to the 
difference between their lengths. 


3. Find the area of a loop of the curve 


r f 


Ant . 


r 3 = a 2 cos »0. 
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Examples. 


4. Find the area of the loop of the Folium of Descartes, whose equation is 
x* + y 3 = $axy. 

Transforming to polar co-ordinates, we have 

3« cos 0 sin 0 
# ~~ sin*0 + oo8 3 0* 

Again, the limiting values of 0 are o and - ; 


9a 2 f* sin 2 0 cos 2 OdO 
2 J 0 (sin 3 0 + 


Area— _ + cos 3 #)*’ 

Let tan 0 = u, and this expression becomes 

9a 2 f* u 2 du _ 3a 2 

T Jo (1 +«®) 2 ~T* 

5. To find the area of the Limaqon 
^ r = a cos 0 + b. 

Here we must distinguish between two cases. 

(1) . Let b > 0. In this case the curve consists of one loop, and its area is 

(a cos 0 + b) 2 d0 = ^£ 2 + 

When b = a f the curve becomes a Cardioid, and the area — — . 

(2) . Let b < a. The curve in this case 
has two loops, as in the figure (see Diif. 

Calc., Art. 269), the outer loop correspond- 
ing to 

r as a cos 0 + i, 

the inner to 

r = a cos# — A 

To find the area of the inner loop, we 
take 0 between the limits o and a, where 

a = cos -1 ; and the entire area is 


f* (a cos0 - b) 2 dO 
Jo 

= j (a* cos*0 - 2 ab cos 0 + b 2 ) d0 

( Or 2 \ Q> 2 

“ + b 2 J a + — sin a cos a - lab sin a 

- (f + *)co 




I 


k 
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It is easily seen that the sum of the areas of the two loops is obtained by in- 
tegrating between the limits o and 2x, and accordingly is 



as in the former case. 

] — 

137. Area of a Closed Carre by Polar Co-ordi- 
nates* — In finding the whole area of a closed curve by 
polar co-ordinates we distinguish between two cases. When 
the origin 0 is outside, we sup- 
pose tangents OX \ OT ', drawn 
from 0 , and vectors OP, OQ, &c., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is - r 2 3 ) dd, where 
OP = r l9 Op = r a . 

Hence, the expression 

i/(ri*-r 3 2 ) dO, Fig. 14. 

taken between the limits corresponding to the tangents OT 
and 0T\ represents the entire included area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by -J- J(ri* + r 2 2 ) d6 } taken between the limits 
0=o, and 0 = 7r. 

We shall illustrate these results by applying them to the 
circle 

r 2 - 2rc cos 0 + c 2 = a 2 . 



If the origin be outside, we hav e c > a 9 and r\ + r 2 = 2c cos 0 , 
and r x r 2 - c 2 - a 2 ; \ r x - r 2 = 2 a 2 - c 2 sin 3 0 

Hence (n 3 - r 2 2 ) dO = 4 c cos 0^/a 2 - & sm 2 0 e? 0 ; and the 

a 

limiting values of 0 are ± sin -1 -. 

Hence the whole area is 


2c\ s oos 0\/a? - c’sin’fltfO. 

ris] 
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Let c sin 0 = a sin 0, and this integral transforms into 



Again, if the origin be inside, we have c < a, and 
“ (n 8 + rf) * a 2 + & cos 20 ; 

J (n 2 + r%) c?0 = j (a 8 + & 008 2 0) dO = TTO*. 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us oonsider the spiral of Archimedes. 

138. The Spiral of Archimedes. — The equation of 
this curve is r = aO, 
and its form, for 
positive* values of 0, 
is represented in 
the accompanying 
figure, in which 0 
is the pole and OA 
the line from whioh 
0 is measured. Let 
any line drawn 
through 0 meet the 
different branches 
of the spiral in 
points P, Q , P, &o. : 
then, if OP=r, and 
lPOA=0, we have, 
from the equation 
of the curve, x 5* 

OP = aO , OQ = a (0 + 2*-), OB = a (0 + 4 tt), &e. 

* It should be noted that when negative values of a are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA. 
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Henoe PQ = QR = &o., = 2air = c (suppose) ; i. e. the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = r l9 OB = r % = r x + c, and the area between 
the two corresponding branches is 

- r\) d 6 = c JVid0 -f 

Now, suppose MN and mn represent the limiting lines, 
and let /3 and a be the corresponding values of 0 ; then the 
area nNMm will be equal to 

cj aOdO + j | dO = ^(J 5 - a)(aa + a /3 + c) 

= J (/3 - a) (OM + On). (9) 


If j 3 - a = 7T, this gives for the area of the portion 
between two consecutive branches QJE'Qf and RFR\ inter- 
cepted by any right line RK drawn through the pole, 

7 T <6 

-RQ.QRf, i.e. half the area of the ellipse whose semi-axes 
are RQ and RfQ . 

139. Another Expression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ab repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move round any closed boundary, the inoluded 

area is in all cases represented by - r*dQ, taken round the 

entire boundary, whatever be its form ; the elementary angle 
dO being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions x = r cos 9 , y = r sin 0, we get 


tan0 = 

x 


dO _ xdy - ydx 
cos a 0 x 1 


t*dO *= xdy - ydx ; 


Henoe 
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and the area swept out by the radius vector is represented by 
the integral 

^(xdy-ydx), 

taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of Elliptic Sector. Lambert’s Theo- 
rem. — It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 

This can be arrived at by inte- 
gration from the polar equation 
of the curve ; it is, however, a 
more easily obtained geometri- 
cally. 

For, if the ordinate PN be produced to meet the auxiliary 
circle in Q, we have 


v 



area AFP = ^ x area AFQ = ^(ACQ - CFQ ) 


■ - e sin #), (10) 

where « = L ACQ. 

By aid oi this result, the area of any elliptio sector can be 
expressed in terms of the fooal distances of its extremities, 
and of the chord joining them. 

For (Fig. 17), let QFP re- 
present the seotor, and let 
FP = p, FQ = p', PQ = S ; then, 
denoting by « and u' the eooen- 
trio angles corresponding to 
P and Q, the area of the sector 
QFP, by (10), is represented by 



iTa. 


Kg. 17. 
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We proceed to show that this result can be written in 
the form 

- (sin0 - sin0')}. (n) 

where 0 and <f>' are given by the equations 

. 0 i Ip + p + 8 . <t>' i Ip + p — 8 

sin- = -I- — , sin - = - — . 

2 2 \ 0 2 2 \ a 

For, assume that 0 and 0' are determined by the equations 

u - t/ = 0 - 0', e(sintt - sin t/) = sin 0 - sin 0'. (a) 

The latter gives 

, Ur — VL U + U? . A *” A + 0 

e sm cos sm - — — cos- — - , 

2 2 2 2 7 

or by the former, e cos = cos - — — . 

J 2 2 

Again, since the co-ordinates of P and Q are a cos u, 
b sin it, and a cos t/, J sin t/, respectively, we have 

S 2 = a 2 (cos w - cost/) 2 + b* (sin u - sinti') 2 

. 9 u - u' f - . u + u' *t* + tA 
= 4 sin 2 — - — [ a 2 sin 2 — - — + o 2 oos 2 — — J 

. . - i/ ( 2 u + i/\ 

= 40 s sin 2 — - — [ i - rcos 2 — — J 

. • * 0 0^ • « 0 + 0 / 

■= 4a 2 sm 2 - — — sm 2 - — - ; 

2 2 

•\ S - 2aem ^ - - sin = a(oos0' - oos0). (6) 

Again, from the ellipse, we have 

p = 0(1 - 0 oos ti), p' = 0(1 - ^cost/), 

, , * 0 + 1 / u - 11 

p + p = 2a- ae (cos 0 + cos 0) = 2a - 206 oos oos 

2 2 


•=20-20 OOS 


0 + 0 ' 0 - 0 ' 

r — r oogZ—r = 20 - 0(oos0 + oos0'), (0) 
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Henoe, adding and subtracting ( 5 ) and (c ) 9 we get 

p + p* + 8 t * • * 4 * 

- — * 2 (i - cos 6) = 4 sin* 1 -, 

a v T/ 2 

P + p — 8 / a • . ^ 

- — 2 (i - 008 = 4 sin* 

o V r/ -T 2 » 

which proves the theorem in question. 

Consequently, the area* of any focal sector of an ellipse can 
be expressed in terms of the focal distances of its extremities, , of 
the chord which joins them , and of the axes of the curve . 

141. We next prooeed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the 
equation 



is ah times the area of the corresponding portion of the curve 
F (x, y) = c. 

This result is obvious, for the former equation is trans- 
formed into the latter, by the assumption 2 | f ; and 

henoe ydx becomes aby'dt/ ; 

Jydk = abjy'daf, 

the integrals being taken through corresponding limits — a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse -j + ^ «■ i 


• This remarkable result is an extension, by Lambert (in his treatise entitled : 
Imigniorti orbited oometarum proprietatet, published in 1761), of the correspond- 
ing formula for a parabola given by Euler in Miscell. Berolin , 1743. It 
furnishes an expression for the time of describing any arc of a planet’s orbit, in 
terms of its chord, the distances of its extremities from the sun, and the major 
axis of the orbit ; neglecting the disturbing action of the other bodies of the 
solar system. 
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reduces to that of the oirole ; and the area of the hyperbola 


*_yf_ 

o* V 


to that of the equilateral hyperbola & - y* = i. 

Again, let it be proposed to find the area of the ourve 



* . £ 


The transformed equation is 


(** + y*y 


aV by 
l * + *»’ 5 


or, in polai co-ordinates, 

a’coe’0 i’sin’fi 

* || o • 

r /rc a 

But the whole area of this (Art. 136) is ^ ^ 
Consequently the whole area of the proposed ourve is 



It may be remarked that the equations 

-f = c, -Ffo y) = c, 

represent similar curves, and their corresponding linear 
dimensions are as an. Consequently the areas of similar 
curves are as the squares of their dimensions; as is also 
obvious from geometry. 

142. Area of a Pedal Carve. — If from any point 
perpendiculars be drawn to the tangents to any curve, the 
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loons of their feet is a new curve, called the pedal of the 
original (Diff. Calc., Art. 187). “ 

If p and ai he the polar co- 
ordinates of N, the foot of the 
perpendicular from the origin 0, 
then (he polar element of area of 
the locus described by N is plainly R / 

and the sectorial area of any 
portion isaocordinglyrepresentedby 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN ' in the figure. 

Hence & = 8 + 2 NW' = 8 + j J PN'd*. (i 2) 

Again, by the preceding, 




Accordingly, by addition, 


28^8 + ^OP'du. (13) 

It is easily seen that equation (12) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute : 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 

on the normal at P : and hence ^PN'dw represents the ele- 
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ment of area of the locus described by the foot of this perpen- 
dicular, i.e. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area of 

the pedal of the evolute of an ellipse is - (a - b)\ the centre 
being origin. 

143. Area of Pedal of Ellipse for any Origin. — 

Suppose 0 to he the pedal 
origin, and OM, OM' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CN 
the perpendicular from the 
centre C ; let OM = p ly OM ' 

= p % , CN = p, OC = c, L OCA 
= a, lACN = w ; then 

Fig. 19. 

Pi = MD - OD = p - c 00s (<o - a), 

P % = p + c COS (co - a). 

Again, the whole area of the pedal is 

- [ (pS + p 2 )dw = I {jt ) 2 + c 2 00B 2 (a> - a)}d<o 

2 Jo Jo 

= j p*da> + c* J cos 2 (<o - a) dw = ^ (a 2 + b* + c 2 ). (14) 

That is, the area of the pedal with respect to 0 as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC. 

If the origin 0 lie outside the ellipse, the pedal consists 
of two loops intersecting at 0 and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Steiner’s Theorem on Areas of Pedal Curves. 

Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0 , and A! the area 
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of its pedal with respect to another origin O' ; then, if p and 
p' be the lengths of the perpendiculars from 0 and O' on a 
tangent to the curve, we have 

A = i J £ - \ 

Also, adopting the notation of the last article, 

p' -p - 0 cos (<*> - a) =p - xgoboj - y sin w ; 

where a?, y represent the co-ordinates of O' with respeot to 
rectangular axes drawn through 0. Henoe we get 

A' - A = -- 1 (a?cosw + f/emw) 2 du) 

2 Jo 

r 2 » pn- 

-a; I poo&wdw - yl psinctHfto. 

oos*ci>c?<u — 7r, sin 8 a>c?w = 7r, sina)C0S(*H3?a) = o. 

Jo Jo 

r2» r*» 

Also, for a given curve, p cosoi rfw and p sin wdw are 
Jo # Jo 

constants when 0 is given. Denoting their values by g and 


A, we have 


A! - A - ~ (r* + y 3 ) - gx - Ay. 


(i5) 


This equation shows that if 0 be fixed, £Ae /oct*s t/tfAe 
origin O', /or toAioA tfAe aroa o/* the pedal of a closed curve is 
constant , is a circle * The centre of this circle is the same, 
whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 


* It can be seen, 'without difficulty, from the demonstration given above, 
that when the curve is not closed, the locus of the origin for pedals of equal area 
is a conic: a theorem due to Prof. Baabe, of Zurich. See Cr elle's Journal , 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
Transactions of the Royal Society , 1863, which he has investigated the corre- 
sponding relations connecting the volumes of the pedals of surfaces. 
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If the origin 0 be supposed taken at the centre of this 
circle, the constants g and h will disappear ; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle, whose radius is a, is the circle itself. For 
any other origin the pedal is a lima^on ; hence the whole 
/ h 2 \ 

area of a lima9on is 7r( a 2 + -J, as found in Art. 136, Ex. 5. 

145. Areas of Roulettes on Rectilinear Rases. 

The connexion between the areas of roulettes and of pedals 
is contained in a very elegant theorem,* also due to Steiner, 
which may be stated as follows : — 

When a closed curve rolls on a right line , the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve , this pedal being taken 
with respect to the generating point as origin . 


To prove this, suppose 0 to be the describing point in any 



Fig 20. 

position of the rolling curve, and P the corresponding point 
of contact. Let O' represent an infinitely near position of the 
describing* point, O' the corresponding point of contact, and Q 


* See CrelWs Journal vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in the next Chapter. 

By the area of a roulette we understand the area between the roulette, the 
base, and the normals drawn at the extremities of one segment of the roulette. 
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a point on the curve such that PQ = PQf ; then Q is the point 
which coincides with O' in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of oontingence) by dw, we have OPO' = dw, 
since we may regard the curve as turning round P at the in- 
stant (Diff. Calc., Art. 275). 

Moreover, QQ' ultimately is infinitely small in comparison 
with QP, and consequently the elementary area OPQ'CX is 
ultimately the sum of the areas POCf and QO'P, neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP - r, we have POff = and area QffP 
= QOP in the limit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area ( S ) of the rolling curve. Conse- 
quently the entire area of the roulette described by 0 is 

S + $jr 2 du>. 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point 0 ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for whioh the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a oircle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the reotangle under the 
radius of the circle and its oircumferenoe ; i.e. is 2na 2 ; denot- 
ing the radius by a. 

Consequently, for a point on the ciroumference, the area 
generated is 27 to 2 + na 2 , or 37 ra 2 ; whioh agrees with the area 
found already for the cycloid. 

In like manner, by Steiner’s theorem, the area of the or- 
dinary cycloid is the same as that of the cardioid : and the 
area of a prolate or curtate cyoloid the same as that of a 
limajon. 
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Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a foous 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line , the area of the roulette described by its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the ciroles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. General Case of Area of Roulette. — If the 
curve, instead of rolling on a right line, roll on another 
ourve, it is easily seen that the method of proof given in the 
last article still holds ; provided we take, instead of dw, the 
sum of the angles of contingenoe of the two ourves at the 
point P. 

Hence the element of area OPCf is in this oase 

i 0 ***^ 1 + £} or i oparfw ( I + ^) 

where p and p are the radii of curvature at P of the rolling 
and fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution, is represented by 

If a closed curve roll on a ourve identical with itself, 
having corresponding points always in oontaot, the formula 
for the area generated becomes 

8 + jr*du>. 

In this case the area generated is four times that of the 
corresponding pedal ; a result which appears at onoe geome- 
trically by drawing a figure. 
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Examples. 

I. If A be the area of a loop of the curve = «*• cosmfl, and A\ the area 
of its pedal with respect to the polar origin, prove that 



It is easily seen, as in Diff. Calc., Art. 190, that the angle between the radius 
vector and the perpendicular on the tangent is mQ ; and 00 = (m + 1) 6 

Hence, by Art. 142, 

2A1 = A + ^-i- 1 J f*dB «= (m + 2) A. 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A! be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa + Bb= 2 (a + b)A\ 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

147. Hold itch’s Theorem.* — If a line CC f of a given 
length move with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, by any given point P 
situated on the moving line. 

Let CP = c y PC' = and suppose (x l9 y0, (x, y), and 
fa, y 2 ) to be the oo-ordinates of the points C 9 P, and C\ re- 
spectively, with reference to any reotangular axes. 

* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of “ Petrarch,” in the Lady’s 
and Gentleman’s Diary for the year 1858. The first proof riven above is due to 
Mr. Woolhouse, and contains his extension of Mr. Holditcn s theorem. 
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Then, if 0 be the angle made by CC' with the axis of y 9 
we have evidently 

Xi = x - c sin 0, yi = y - c oos 0, 

x 2 = x + d sin 0, y 2 = y + c' oos 0. 

Henoe we have 

yidx L = ydx - c oos 9 (dx + yd9) + o 2 oos 2 9d9 ; 

y 2 dx a = ydx + c' cos 9 (dx + yd9) + o' 2 cos *9d9. 

Multiplying the former equation by o', and the latter by c, 
and adding, we get 

c'yidxi + cy % dx 3 = (c + c) ydx + (c + o') cc' cos 2 9d9 ; 

c' fyidxi + cjy 2 dx % = (o + o ') / ydx + (o + d)cd / cos 2 9 d9. 

If we suppose the rod to make a oomplete revolution, so 
as to return to its original position, and if we denote by ((?), 
(O'), (P), the areas of the curves described by the points 
C, C', and P, respectively, we shall have (since in this case 
the angle 9 revolves through 2tt) 

c'(C) + c(C') = (o + c')(P) + t r(o + d)cc\ 

d(C) + c(C') /TiN 

or - 1 - 1 7” — - = (P) + t too . (16) 

o + o^ v 7 v 1 

This determines the area (P) in terms of the areas ( C ), 


(O ') i and of the segments o, o'. 
When the extremities C. C 


When the extremities (7, C" move on the same identical 
curve we have ( C ) = ((7'), and henoe ((7). - (P) = ttcc'. 

Consequently, if a chord of given length move inside any 
closed curve , having a tracing point P at the distances o and 
c' /row ends, the area comprised between the two curves is 
equal to ircd. 

More generally, if the extremities C , C f move on curves 
of equal area, we have, as before, 

(C) - (P) = nod. ( 17 ) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then (<7) = o, (O') = o, and 
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(P) = - ircc'. The negative sign implies that the area is 
described in a direction contrary to that in whioh the rod re- 
volves. 

Again, if the rod returns to its original position after 
n revolutions, the limits for 9 become o and 2wr, and equa- 
tion (16) becomes 

c'(C) + c(C') /T1V - 

777 °( p ) + (» 8 ) 


If (C) = ( C '), this gives 

(C) - (P) = mrcc'. (i 9 ) 

If the line osoillate back to its former position, without 
making a revolution, we have n = o, and (19) becomes 

(O') = (P). 

Hence, in this oase, if two points describe curves of equal 
area, then any point on the line joining these points describes 
a curve of the same area. 

The theorem in (16) oan also be proved simply in another 
manner, as follows : — 

Let 0 denote the point of intersection of the moving line 
CC' with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let ( 0 ) represent the area of the en- 
velope, and it is easily seen that 

(C) - (0) = * R OC)'M=$ R (0 - ryao, 

Jo Jo 


(O') ~(0)=i f(ocyd0=t fv + rydd, 

Jo Jo 

(P) -(O) = *J(OP) ! rf0=*JVtf0; 

henoe 

<f(C) +c(C') - (c+d){P) =^|*'{c , (c-r)*+c(c , +r)*-(c+<Or»}rf0 

- CC f (c + </) 7T, 


as before. 
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A remarkable extension of Holditch’s theorem was given 
by Mr. E. B. Elliott, in the Messenger of Mathematics , 
February, 1878. 

Mr. Elliott supposed the length of the moving line C'C to 
vary, but that it is in all positions divided in the constant 
ratio m: n in a point P. 

Then, if C travel round the perimeter of any closed area 
(C) y and C' move simultaneously round another area ((?'), the 
two motions being quite independent and subject to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will travel simultaneously round the 
perimeter of another closed area (P). 

Adopting the same notation as before, we have 

(m + n)x = mxi + nx 2 , (m+ n)y = my Y + ny 2 ; 

(m + n) 2 ydx = {my x + ny 2 )(mdx l + ndx 2 ) 


= m 2 y x dxi + n*y 2 dx 2 + mn (1 y 2 dx x + yidx 2 ) 

= (m + ri)(myidxi + ny 2 dx 2 ) -mn(y 2 -y l )d(x 2 -x 1). 


Integrating for a complete oircuit, and dividing by (m + n), 
we have 


(m + n)(P)=m(C) + n{C') - * 0 - (20) 

This result is stated as follows by Mr. Elliott : — 

Through any fixed point in the plane of a closed area 8 
let radii veotores be drawn to all points in its perimeter, and let 
chords AB y parallel and equal to the radii vectores, be plaoed 
with one extremity A in each case in the perimeter of a closed 
area (A), and the other B on that of another (B ) ; then, if 
the points Ay By travel respectively all round the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them ; and, if 
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( C) represent the area described by a point always dividing BA 
in the constant ratio m : n, then the areas (A), (P), ((?), ($) 
are connected by the following relation : 


(O - m(A)+n(B) 
' ' m + n 


mn 

(m + n) 


;(«)• 


( 21 ) 


This follows immediately from (20) by altering the nota- 
tion. 

Areas described in opposite directions of rotation must be 
taken with opposite signs. 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr. Elliott’s 
paper ; as also to Mr. Leudesdorf’s papers in the «*ame 
Journal. 

147 («). Kempe’s Theorem. — We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
making one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and the locus , in 
the moving plane , of points which describe equal areas is a circle ; 
and by varying the area we get a system of concentric circles for 
looi. 

This result can be readily de- 
duced from Holditch’s theorem, for 
if we suppose A> B, C , to be three 
points which generate equal areas; it 
can easily be seen that any fourth 
point, D, which generates the same 
area, lies on the circle circum- 
scribing ABC . 

Let AB and CD intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; 
and n the number of revolutions made before AB returns 
to its original position : then we have, by (19), denoting by 
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(C) the oommon area described by eaoh of the points 

A B , C 9 D, 

((7) - (P) = mrAP . PB, 
and, by same theorem, 

{0)-(F)-nwOP.PDi 

hence 

AP . PB = CP. PD; 

consequently -4, P, (7, P, lie on the circumference of the 
same circle. 

Again, let 0 be the centre of this circle, and join OP and 
OAy then the preceding equation gives 

(C) - (P) = mr(0A ? - OP"). 

Hence all points whioh describe an area equal to that of 
(P) lie on a oircle, having 0 for centre, and OP for radius, 
v/hioh establishes the seoond part of the theorem. 

For the effect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area inoluded 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if A be the oommon distance between 
the ordinates, and if 

Vw y y*j y ny 


represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 


h 


yo + Vn 


+ yi + y2 + &o. + yn-i{. 


[14 a] 


2 
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Henoe the rule : add together the halves of the extreme 
ordinateSy and the whole of the intermediate ordinates 9 and 
multiply the result by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolio arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are y w y i9 y 2 ; let y = a + fix + yx* be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate y u then we 
have 

y Q = a - (ih*+ yh*y yi = a, y 2 = a + ( 3 h + 7 A\ 

Again, the area between the first and third ordinate is 

h f h 2 

(a + + 7#*) dx = ih ( a + 7 — 

-h \ 3 

But yo + y 2 = 2yi + 2yh 2 : henoe the area in question is 


h 

3 



Now, if we suppose the number of intervals n to be even, 
and add the different parabolio areas, we get, as an approxi- 
mation to the area, the expression 

\ { yo + Vn + 4 (yi + ya + &0. + yn-i) + 2 (y t + y< + &o. + y n J) } . 

Hence the rule : add together the first and last ordinates 9 
twice every second intermediate ordinate , and four times each 
remaining ordinate; and multiply by one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolio ourves, let y 0 , yi, y*, y& 
be four equidistant ordinates, and for convenience assume 
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the origin midway between yi and y % ; then if the equation 
of the parabolio curve be 

y = a + 1 3x + yx 2 + Sa 8 , 

and the common interval on the axis of x be denoted by 2A, 
we have 

yo = a - 3(3 A + 9 7 A 2 - 27 SA 8 , 
yi = a - (3h + 7 A 2 - SA 8 , 
y% = a + /3A + 7 A 2 + SA 8 , 
y a = a + 3 / 3 A + 9 7 A 2 + 278 A 8 . 

Hence y 0 + y 3 = 2 (a + 9 7 A 2 ), yi + y 2 = 2 (a + 7 A 2 ). 

Again, the parabolio area between y 0 and y% is 

(a + (3x + ya? + 8a?)dx = 3A(2a + 6 7 A 2 ). 

J sh 

Substituting in this the values of a and y obtained from 
the two preceding equations, the expression for the area 
becomes 

^(yo + y 8 + 3(yi + y»)}- 
4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* — Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by fths of the 
common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any dosed area, by drawing a system of lines, 
parallel and equidistant, and adopting the intercepts made by 
the curve instead of the ordinates, in eaoh rule. 

Since every definite integral may be represented by a 

* This and the preceding are commonly called “ Simpson’s rules ” for cal- 
culating areas ; they were however previously noticed by Newton (see Opuscula. 
Method. Diff.j Prop. 6, scholium) as a particular application of the method of 
interpolation. By taking seven equidistant ordinates, Mr. Weddle ( Camh . and 
Dub. Math. Jour., 1854), obtained the following simple and important rule for 
finding the area: — To Jive times the sum of the even ordinates add the middle ordi- 
nate and all the odd ordinates , multiply the sum by three-tenths of the common 
interval , and the product will be the required area , approximately. The proof, 
which is too long for insertion here, will be found in Mr. Weddle’s memoir : 
and also, with applications, in Boole’s Calculus of Finite Differences. The student 
is referred to Bertrand’s Calc. Jnt ., 1 . 1, ch. xii., for more general and accurate 
methods of approximation by Cotes and Gauss. 
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curvilinear area, the methods given above are applicable to 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several meohanical contrivances 
have been introduced for the purpose of praotioally estimating 
the area inclosed within any curved boundary. Suoh instru- 
ments are called Planimeters. The simplest and most elegant 
is that of Professor Amsler of Schaffhausen. It oonsists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre round which the instrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the pmotical application of the instrument it is neces- 
sary that the two arms, CA and AB, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel while B has moved round the entire closed area 
is independent of the wheel’s position on the moving arm ; 
i.e. is the same as if the wheel be supposed plaoed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A' S' represent a new position of 
AB very near to AB, and P / the 
corresponding position of the 
point P. Draw PiV'perpendicular 
to A' If ; then PN represents the 
length registered by the wheel 
while the arm moves from AB to 
the infinitely near position A' S'. 

Next, draw A ir perpendioular , 
and AL parallel, to A'B. 

Let PN- ds', AN ' = ds,AP = c , 

PAL = d<f>; then PN = PL + AN\ 
or ds' = ds + cd<j>. 



Fig. 23. 
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Now, if we suppose AB after a complete circuit of the 
curve to return to its original position, we have obviously 
2 (dcp) = o ; and therefore 2 (ds') = 2 (ds) , i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let x and y be the co-ordinates of B with respect to 
rectangular axes drawn through C , and let AC = a , AB = b 9 
L ACX = 0 ; and suppose <f> the angle which BA produced 
makes with the axis of x ; then we shall have 

x = a cos 0 + b cos y = a sin 0 + b sin 
Hence xdy - ydx = a 2 d9 + b 2 d(j> + ab cos (9 - <j>) d(9 + $). 
Also ds = AN' * A A ' s in A A'N = a dO cos (ft - 0). 

But 9 + <j> = 20 - (0 - </>) ; 

.*. ab cos (9 - <p) d(9 + <p) 

= 2 ab cos (9 - <p)d9 - ab cos(0 - 0) d{9 - </>) 

= ib ds - ab cos (9 - <p) d (9 - 0). 

Consequently 

xdy - ydx=a*d9 + b 2 d$ + zbds - ab cos(0 - 0) d{9 - <f>). 

But, by Art. 139, the area traced out by B in a oomplete 
revolution is represented by -J- J (xdy - ydx) taken around the 
entire ourve. 

Also, since AC and AB return to their original positions, 
the integrals of the terms a 2 d9> b 2 d(p and ab cos (0 - 0) d(9 - 0) 
disappear ; and henoe the area in question is equal to bS, where 
S denotes the entire length registered by the revolving wheel. 

On account of the importance ~of the principle of this in- 
strument, the following proof, for 
which I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let C, A , B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose P to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CP and PS 
perpendicular to AB. 
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Let AC = a, AB = 6, -42? = /, 2?C7 = r. 

Now,, if the instrument be rotated about C through an 
angle 0 without altering the angle CA£ 9 it is easily seen 
that the circumference of the roller is rotated through an aro 
represented by 

i>i 

Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 

Hence a curve can be drawn through B, 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let Ap, A V be the two adjacent 
circles described with C as centre, and 
suppose aa and {3/3' two adjacent non* 
rolling curves, such as just stated: and 
suppose the tracing point B to move Fig * 25 * 

round the indefinitely small area aaj 3/3 : then the aro through 
which the roller has turned is represented by 





rSrSO £ 

= — r — = area of 
o 



since a/3 - r SO ; and Sr = aa sin /3. 

Now suppose the instrument worts correctly for the area 
AA'a'a, then it will work correctly for the area AA'/3'/3 ; for, 
start from a to A, A', a', then the area aAAV must be regis- 
tered, since the roller does not turn in moving from a to a ; 
proceed then from a to /3', /3, a, then, by what has been just 
proved, the area a'/3'/3a will be added. Hence the instrument 
will work correctly for the strip AA 'p'/u. 

Again, suppose the instrument works correctly for the 
area A/up, thdn it will work correctly for A'/u'p ; for suppose 
we start from A to p, p, and back to A : then start from A to 
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fi, fiy A' and A ; the two journeys from A to fi and /a to A 
will neutralize eaoh other, and it follows that if the instrument 
works correctly for the area A up, it will work correctly for 
the area A 'pp : hence, if the instrument works correctly for 
any portion of the area, however small, it works oorrectly for 
the entire area. 

The student will find a description of Amsler’s Planimeter, 
with another mode of demonstration, in a communication by 
Mr. P. J. Bramwell, O.E., to the British Association. — See 
Report, 1872, pp. 401-412. 
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i. Find the whole area between the curve 


x* y 2 + a 2 b? = ary* 

and its asymptotes. 

a. Find the whole area of the curve 

a 2 y* = ar 4 (a* - z 2 ). 

3. Find the whole area of the curve 


Ans. 2 irab. 


»> 


8o* 
S ' 



4. Find the whole area included between the folium of Descartes 

x 3 + y 3 - 3»xy » o 

and its asymptote. Ans. 

5. In the logarithmic curve y = a*, prove that the area between the axis of 
x and any two ordinates is proportional to the difference between the ordinates. 

6. Find the area of a loop of the curve 

r = a cos n 6 . Ans. g-—. 

7. Find the area of a loop of the curve 


r = a ooan$ + b sinn0. „ (a* +- b 2 ) 

The equation of the curve may be written in the form 
r = *>/ a 2 + b 2 COS (no 4 a), 

where tan a = - ^ ; and consequently its area can be found from the preceding 
example. 

8. Find the area of a loop of the curve 

r 3 = a 2 cos n$ + bP sin n$. Ans. ■ + 

n 
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9. Find the area of the tractrix. 

The characteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin 0 at the point for which 
the tangent OA is perpendicular 
to the axis, we have, P being 
any point on the curve 


JPT=a , FN=y, 


dy 

dx 


= -tanPTN=- 


y . — 


V « 2 — S 



ydx = - *s/ a 2 - y 2 dy. 

Hence the element of the area of 

the tractrix is equal to that of Fig. 26. 

a circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to tea 2 . This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve, 
without a previous determination of its equation. 

If the equation of the tractrix be required, it can be derived from its differ- 
ential equation 


dx=- v /a> - y arf y 

y ’ 

from which we get 

/— , a -f y/ a 2 — y 2 

x + a 2 - y 2 = a log . 

That the equation of the tractrix depends on logarithms was noticed by 
Newton. See his Second Epistle to Oldenburg (Oct. 1676). This was, I 
believe, the first example of the determination of the equation of a curve by 
integration ; or, what at the time was called the inverse method of tangents . 

10. If each focal radius vector of an ellipse be produced a constant length e f 
chow that the area between the curve so formed and the ellipse is ire ( 2 b + c), 
b being the semi-axis minor of the ellipse. 

11. Find the area of a loop of the curve r" = a n cos n$. 



12. If a right line can-yin^ three tracing points A, B, C 9 move in any manner 
in a plane, returning to its original position after making a complete revolution ; 
and if {A), (P), (C) represent the entire areas of the closed curves described by 
the points A, B, C, respectively, prove that 


BCx(A) + CAx (B) + ABx (C) + t . AB . P< 7 . CA « o, 

in which the lines AB t BC t &c., are taken with their proper signs ; i.e., 
AB = -BA } & c. 
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13. A, B, C y 1), are four points rigidly connected together, and moving in 
any way in a plane ; if they describe closed curves, of areas {A) y (JB), (( 7 ), ( 2 >), 
respectively ; and if y, z f be the areolar co-ordinates of J> referred to the 
triangle ABC \ prove that 

(D) = z(A) + y(B)+*(C)-*l*y 

where t is the length of the tangent from J) to the circle circumscribed to the 
triangle ABC. Mr. Leudesdorf, Messenger of Mathematics y 1878. 

This follows immediately : for let F be the point of intersection of the lines 
AB and CD, then, by (18), we get a relation between (A) t (B) t and (F) ; and 
also between (C) 9 (D), and (F). If F be eliminated between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A, B, C, I), taken respectively 
as pedal origin. Mr. Leudesdorf. 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 

if pr dr 

2 J v/**^ 

16. A chord of constant length (0) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents. 


17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

a 2 b* 

,-S = F+ («»+ 4 »)tan» 0 ; 
and that the whole area of the locus is 


it aH 

2 */jTP+t 


18. Apply the three methods of approximation of Art. 148 to the calculation 

1 1 dx I 

— -, adopting — as the common 
0 1 + * ** 

interval in each oase. Ans. (i), .693669. (2), .693266. (3), .693224. 

The real value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r* of a 
parabola is represented by 


where c is the chord of the arc, and a the semiparameter of the parabola. 
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20. Show that the whole area of the inverse of the ellipse — + ^ = i is 

a* lr 

represented by 


y* 


o 


a 2 b »/ 


where a, 0, are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

21. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described P 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 


a( 2 cos 2 $ + i) 

2 COS $ 


Hence show that the entire area of the loop of the curve is 


3 «Vj 


4 


23. 0 is a point within a closed oval curve, P any point on the curve, QPd 
a straight line drawn in a given direction such that QP = PQ' = PO ; prove that 
as P moves round the curve, Q, Q\ trace out two closed loops the sum of whose 
areas is twice the area of the original curve. Camb. Trip . Exam., 1874. 


24. Prove that the area of the pedal of the cardioid r = a (1 - cos $) taken 
with respect to an internal point at the distance e from the pole is 


3^ 

8 


(5 a* — 2 ae + 2c 2 ). 


(Ibid., 1876.) 


2 5. The co-ordinates of a point are expressed as follows : 
_ 3 * 


+ 1 


30 2 

y e * + 1 * 


find the equation of the curve described by the point, and the area of the portion 
of the plane inclosed thereby. 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

Y50. Length of Curves referred to Rectangular Axes. 

The usual mode of considering the length of a ourve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the ourve be referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 
(x y y) and (x+dx,y + dy) is dx 2 + dy 2 , and, consequently, if 
s represent the length of the curve measured from a fixed 
point on it, we shall have ds = dx 2 + dy 2 , or, integrating, 

taken between suitable limits. 

dj\i 

The value of -f- in terms of a? is to be got from the equa- 

dx 

tion of the curve, and thus the finding of 8 is reducible to a 
question of integration. 

The determination of the length of an arc of a ourve is 
called its rectification . 

It is evident that if y be taken for the independent variable 
we shall have 

Again, when x and y are given functions of a single va- 
riable 0, we have 

In eaoh case the form of the equation of the ourve deter- 
mines which of these formulae should be employed. 


l! 
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The curves whose lengths can be obtained in finite terms 
(compare Art. 2) are very limited in number. We proceed to 
consider some 01 the simplest cases. 

15 1. The Parabola. — Writing the equation of the 

parabola in the form y* = zmx. we get = — . 

0 dy m 


Hence 




y 2 + m 2 dy. 


The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x, 
and m 2 for - a 2 . 

Thus we have 


8 = 


yvV 


tn 


B Ioe (a^Ly (s) 


2m 





the same result as already arrived at in Art. 13 1. 

Again, since PL = PV, and NL is constant, it follows that 
the catenary is the evolute of the traotrix (see Ex. 9, p. 219). 
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153. Semi-cubical Parabola. — The equation of this 
curve is of the form ay 1 = a?. 


henoe 


«* dy 3 fx\i ds ( ox\i 
y = d ; fa ~ l\a) ’ fa = V 1 + 5 

. 8 = [Yi + — Yfife = — ft + — Y + const. 
J\ W 27 V w 


If the aro be measured from the vertex, we get 



The semi-cubical parabola is the first curve whose length 
was determined. This result was discovered by William 
Neil, in 1660. 

\i 154. Rectification of Involutes. — It may be noted 
that the reotifioation of the semi-oubical parabola is an 
immediate oonsequence of its being the evolute of the ordinary 

{ >arabola (see Diff. Calc., Art. 239). In like manner the 
ength of any ourve can be found if it be the evolute of a 
known ourve, from the property that any portion of the aro 
of the evolute is the difference between the two corresponding 
radii of ourvature of the ourve of whioh it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epioycloid and the hypocydoid. 

Again, since the equation of the evolute of an ellipse is 


(ax)* + (by)* = (a* - b% 

the length of any aro of this ourve oan be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 



and making x = a sin 8 0, we get y = ($ cos 8 0, and 


ds = (da? + dy % )* - 3 sin ^ cos ^(a* sin*^ + /3* 00s 


3 (a* sin*^ + j 3 * oos*^)* 
2(a'-P) 


d(c 1* sin % <j> + / 3 * cos*0). 
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Henoe 

(a* sin* <j> + B 3 oos* a)* , 

« = r o. — + const. 

a - p 

If the aro be measured from the point x = o,y 
get the constant 


f3, we 


-fl* , (a* sin*d> + /3* oos’ 0 )* - /3* 

' 7^- “ d * - 5 Vq? — 

If a = /3, the expression for <fe becomes 3 a sin <p cos <j>d<p ; 
henoe we get « = | a sin 1 ^, the aro being measured from the 
same point as above. 


Examples. 


1. Find the length of the logarithmic curve y = co». 

Here logy = slog« + log e; . ^ where 5 = 


i 

log 


Hence 



(fl 2 + ytydfr 
y 


i 


= (&* + y*)l + a log 


y<*y f 

(P + y 2 )* J y (* 2 + y 2 )i 
y 


2 * Find the length of the tractrix. 

Here, by definition (see fig. 26), we have PT = a ; 


.% sinP2W = 

a 


hence 


* 

dy 


a 






a log y + const. 


If the aro be measured from the vertex A, we get 


arc AP = a log ^ . 

3. Find in what cases the curves represented by a m y n = z m * n are rectifiable. 
Here we have 
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(tit -f ft) 7 

Substituting b for and making i + bx » = s?, this becomes 




This expression is immediately integrable when — is a positive integer. 

Hence, if — = r, we see that curves of the form ay 7 * = x 7 ** 1 are rectifiable. 
2m 

Again, if — be a negative integer, the expression under the integral sign 
2m 

becomes rational, and can accordingly be integrated. This leads to the form 
.= axtr- \ m Accordingly, all curves comprised in the equation ay** = x” 1 * 1 are 
rectifiable, m being any integer. (Compare Art. 62). 

155. The Ellipse. — The simplest expression for the Wo 
of an ellipse is obtained by taking x - a sin 0, whenoe 

y = b cos <p , and = (a 2 00s 2 ^ + J 2 sin 2 ^)* dfy ; 

s = | (a 2 cos 2 ^ + 6 2 sin 2 0)*cty. 

It is often more convenient to write this in the form 

• s = a | (1 - e 2 sin a ^)*<fy, (3) 

e being the eccentricity of the ellipse. 

It may be observed that <j> is the complement of the eccen- 
tric angle belonging to the point (x, y). 

The length of an elliptic quadrant is represented by the 
definite integral 


(1 - e 2 sin 2 0)&cty. 


We postpone the further consideration of elliptic arcs to 
a subsequent part of the Chapter, 
yu 156. Rectification in Polar Co-prdinates. — If the 
curve be referred to polar oo-ordinates we plainly have (Diff. 
Calo., Art. 180) ds 2 = dr 2 + r*d 0 2 ; hence we get 
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For example, the length of the spiral of Archimedes, r = aB, 
is given by the equation 


= ij* (r* + a 2 )* dr. 


Comparing this with the formula (2) for the parabola, it 
follows that the length of any aro of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 


vertex. 


Examples. 
r = a(i + cos a). 


\ I 


1. Cardioid, 

dr 

Here — = - a sin 0 . and hence 

do . 

0 $ 

9 = a / {(1 + cos 0) 2 ■+ sin 2 0}l<?0 = 2a f cob -d$ = 4a sin - + constant. 

The constant becomes zero if we measure s from the point for which 0 = 0. 

2. Logarithmic spiral, r = a®. 


Here, if b = . , we get 

* log a 

rdd 


\ 


rdd f r i 

— .% s= (1 +d 2 )^r = (r + i*)i(n-ro). 

to * r 0 


Accordingly, the length of any arc is proportional to the difference between 
the vectors of its extremities ; a result wmch also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. r"» * a m cos mO. 

dr 

T aking the logarithmic differentials, we get^- = - tan m $ ; 
ds 


rdd 


= sec m$. 


Hence 

Or, writing <p for md, 


f i" 1 
8 e= a J (cos md) do. 


£-1 


» = £J (co*,)" d<p 


This is readily integrated when — is an integer (see Art. 56). 
tn 

[16 a] 
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Whatever be the value of #1, we can express the complete length of a loop of 
the curve in Gamma Functions. For if we integrate between o and we ob- 
viously get the length of half the loop. 

Hence the length of the loop (Art. 122) is 



157. Formula of Legendre on Rectification, — 

Another formula* of considerable utility in rectification fol- 
lows immediately from the result obtained in Art. 192, Diff. 
Calo. For, if this result be written in the form 


d{s - 1 ) 
do> 


= p, we get 8 - t = f pdw. 


(5) 


Consequently, the total increment of s-t between any two 
points on a curve is equal to f pdo> taken between the same 
two points. 


For example, in the parabola we have p - , and 


henoe 


cos W 


8 - t ■ 


a [ = a log tan (- + 

J oos <■> 0 \4 2) 


+ const. 


If we measure the aro from the vertex of the curve, and 
observe that t = , this gives 


a sin<o 
oos*w 


+ a log tan 



The student can without difficulty identify this result with 
that given in Art. 15 1. 


* This theorem is due to Legendre. See Traitk des Fonctions EUipUqms, 
tome ii., p. 588. 
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It should be observed that when the curve is dosed, its 
whole length is, in general, represented by 

pdm. 

Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve, when we are given its equation 
in terms of p and m. 

For, if p =/(<■>) we have 

s = ^ pdw =f(m) + j"/(u>) dm, (6) 

taken between suitable limits. 

158. Application to Ellipse. Fagnani’s Theorem. 

In the ellipse we have 

p* = a* co8 J a> + b * sin’co. 

Hence, measuring the aro 
from the vertex A, and observ- 
ing that in this case PN is to be 
taken with a negative sign, we 
have 

aro AP + PN = J (a* 00s* w + b l sm’w)* dm, 
where a = L ACN. 

But, in Art. 155, we have found that if $ be measured 
from the vertex B, the aro is represented by 




f 


(a* oos*$ + b* sin J ^)l d<f>. 


Consequently, if we make L BCQ = a = L ACN, and draw 
QM perpendicular to the axis major meeting the curve inP', 
we shall have 

aro BP' = aro AP + PN, 
or, taking away the common aro PP', 

BP -AP' = PN. 


( 7 ) 
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This remarkable result is known as Fagnani’s Theorem*, 
and shows that we oan in an indefinite number of ways find 
two ares of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 


Examples. 


1. H (*, y) and ff) be the co-ordinates of P and P*, respectively; prove 
the following : — 

(i). PN= (*). PN= fir, ( 3 ). CN.Cir = CA. CB, 

(4). cp* + cm = cj} + cb* •= ci«+ cm. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiaxes. 

This takes place when P and P* coincide : in which case CN = ^/ab. and 
PA*-*-*. 

We shall designate the point so determined on the elliptic quadrant as Fag* 
nani’s point. 

3. Show that if a tangent be drawn at Fagnani’s point, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi-axes of the ellipse. 

4. If the lines PN and P f N f be produced to meet, show that they intersect 
on the oonfocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani’s point. 


* Fagnani, QiomdU dS Letterati <P Italia, 1716, reprinted in his Produzioni 
Matmatiehe , 1750. . It may be noted that if we integrate the equation of Art 
1 16, Biff. Cede., taking the angle C as obtuse, and adopting zero for the lowest 
limit in each integral, we obtain 

\ Q y/ 1 - k* sin 3 a da + */ 1 - k* sin 2 b db 

88 j 0 y/ 1 -&Bm 2 ede + k 1 sins sin b sins, 

where h is defined by the equation sin C= k sin e 9 and a, b, e are connected by 
the relation 

cos a « cosa cos 4 — sin a sin b*f 1 - k % sin 3 *. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani’s theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Font . Fillip . , tome i. , oh. 9. 
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The equation of PN is 


*sin0 + y cos 0 = ^ 0 * sin*# + cos 3 0, 


and that of P*N' is 


z cos e y sin 0 
_ * * 


If we eliminate 6, we get 




which represents the hyperbola in question. 


159. Tlie Hyperbola. — In the hyperbola we have 
p 2 = a 2 oos 2 w - i 2 sin 2 w. 

Henoe, measuring the are from the vertex A of the curve, 
we find, since o> is measured below the axis, 

PN - AP = | [a 2 oos 2 a) - J 2 sin 2 <o)*dw, (8) 

where a = L ACN. 

As we prooeed along the hyperbola 
the perpendioular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of to in this 

case becomes tan' 1 it follows that the 
0 

difference between the asymptote and 
the infinite hyperbolic arc, measured 
from the vertex, is represented by the 
definite integral 

tan-ij 

{a 2 cos 2 w - 6 2 sin 2 w)*(foi. 

0 



Examples. 

1 . If a > b, prove that 

/(« + booaflldQ 

is represented by an elliptic arc, and that the semiaxes of the ellipse are the 
greatest and least values of (« + b cos <£)*. 

2 . If a < b, prove that 

/ (a + b cos ^)* d<p 

is represented by the difference between a right line and a hyperbolic arc. 
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160 . Landen’s Theorem on a Hyperbelle Are. — 

We next proceed to establish an important theorem, due to 
Landen ;* namely, that any arc of a hyperbola can be expressed 
in terms of the arcs of two ellipses. 

This can be easily seen as follows : — In any triangle, 
adopting the usual notation, we have 

c = a oos 5 + boos A. 


Now, representing by C the external angle at the vertex 
C, we have C =» A + 2 ?, and hence 

cdC « (a oos B + boosA)dA + (acosJ5 + b cos A) dB. 


Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

JcrfC' = j a oos BdA + J b oos AdB + 2 a sin B + const., 


or 


j\/ o’ + P + 2 a J oos CdO=j^/ a 2 - 4 2 ainM dA+ji/1? -o*sin*.B dB 


+ lasmB + const. 


(9) 


Now, if we suppose a > b, J */ c? - b % sinM dA represents 
(Art. 155 ) the aro of an ellipse, of axis major za and eooen- 
tricity Also ~ <Fsu£2 BdB represents (Art. 159 ) the 

difference between a right line and the axo of a hyperbola, 
whose axis major is i and eccentricity 

I Q Q 

Again, * l /a i + b‘‘ + zab oos 0=J(a- by sin 3 -+ (a + ij’oos’-, 


* Landen, Philosophical Transactions , 1775 ; also, Mathematical Memoirs , 
2780. 
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and consequently the integral 


b 


a 2 + b 2 + lab cos CdC 


represents an arc of the ellipse whose semiaxes are a + b and 
a -b. 

Henoe, Landen’s theorem follows immediately. 

It should be noted that the limiting values of -4, B and 
C are connected by the relations 


amiB = isin.4, and C =* A + B. 


Again, if we suppose the angle .4 to increase from o to ir, 
the external angle C will inorease at the same time from 
o to 7T, while B will oommence by increasing from o to a, 

and afterwards diminish from a to o ^where o = sin“ 1 ^j. 

Moreover, in the latter stage b cos A is negative, and dB also 
negative, consequently the term b cos AdB is positive through- 
out the entire integration ; and the total value of 


JV b 2 - a 2 sin 2 BdB is represented by 2 ^/b 2 -a 2 sin 2 BdB. 

Q 

Hence, substituting 0 for — , and integrating between the 
limits indicated, we get, after dividing by 2 , 


I* {(a + b) 2 sin 2 ^ + (a - b) 2 cos 2 #}* d<f> 

ir 

= (a 2 - b 2 sin 2 A)id A + J (b 2 - a 2 sin 2 !?)* dB. ( 10 ) 

Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ- 
ence between two elliptic quadrants . This result is also due to 
Landen. 

We next proceed to two important theorems, whioh may 
be regarded as extensions of Fagnani’s theorem. 
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161 . Theorem* of Dr. Ctraves. — If from any point 
P on the exterior of two oonfooal ellipses, tangents PT and 
PT be drawn to the in- 
terior, then the difference 
(PT + PT - TT) between 
the sum of the tangents 
and the aro between their 
points of contact is con- 
stant. 

For, draw the tangents 
QS and QS' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PN and Fi s- 3 °- 

QN' ; then, sinoe the oonios are oonfooal, we have 

L PQN = L QPN'\ .-. PN' = QN. 

Also, PT- TB + RN- TB + B8+ SN - TS+8N 
= TS+SQ- QN. 

In like manner 

PT' = PN' + S'Q - rs'i 
.-. PT + PT' -Q8 + QS' +TS- TS', 
or PT + PT - TT - QS + QS' - S8'. 

Hence, PT + PT' - TT' does not ohange in passing to 
the oonseoutive point Q ; which proves that PT + PT' - TT’ 
has a constant value. 



* This elegant theorem was arrived at by Dr. Graves, now Bishop of Limerick, 
for the more general case of spherical conics, from the reciprocal theorem, via. : — 
If two spherical conics have the same cvclio arcs, then any aro touching the 
inner will cut from the outer a segment of constant area. (See Graves' transla- 
tion of Chasles on Conet and Spherical Ckmict, p. 77, Dublin, 1841.I 

It should be remarked that the theorems of this and of the following article 
were investigated independently by M. Chasles. The student will find in the 
Comptee Eendus, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conics, as also 
to the addition of elliptic functions of the first species. 
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This value can be readily expressed by taking the point 


at S', one of the extremities 
of the minor axis of the 
exterior ellipse. Let D be 
the point of contaot of the 
tangent drawn from S', and 
drop DM, and DN perpen- 
dicular to CA and CB , 
respectively. 

Let CA = a, CB =» b, 
CA!=ot, CB> =b\ e the eccen- 
tricity of interior ellipse. 
Then, by Art. 155, the leng 



of arc 


where 


Again, 


SS - a f (1 - 6*sin 8 ^)*ety, 


DM CN CB b 
cos a - cb - CB~ CB!~ V 

ffl? = DN 2 + DN 2 = (b'-b oosa)* + a 2 sin 2 a 


hence 




VD - - b* = a' sina. 

b 


Consequently we have 

B'D - BD = cC sin a - (i - s’sin’^irf#, 
Hence, in general, 

PT + PV- TV = zd sin a - 2 fl| (i - e s sin^cty, 

fb' 


a = OOST* \ T/ )' 


(») 


where 
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The analogous theorem, due to Professor Mao Cullagh, 
may be stated as follows : — 

162. Theorem. — If tangents PT, PT be drawn to an 
ellipse from any point on a con- \ / 

focal hyperbola, then the differ- • / 

enoe of the tangents is equal to 
the difference of the arcs TiT and 
KT. 

The proof is left to the student, 
and is nearly identical with that a 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
nyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola; as oan be seen g * 3a * 

without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference between the length of the 
asymptote and of the infinite branch of T // 

a hyperbola can be expressed in terms 7 / 

of an arc of the hyperbola . // 

For, let the tangent at A meet // 

the asymptote in D, and suppose a / / 

confocal ellipse drawn through D. / 

Then, regarding DT as a tangent to 7 /\ 

the hyperbola, it follows, by the / / N \ 

theorem just established, that the / / \ 

difference between DT and KT_ is / p \ 
equal to the difEerenoe between DA c T 

and A 2T. J 

Consequently the difference be- / 

tween the asymptote CT and the 
hyperbolio branch AT is equal to — ' 

DA + DC - 2KA. Consequently the ^ 33# 

required difference is expressible in 

terms of given lines and of the hyperbolio aro AK* 


Fig- 33* 


* I am indebted to Dr. Ingram for this application of Professor M‘Cullagh’8 
theorem. 
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We next proceed to consider two important ourves whose 
rectification depends on that of the ellipse. 

163. The Lima$on. — From the equation of the lima^on, 


and hence 


r = a 00s 0 + b, we get ^ = - a sin 0, 
ds = (o’ + V + 2db cos 0 ) 4 dO ; 


.*. 8 = J* |(a + i)* oos ! j + (a - by sin s j|*d0. 

Accordingly, the rectification of the lima9on depends on 
that of the ellipse whose semiaxes are a + b and a - b. 

164. The Epitrochoid and Hypotrochoid. — The 
epitrochoid is represented by the equations (see Diff. Calc., 
Art. 284) 

x = (a + i) cos 0 - 0 cos — y— 0, 


y = (a + b) sin 0 - c sin 0. 


Hence 


g = -(« + i){sin0-?sin^0j, 

!=(« + &) joos0-^cos^0j. 
Squaring and adding we get 

(SJ-C-T i )’| 4 ’ + c '- 2i, ’ 00 ‘Tj : 

.*. « = | |i s + c J - 2be 00s dO. 


Hence, substituting — for 0 , we get 
2 (a+ J) f {f . y. m m /* 


J {(i + c )* sin 8 ^ + (b - c) % 00s 
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I 

Consequently the length of an are of the epitroohoid is equal 
to that of an ellipse. 

The corresponding form for the hypotroohoid is obtained 
by changing the sign of h. 

165. Steiner’s Theorem on Rectification of 
Roulettes. — If any curve roll on a right line, the length 
of the arc of the roulette described by any point is equal 
to that of the corresponding arc of the pedal, taken with 
respeot to the generating point as origin. 

For (see fig. 20, Art. 145), the element Off of the roulette 
is equal to OPdw. 

Again, to find the element of the pedal. Sinoe the angles 
at N and AT are right, the 

quadrilateral NN'TO is inscri- N 

bable in a circle, and consequently 
NN' = OT sin NON'. But, in N 
the limit, NN' beoomes the ele- 
ment of the pedal, and OTbeoomes r 
OP : hence the element of pedal 
is OPdw ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the Fig. 34. 
roulette ; /. &o. 

We prooeed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the lima9on. Again, if 
an ellipse roll on a right line, the length of the roulette 
described by either foous is equal to the corresponding aro of 
the auxiliary oirole. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and ds', of the roulette, 
and of the corresponding pedal are connected by the relation 

ds = 

In the oaBe of one oirole rolling on another, this relation 
shows that the aros of epicycloids and of epitroohoids are 
proportional to the aros of oardioids and of limajons, which 
agrees with the results established already. 
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1 66. Oval of Descartes. — We next proceed to the 
rectification of the Ovals of Descartes, some properties of 
which curves we have given in chapter xx., Diff. Calo. 

The curve is de- 


fined as the locus of 
a point whose dis- 
tances, rand r ,from 
two fixed points are 
connected by the 
equation 

mr + 1 / = d, 

where /, m, d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr + lf-ncy (12) 

where c is the dis- 
tance between the 
fixed points. 




Fig. 35 - 


nxeopoints. 

The polar equation of the curve is easily got. For, let F 
and F 1 be the fixed points, and L F X FP = 0 , men we have 
/ 2 = r 2 + c 2 - 2vc cos 0 ; 

also from (12), 

P / 2 - (no - mr)\ 

hence the polar equation of the locus is readily seen to be 

„ mn - P cos 0 n n 2 - P , . 


m 2 - P 


m 2 - P 


For simplicity we shall write this in the form 

r 2 - zrQi +(7 = o. (14) 

Solving this equation for r, we get 

r = Q± oxFPi = Q + a/Q’- C, FP=Q- */& - C. 

It can be seen without difficulty that, so long as l, m 9 n axe 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we get from (14), by differentiation 

(r - O) dr = rO'rffl, where O' - ; 

dr O' Q' ^ ds A /o , +Q'*-C' 
'• ho-T^q- yarzc ; rd<r ■ 


Or ds = — ± V& + Q» - grfg, (15) 

•/o’ - C 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 

2 </Q. 2 + Q ,' 2 - CdO, or, 2 ^/a* + 2ab cos 0 + J* - Cd 0 3 

(writing £1 in the form a + b cos 0) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of tne ovals can be repre- 
sented by the aro oi an ellipse. This remarkable theorem is 
due to Mr. W. Eoberts (Liouville, 1 847, p. 1 95). Some years 
after its publication it was shown by Professor Gtenooohi 
(Tortolini, 1864, p. 97), that the aro* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle described through F 9 F X9 and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and F^Q ; then let L FPQ = 01, and F X PQ * 0/ ; 

. . dr 7 d/ , 7 • / 

and since m— + l — = o, we have l sin 01 = m sincu ; 

dsds 


.\ FQ : FiQ = l:m. 


• For the proof of this theorem given in the text I am indebted to Mr. 
Panton. 
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Also, sinoe mr + 1 / = nc ; and (by Ptolemy’s theorem) 
FP . FiQ + F X P .FQ = FF X . PQ, 

we hare 

FQ F X Q PQ 
l m n 

Hence, denoting the common value of these fractions by 
u, we have 

FQ = lu, PiQ = mu, PQ = nu. 

Again * 

. dr Q,' */& - C 

tan w = —77; = — —-r. ; cos w = — - — — — . 

rdO y/Q* -(7 v^Q 2 + £2' 2 - (7 

Hence the first term in the expression for in (15) is 
equal to 

Q<f0 0 mn-l % cosfl jg 
cos w m 2 - / 2 cos cu 

Again, let z PPPi = 1//, z PPi <7 = 0, 

and we have the two following relations between the angles 
0> <h *P 2 

'0 = 0 + t£, /sin0 + #» sin 0 = w sin0. (16) 

Hence 

d<j>- dO ** dip, 1 00s Odd + w coB<pd<p = w cos xpdip ; 

(wn - cos 0)d0 - (n + lcoB<j>)d<j> - n (w + / cos 
or 

mn-l % cos 0 7/1 tt + J oos 0 , m + / cos 0 , , , , 

dO = m r d<p - n r d\L . (17) 

COS CU OOS OJ r cos<*> 

Again, from the triangle PPQ, we have 

r cos oi - PQ + PQ oos 0 = (n + l cos 0)w ; 
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In the same maimer it oan be shown that 

m+ l oobiL c s- : p 

= - = v / ^ + #» + 2kn cos 


COS (m) u 


Hence we have 


[QdO me f ; , 

- '/i i + m % + Jim cos \pdip. 


(* 8 ) 


Each of these latter integrals is represented by the aro of an 
ellipse, and, accordingly, the aro of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0 , <p , and \p 
are connected by the relations given in (16). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines (ABj CD), (AC, BD ), and (AD, BC), 
respectively : a result also given by Signor Ge nocohi. Fir st, 
with respeot to the ellipse whose element is v/o 3 + O' 3 - CdO, 
it is plain that its axes are the gre atest and leas t values of 
2 i/q? + O' 2 - C, or of 2*/a % + b 2 + lab cos 0 - C ; but these 
are 2 </(a+ 6) 3 - C and 2 </(a - ft) 3 - C, which are plainly 
the same as the greatest and least values of PP X ; and, con- 
sequently, are AB and CD. 

Again, from the equation mr + fr' = nc, we get 

mFB + UFB + c) = nc; FB = 

v ' 9 l + m 

In like manner, 

FV.t±>h. 

l + m 

Again, since we get the points on the outer oval by 
changing the sign oi l, we have 

fA.t ±flf, 

m-l m-l 


I 
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and, consequently, 




but these are readily seen to be the values for the axes of the 
ellipses in ( 1 8). 

It should be noted that if we substitute in (15) the values 
for a and b , the expression for the element ds becomes of the 
following symmetrical form : 


<&= “^-7a\/^ a+w8+2 ^ oos 0^ T~72 P +m 2 + 2lm qo&\P d\p 


nc 


'-P 


m 2 -P 


Iq 

± —7 — r 2 */m 2 + n 2 - 2mn cos Odd. (10) 

m 2 - P v x 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectification of Corves of Double Curvature. 
If the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expression 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of Rectangular axes in space, and denote the co-ordi- 
nates of twoconseoutive points by (x, y, 2), [x+dx,y+dy, z+dz), 
we get for the element of length, ds, the value 

ds = */da? + dy 2 + dz 2 . 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

/(*. y) = o, <p(z, *) = o. 

From these equations, if ^ and ^ be determined, the formula 
of rectification is 


f ( (dyV ( 


'dz Y)» 
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When z is taken as the independent variable, this formula 
beoomes 


H tdx Y (dy\\i, 

,+ y h*)I ** 


the limits being in each oase determined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 


Hence 



y = a sin 



dx 

dz 



dy a M 
ofe ” 6 008 \b) 9 


* = (* + jifd*, oe»-(i + ; 

the arc being measured from the point in which the helix 
meets the plane of xy. 

This result can also be readily established geometrically. 


Examples. 

i. Find the length of the curve whose equations are 



z = 


s* 

6a 3 ’ 


Here 




* + •; 


the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in ge- 
neral, whenever 


we have 


\dx) “ 2 dx' 

/ dtf dz 2 \ ft / dz\ 


ds-dx + dz, or + • + const 


and therefore 
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Thus, if y —f{x) he one of the equations of a curve, we get ^ and 

aX 

hence, if a second equation he determined from the equation 


dz 

dx 



the length of the curve is represented by x + z + const. ; the value of the con- 
stant hmng determined hy the conditions of the problem. 

For instance, if y = a sin *, we get f{x) *= a coax, and 


dt 

— = — cos 2 s; ,\ z= — (x + oobx sin a?). 
dx 2 4 ' ' 

Hence the length of the curve of intersection of the cylindrical surfaces 

a* 

y = a sin x, z = — (x + cos x sin x) 

4 

is z + x; the length being measured from the origin. 


/ — a lx* 

a. y=ay«-*, sas*--^— . 


Ans. a = x + y - z. 


3 - 


— yl - 


h 


X 


a 

2 


M M 

{&* -h a"«), the length being measured from the point 


of intersection of the curve with the plane of xy. 



246 


Lengths of Curves. 


Examples. 


i. Find the length of any arc of the catenary 


V = 



and show that the area between the curve, the axis of x, and the ordinates at 
two points on the curve, is equal to a tunes the length of the arc terminated by 
those points. 


a. In any curve prove that « 
parabolic arc. 


J r dr 


and hence find the length of a 


3. Show that the integral j - 


xdx 


* &r* - xt - cP 

a circle, and find the limiting values of x for its possibility. 


may be represented by an arc of 


la*-< 

r J\ «*- 


-<*** 




4. Show that the length of an elliptic arc is represented by | 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 


6. Prove that the integral of 

sPdx 


can be represented by an arc of the ellipse whose semiaxes are a and £. 

7. Show that the rectification of the sinusoid y = b sin * is the same as that 
of an ellipse. 

8. Prove that the whole length of the first negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the ftTia minnr as diameter. 

9. Show that the length of an arc of the curve r = a sin n$ is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If, from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r = y and rdO = dx, then the 
lengths of the corresponding arcs of the two curves are equal, and the area j ydx 
of the former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
lima^on r = acos0 + iis equal to 8 b: a being greater than b . 

12. Being given three points A, B, 0 on the circumference of an ellipse, 
show that we can always find, at either side of ( 7 , a fourth point D such that the 
difference between AB and CD shall be equal to a right line. 
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13. If a circle be described touching two tangents to an ellipse and also 
touching the ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes Rendu*, 1843). 

14. Prove that the entire length of any closed curve is represented by 

I pds 

— taken round the entire curve ; p being the radius of curvature at any 
point, and/? the length of the perpendicular from any fixed point on the tangent. 

15. If ev = 6 + 1 be the equation of a curve, prove that ~ and 

e* — 1 dx e 1 * - 1 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art 125, the whole length of 

a loop of the curve r*= a cos - 0. 

5 

Here, by Ex. 3, Art. 156, the required length is 



1 7 Q 

Hence, taking logarithms, and observing that ~ = 1.625, aod 1*125, we 

o o 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Diff. Calc. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — Professor Crofton, Educ. Time*, 
June, 1874. 

From (13) Art 166, it follows, making n = m, that the equation of the 
limaqon, in this case, is 


which is of the form 


r 2 + 2 re 


f 2 cos 9 - m % 


r 2 + 2r (a cos 9 - 0) + (a - 0 ) 2 


o. 


Hence, by (15), the difference between two corresponding elementary arcs is 


4 \/ 


cos - de . 


Consequently, if 9i and 63 be the values of 9 for the two transversals in 
question, we get the difference of the corresponding arcs 


e /-at • * 2 • M 

= 8\/ o£ I 8111 — - am— 1 . 


Also, it can be readily seen that the distance between the vertices of the 
lima9on is 4 \/a$; .*. &c. 
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/j*2 mlh 

18. Show that the length of an arc of the ellipse — + ^- *= i is represented 

0r O* 

by the integral 


J («* cos*® + sin*®)* 


s*i* 


by 


This result is easily seen, for we have da = pdO , and p = — ; &c. 

I? 

19. Show, in like manner, that the length of a hyperbolic arc is represented 


a*$» 


(a* cos*®- ft* sin*®)* 

20. Hence prove that the integral 

! dx 
{a- i**)» (o' -»’*>)* 


is represented by an elliptic arc when ab' > is', and by a hyperbolic arc when 
ab’ < bd . 

21. Prove that the differential of the arc of the curve found by cutting in 
the ratio n : 1 the normals to the cycloid 


y = a + i cos «, x = au + b sin u, 


is y( a + + 4*06 sin* ^ du. 

22. Each element of the periphery of an ellipse is divided by the diameter 

parallel to it : find the sum of all the elementary quotients extended to the entire 
ellipse. Ana. x. 

23. In the figure of Art. 158, if a = L ACN ', and fi = lBCN , prove that 


tana _ tan/J 
a b 


24. Find the length, measured from the origin, of the curve 

9 

x 2 m a*(i — e°). 

Ana. a = a log - s. 

25. Find the length, measured from <f> = o, of the curve which is represented 
by the equations 

x = (2a - b) sin <p - (a - b) sin 3 ^, 
y = (23 — a) cos </> - (b - a) cos 3 4>. 

Ana. a = £ (a + b)<p + $(a — £) sin Q cos^. 

26. Prove that the sides of a polygon of maximum perimeter inscribed in a 
conic are tangents to a confocal conic. — Chasles, Comptea Rendua, 1845. 

27. To two arcs of an equilateral hyperbola, whose difference is rectifiable, 
correspond equal arcs of the lemniscate which is the pedal of the hyperbola. 
Ibid. 



Examples. 


249 


28. The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, forma quadrilateral, whose sides are tangents to the same circle. — 
Ibid . 

29. In an equilateral hyperbola prove that 

rdt = }a a rf(tan20), 

and hence show that / rdt taken between any two points on the curve is equal to 
the rectangle under the chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. W. S. M‘Cay. 

30. If 

Z + it 3 z — z 3 

x = a — tfefl 

I + z? 9 I + z l 


be any point on a curve, show that the arc is the integral of 


a 


V 2 


dz 

y/i +**’ 


(M. Serret 


What curve do the equations represent P 

31. Through any point in a plane two conics of a confocal system can be 
drawn. If the distance between the foci be 20, and the transverse semi-axes of 
these conics be /1, v, prove the following expression for any arc of a curve 




32. Prove that the following relation is satisfied by the p and v of any point 
on a tangent to the ellipse for which p has the value p 1 : 


dp 


dv 


vV-«*)Gu* “AH 2 ) V^c*- v 2 )(pi 2 - iP) 


33. The arc of the envelope of the right line z sina — y cos a = /(a) is the 

integral of (/(a) + f («)) da. (Hermite, Court I Analyze.) 

34. The arc of the curve in which y 2 + a 2 x* — lax = o and s* - b 2 3* + xbx = o 
intersect, if a 2 «■ 1 + b 2 t is 


\/ 2 (a t- b)dx 
x {2 - ax){ 2 -bx) 


(Ibid). 


35 

the form 


Show that the arc of the curve — + 

gW qIH 


i depends on an integral of 


[ dz y/ a 2 (1 -f *)* + & 2 (i - «)*, where k ■ — - 2. 

J m 

36. Show that rectification may, in general, be reduced to quadratures as 
follows : — 

Produce each ordinate of the curve to be rectified until the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the given curve. 

By this theorem Van Huraet rectified the semi-cubical parabola nearly simul- 
taneously with Wm. Neil. 
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CHAPTER IX. 

VOLUMES AND SURFACES OF SOLIDS. 

1 68. Solids. — The Prism and Cylinder. — The most 
simple solid is the cube, which is accordingly the measure of 
all solids, as the square is that of all areas. Henoe the 
finding the volume of a solid is called its cubature. Before 
proceeding to the application of the Integral Caloulus to 
finding the volumes and surfaces of solids we propose to show 
how, in certain cases, such volumes and surfaces can be found 
from geometrical considerations. In the first place, the 
volume of a reotangular parallelepiped is measured by the 
continued product of the three adjacent edges ; and that of 
any parallelepiped by the area of a face multiplied by its 
distanoe from the opposite face. 

Again, the volume of a right prism is measured by the 
product of its altitude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABODE, 
multiplied by the altitude A A'. Again, 
since each lateral face, AB DA' for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the prism, is equal to the rectangle 
under the altitude and the perimeter of 
the polygon which forms its base. 

This and the preceding result still hold 
in the limit, when the base, instead of a polygon, is a dosed 
curve of any form, in which case the surface generated is 
called a cylinder . Hence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V = Ah. 



B 


Fig. 36. 
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Again, if 2 denote the superficial area of a oylinder, 
bounded as before, and 8 the length of the curve which forms 
its base, we have 2 = Sh . 

169. The Pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called a pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 


Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by a 9 the volume of the pyramid 


^3 

in question is represented by — ; i. e. by the product of the 


area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 


* This demonstration is taken from Clairaut’s Bllmena de Qiometrie. The 
student is supposed familiar with the more ancient proof, from the property that 
a triangular prism can be divided into three pyramids of equal volume. 
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If the base of the pyramid be any closed curve, the solid 
so formed is oalled a cone ; and we infer that the volume of a 
cone is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid . 

In this case each face of the pyramid is an isosoeles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumferenoe of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, l the length of 
an edge, and r the radius of its base, wo have r = l sin a, and 
the surface of the cone is represented by ttI 2 sin a. 

If a right cone be divided by two planes ABC f DEF \ 
perpendicular to its axis, as in figure, the 
part intercepted by the planes is called a 
truncated cone. y 

The surface of a truncated cone is 
easily expressed ; for if OA = l 9 OD = l\ 
the required surface is tt sin a (/* - Z' 2 ), 
or w(l - l'){l + f) sina. 

Now, if the oircular section LMN be 
drawn bisecting the distance between 
ABC and DEF \ the circumference of the 
circle LMN is tt (/ + V) sin o. Hence the 
surface of the truncated cone is equal to 
the rectangle under the edge AD and the Fig. 37. 

circumference of LMN its mean section. 

1 170. Surface and Volume of a Sphere. — To find the 
superficial area of a sphere ; suppose a regular polygon in- 
scribed in a semicircle, and let the figure revolve around the 
diameter -AB ; then each side of the polygon, PQ for 
example, will describe a truncated cone. 
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Now, from the centre C draw CD perpendioular to PQ, 
and construct, as in figure ; then, by the preceding Article, 
the surface generated by PQ is 
equal to 2n PQ . DI. 

Again, by similar triangles, 
we have DC.DI-PQ: MN ; 

PQ.DI=DC.MN. 

Accordingly, since the per- 
pendioular CD is of same length 
for each side of the polygon, the 
surface generated by the entire Fig. 38. 

polygon in a complete revo- 

7T 

lution is equal to ztt CD . AB = R 2 cos - ; where n repre- 
sents the number of sides of the polygon, and P the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get 471* P 2 for the 
entire surfaoe of the sphere. Henoe, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surfaoe generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 2ir CD . AN. 

Hence, in the limit, "the surface generated in a complete 
revolution by the aro AQ is equal to 27r . AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ 2 = AB . AN, it follows that the area of the spherical cap 
generated by the aro AQ is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surfaoe ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surfaoe. But the 
volume of each pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi- 
plied by its surfaoe, i. e. — P*. 

3 
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Examples. 

1. If a sphere and its circumscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. /These results were discovered by Archimedes. 

^71. Surfaces of Revolution. — In the preceding we 
have regarded a sphere as generated by the revolution of a 
circle around a diameter. In general, if any plane be sup- 
posed to revolve around a fixed line situated in it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called 
the axis of revolution. 

It is obvious that the seotion of a surfaoe of revolution 
made by any plane drawn perpendioular to its axis is a 
circle. 

If we suppose any solid of revolution to be out by a series * 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of x 9 the 
area of the circle generated by a point (x 9 y) is plainly equal 
to Try 3 , and the cylindrical plate standing on it, whose thick- 
ness is dx 9 is represented by irfdx. 

Henoe, the element of volume of the surfaoe of revolution 
is iry 2 dx, and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and /3, is obviously 
represented by the definite integral 

[* , . ^ 

ttI y'dx, 

in which the value of y in terms of x is to be got from the 
equation of the generating curve. 


¥ 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by irjx 2 dy 9 taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated by ds in a complete revolution round the 
axis of x is represented by ziryds ; and accordingly the entire 
surface generated is represented by 

2 ir^yds, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

* 172. The Sphere. — Let 3* + y 2 *= a 2 be the equation of 
the generating circle ; then, substituting a 2 - x 2 for y\ we get 
for the volume 

V= 7T J(a 2 - x 2 ) dx = ir(^a 2 x - ^ + const. 

If we take o and a as limits, we get 


27ra 9 


for the volume of 
4 tt a z 


the hemisphere ; .*. the entire volume of the sphere is 

o 

as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

it Q(o* -a?)dx = 

Again, to find the superficial area, we have 

ds= ^1 + ^Jdx = ^i +^dx =^dx; .\ yds = adx . 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae x x and Xo i& 


c x 1 

2ir adx = 2 na (x x - x 0 ) ; 

J ^0 
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that is the product of the oiroumf erence of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

^f'Rlgbt Cone. — If a denote, as before, the angle 
which the right line which generates a cone makes with its 
ftiris of revolution, we get y = x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x ; accord- 
ingly, the element of volume is v tan % aa?dx. 

Hence, if h denote the height of the oone, we get its 
volume equal to 

irtan a af x*dx = — tan 2 a; 

Jo 3 

i.e. - x area of its base, as in Art. 169. 

3 

Again, to find its surface, we have ds = sec adx ; 

,\ 27r f yds = 2 ir tan a seo a j* xdx = 1 rA* tan a sec o ; 

J 0 

which agrees with the result already obtained. 


Examples. 


1. The base of a cylinder is a circle whose area is equal to the surface of a 

sphere of radius 5 ft. ; being given that the volume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the neight 
of the cylinder. An*. 64^ ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius, by a cone the angle 

of which is 120° ; find the radius of the sphere whose solid contents are e^ual to 
those of the sector. An*, s^/j. 

3. Two eones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

An*. 2 *y 21 ft. 

y 

174. Paraboloid of Revolution. — Writing the equa- 
tion of a parabola in the form y 3 = 2mx, we get for the 
volume of the solid generated by its revolution round the 
axis of x 


2 irm J xdx = nmx* + const. = - y % x + oonst. 
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Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (a?j, y,) is represented by j y\X iy i.e. is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

yds = y dy = ^ (y* + m 2 ) » ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

S' 1 o' + ydy= %,\ ^ + ~ H • 

1 75 . ^Spheroids of Revolution. — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving ourve is oalled a prolate spheroid . If it re- 
volve round the axis minor the surface is called an oblate 
spheroid . 

The volume of a spheroid is easily obtained ; for, taking 

— r + ~ = i as the equation of the curve, we get, on substitut- 
a b 

ing 

V = ir (a* - 3 ?)dx = x [a 2 - + const. 

Hence the entire volume is — ab 2 . In like manner, the vo- 

3 

lume of an oblate spheroid is obviously — ba 2 . 

1 76. Surface of Spheroid. — In the case of a prolate 
spheroid we have 


5V\* 
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Hence, if CN = CM = z* we get for S, the zone gene- 

rated in a complete revo- 
lution by the arc PQ, 



Now, if we take CD = - 
e 9 

and construct an ellipse 
whose semiaxes are CD 
and CD , it is easily seen 
(Art. 129) that the elementary area between two oonsecutive 


ordinates of this ellipse is dx. 


Henee it follows 


that the area of the zone generated by the are PQ is ir times 
the area of the portion P1Q1Q3P2 of this ellipse. 

Again, if AE X be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4ir 
x the area BCAE X ; but this is seen, without difficulty, to be 

27 rlr + 2?r — shr 1 *. (1) 

e v ' 

In like manner, we get for the surface 8 generated by the 
revolution of an ellipse round its minor axis 

■ &Y S = 27r| xd% = 27r J^a 2 + tpj dy 

' "11 «’«f ( , V \1 

If this be integrated, as in Art. 15 1, we get, after some 
obvious reductions, 

o a V t j i.«u ** 1 + (aVy* + J 4 )* 

S = + b l )i + ir- log — — 

If this be taken between the limits o and b, and doubled, we 
get for the entire surfaoe of the ellipsoid 


2jra* + 




<=> 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is it times the area of a corre- 
sponding portion of the hyperbola 

x a cPe'ty 1 
a 2 ~~~b r = 1 

bounded by lines drawn parallel to the axis of x . 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 


Examples. 


i. Find the volume of the surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and 
DB as co-ordinate axes, we have (see Diff. 

Calc., Art. 272) 

x = a(<p + sin^), y = a(i + cos$>), 

where L PCL - <f>. 


. Hence 

dV=iry 2 dx = ira z (i + cos 
for the entire volume F, we get 



AH 


Fig. 40. 


V = 2ira 8 (1 + cos <f>) 2 d<ft = 1 6xa 8 f cos 6 - 
Jo J 0 2 


• 32wa 3 f 2 co 8 *dde, making - = $. 

Jo 2 

Hence F-5 t*« 3 . 

2. Find the whole surface generated in the same case. 

Here & = 21 r j y ds = 4 j (1 + cos cos ^ d<y ; 


hence the entire surface is 
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3. Find the volume and the surface of the solid generated by the revolution 
of the tractrix round its axis. 

(1). Here we have 
y*dx=— (a? — ytyydy ; 

hence the volume generated by 
the portion AP is 

v f (a 2 - y 2 )* y dy = - (a* - y 2 ) I. 

3 

The volume generated by the 

entire tractrix is— a 3 ; i. e. half 
3 

the volume of the sphere whose 
radius is OA. 


J 

A 

XP 


I 

— G 

N 


' a . 


Fig. 41. 


(2). The surface generated by AP is 

air | yds = 2 xa j dy (see Ex. 2, Art. 134) 

= lira {a - y). 

Hence the entire surface generated is lira 2 ; i. e. half the surface of the sphere 
of radius OA, 

4. Find the volume, and also the surface, generated by the revolution of the 
catenary around the axis of x. 


(1). Here the volume of the solid gene- A ' 
ated by VP is represented by 

f , *a 2 c*/- -- \ 

= ”(?* + ax), 



where » = PV. 

(2). Again, since 


Fig. 4 3 » 


* = *(,= + <-«) dx = V ±, 


we have 
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Consequently the surface generated by PV in a complete revolution is - 

a 

x the volume generated ; i.e. = * (ys + ax). 


5. In the same curve to find the surface generated by its revolution round 
the axis OF. 

Here 

S 

Again 

K X X f * ® * X 

x#*dz=aze*-a I e° dx = a(xe“ - ae° -f a). 

0 Jo 

Also the value of 



= 2x j xds = t j xe* dx + t j 


xe a dx . 


xe~ *dx 


is obtained by changing the sign of a in the last result. 
Hence 

! x m * m X X 

xe a dx — a 1 - axe « - d*e~ a \ 
0 


•*. S = it 1 2a 2 + ax ^e a - «T a j - a 2 + e~ a J | 


= iw (a s + xs — ay). 

177. Annular Solids. — If a y 

closed curve, which is symmetrical 
with respect to a right line, be made 
to revolve round a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance L 
between the parallel lines. 

This is easily proved: for let 
APBP' be any ourve, symmetrical with respeot to AB, and 
suppose OX to be the axis of revolution ; and draw PN> QM 
two indefinitely near lines perpendicular to the axis. It is evi- 
dent that PQ = P'Q 7 , Again, let PN= y 9 P'N=t/, PQ = P'Q' 
= ds y DN = b ; then the sum of the elementary zones described 
by PQ and P'Q' in a complete revolution is represented by 

2ir{y + y')d 8 = 47r bds. 
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Consequently the surface generated by the entire ourve is 
27 r bS 9 where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerated : viz., the volume generated is equal to the product 
of the area of the revolving ourve into the circumference of 
the same circle as before. 

For the volume of this solid is plainly represented by 
*■ 

or by ir|(y-y')(y + y')<& = 

But the area of the curve is represented by 

consequently, denoting this area by A, and the volume by F, 
we have 

V = 2 irb x A • 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression 2nb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a cirole revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 4ir 'ab ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 27r 2 a 2 b. 

It would be easy to add other applications of these 
theorems. 

178. Goldin’s* Theorems. — The results established in 
the preceding Artiole are but particular cases of two general 


* Guldin, Centrobaryxea, sen de centro gravxtatis trium specierum quantitatxs 
continue. 1635. Guldin arrived at his principle by induction from a small num- 
ber of elementary cases, but bis attempt at a general demonstration was an 
eminent failure. See Montucla Hist, de t Math., tom. ii. p. 34* Montucla has 
shown, tom. ii. p. 92, that Guidin’ s theorems can be established from geome- 
trical considerations, without recourse to the Calculus. 
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propositions, usually called Gfuldin’s Theorems, but originally 
enunoiated by Pappus (see Walton’s Mechanical Problems, 
p. 4 2, third Edition). They may be stated as follows : — 

(1) . If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution, by the centre 
of gravity of that perimeter . 

(2) . Under the same ciroumstanoes, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re - 
volving area. 

To prove the former, let s denote the whole length of the 
ourve, x, y, the co-ordinates of one of its points, x, y, those 
of the centre of gravity of the curve ; then, from the defi- 
nition of these latter, we have 



27 rys = 27 r J yds, 

i.e. the surface generated by revolution round the axis of a: is 
equal to the product of 8 , the length of the generating curve, 
into 2 ny, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating ourve, and dA the element of area corre- 
sponding to any point x, y. Also let x, y be the co-ordinates 
of the centre of gravity of the area, then 

y = (substituting dx dy for dA) ; 

.*. 2 iryA = 2TT jjydxdy = irj y 2 dx; 

where the integral is supposed taken for every point round the 
perimeter of the ourve : but, from Art. 17 1, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, tho volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane is at once 2n % abc, where a and b are the semiaxes 
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of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let 0 be the circular 
measure of the angle of rotation, and in the former case we 
have 

Oys = 0 / yds. 

But By is the length of the path described by the centre 
of gravity, and Of yds is the area of the surface generated by 
theourve; .*. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Guiding theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for mis result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

These extensions of Ghildin’s theorems were given by 
Leibnitz (Act. JErud. Lips., 1695). 

179. Expression tor Volume of any Solid. — The 
method given in Art. 1 7 1 of investigating the volume bounded 
byasui face of revolution can be readily extended to a solid . 
bounded in any manner. For, if we suppose the volume 
divided into slices by a system of parallel planes, the entire 
volume may, as before, be regarded as the limit of the sum 
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of a number of infinitely thin cylindrical plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy ; then, if A t 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 

by 

j A z dz, 

taken between proper limits. 

The area A t is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a oone 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the outting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

A„ : JB = z* : h 2 , or A % = ^ ; 

B f * i 

•\ V = -rJ * - B x h ; as in Art. 160. 

* 2 Jo 3 


If the cutting planes be parallel to that of yz, the volume 
is denoted by f A x dx ; where A x denotes the area of the sec- 
tion at the distance x from the origin. 

180. Volume of Elliptic Paraboloid. — Let it be 
proposed to find the volume of the portion of the elliptic 
paraboloid 


cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 


— + ~ = 2Z y by Art. 128, is iirz^/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 


V=2ir*/pq\ zdz=w&*Spq. 

* 0 
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This result admits of being exhibited in another form ; for if 
B be the area of the elliptic seotion made by the bounding 
plane, we have 


B = 2vC‘Spq. 


Henoe V = J circumscribing oylinder, as in paraboloid of re- 
volution. 

181. The Ellipsoid. — Next, to find the volume of the 
ellipsoid 


a* y* s* 

+ V 2 + ? 


= i. 


The section of the surface at the distanoe z from the origin 
is the ellipse 



the area of this ellipse is 

ir(i i.e. A % = 7r^i 

Henoe, denoting the entire volume by V, we have 

V = 2irab f ( i — - ) dz =* — irdbc . 

Jo\ <?) 3 

182. Case of Oblique Axes. — It is sometimes more 
convenient to refer the surface to a system of oblique axes. 
In this case, if, as before, we take the cutting planes parallel 
to that of x y, and if w be the angle the axis of z makes with 
the plane of xy , the expression for the volume beoomes 

sin w f A z dz, 

taken between proper limits, where A z represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 
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Suppose DEI/E' to represent the section made by the 
plane, and ABA'B' the parallel oentral seotion. Take OA , 
OB, the axes of this seotion as axes of 
x and y respectively ; and the conju- 
gate diameter OC as axis of z. 

Then the equation of the surface 
is 

x 2 y 2 z 2 _ 

a* + V 3 + 7 i = 1 ’ 

where OA b', OC-S. 

It will now be convenient to transfer the origin to the 
point O', without altering the directions of the axes, when the 
equation of the surface becomes 

a? y 2 2z z 2 

+ V 2 m 7 ~ 



The area A , of the section, by Art. 128, is 

(3) 

hence, denoting C'N by h, the volume cut off by the plane 
BEK is represented by 


or 




But, by a well-known theorem,* we have 


cCVc' sin ai = abc, 


where a, b , c , are the principal semiaxes of the surface. 

Hence the expression for the volume V in question be- 
comes 


V=wabc(ji 



( 4 ) 


* Salmon’s Geometry of Three Dimensions, Art. 96. 
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F= 


( 5 ) 


This result shows that the volume out off is constant for all 
sections for which k has the same value. Again, since 
ON 

= i - k y the locus of i\Tis a similar ellipsoid ; and we infer 

UU 


that if a plane cut a constant volume from an ellipsoid , the locus 
of the centre of the section is a similar and similarly situated 
ellipsoid . 

183. Elliptic Paraboloid. — The corresponding results 
for the elliptic paraboloid can be deduced from the preceding 
by adopting the usual method of such derivation : viz., by 
taking 


a 2 =pc, b 2 = qc, 


and afterwards making c infinite ; observing that in this case 

c 

the ratio ^ becomes unity. 

Making these substitutions in (4), it becomes 


V = 7 r i/'pgh* ^1 - or irh 2 */pq , since d - 00. 


Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid ana a conjugate plane drawn, then 
the volume* of the segment out from the paraboloid by the 
plane is constant. • 

Again, the area of an elliptic section by (3) is 



irabc fih A 2 \ 
° r c'sin u)\c c' 2 )' 


* For a more direct investigation the student is referred to a memoir “ On 
some Properties of the Paraboloid/’ Quarterly Journal of Mathematics , June, 
1874, by Professor Allman. 
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On making the same substitutions, this beoomes for the 
paraboloid 

27T v /jpg h 
sin to 

Now, if we suppose a cylinder to stand on this section, 
the volume of the portion out off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by h sin w ; and, consequently, is 

27t *fpq A 3 , 

i. e. is double the corresponding volume of the paraboloid. 

This is an extension of the theorem of Art. 180. 

Examples. 

1. Prove that the volume of the segment cut from a paraboloid by any plane 
is fths of that of the circumscribing cone standing on the section made by the 
plane as base. 

2 . A cylinder intersects the plane of xy in an ellipse of semiaxes OA — a y 

OB = b y and the plane of xz in an ellipse of semiaxes OA = a , 00 = e ; the 
edges of the cylinder being parallel to BC ; find the volume of the portion of the 
cylinder bounded by the three co-ordinate planes. A ns. J abc. 

3 . The axes of two equal right cylinders intersect at right angles ; find the 

volume common to both. An 8. a 3 , where a is the radius of either cylinder. 

This surface is called a Groin. 

184. Volume by Double Integration. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by A x , instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area A x lies in a plane parallel to that of vs, 
its value, as in Art. 126, may generally be represented by 
j zdy, taken between proper limits. Hence V may be repre- 
sented by 

l\_l%dy]dx\ 

or, adopting the usual notation, by 

jj zdydx, 

taken between limits determined by the data of the question. 
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The value of « is supposed given by a relation z = f(z, y) 9 
by means of the equation of the bounding surface ; hence 

!*dy-jf(z, y)dy. 

In the determination of this integral we regard x as 
constant (sinoe all the points in the area have the same 
value of x) 9 and integrate with respect to y between its proper 
limits. 

Thus, if y x and y 0 denote the limiting values of y, the 
definite integral 

r x f{*>y)*y 

Jy o 

becomes a function of x : this function, when integrated 
with respeot to x between the proper limits, determines the 
volume in question. 

If X\ and x 0 denote the limits of x 9 V may be represented 
by the double integral 

r*i ry i 

f(x y y) dydx. 

J*Jy 0 



* The determination of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
plane of xy, the required volume will become the difference between two 
lylindera, bounded by the upper and lower portions of the surface, respectively, 
lee Bertrand, Calc. Int. § 447. 
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The values* of y x and y 0 in terms of x are obtained from 
the equation of the ourve RPRQ. 

Again, suppose RITN'Q! to represent the parallel seotion 
at the infinitesimal distance dx from PMNQ, then the 
elementary volume between PMNQ and P'M'N'Q !' is repre- 
sented by 

pi 

dx zdy. 

JVo 

Now, if RT and RT' be tangents to the bounding curve, 
drawn perpendioular to the axis of and if OUT =x l9 OT=x 0 , 
the entire volume is represented by 

r* i [y i 

zdy dx. 

J J y 0 

It should bo observed that zdydx represents the volume 
of the parallelepiped, whose height is s, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 
RPRQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x, and afterwards 
with respect to y, or vice-versd ; i. e. whether we oonceive the 
volume divided into slices parallel to the plane of xz, or to 
that of yz. 

We shall illustrate the preceding by an example.f 

Suppose RPRQ to be the circle 


(x - a) 2 + (y -* b) 2 = R\ 


and the bounding surface the hyperbolic paraboloid 

xy=cz ; 


* In our investigation we have assumed that the parallels intersect the 
curve in but two points each ; the general case is omitted) as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 

| This and the next example are taken from Cauchy’s Applications Qiomt- 
triques du Calcul Infinitesimal, p. 109. 
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then we have 

y» = b-*/lP-(x-a)\ y l = b + */lP-{x-ay, 

and 

P* zdy = - P* xydy = — (y t * - y»’) = — VH 

Jy. c Jy. 2C c 

Again, ar» « a + >R, ar 0 - a - R ; 

2 bC a * M 

•• V ~ ~ V 1C -(x-afxdx. 

° J«-A 

Now let x - a = 22 sin 0, and we get 

IT 

F = ^ [ 2 00 B 5 fl(o + i2 fiin 0)d0. 

a 

*r ir 

But f ooB t 0d0=-, [ cos’ 0 sin Odd = o, 

IT 2 J IT 

2 "a 

^ a* J2 2 

V = 7T . 

0 

Again, if for the cylindrical surfaoe which has for its 
base the cirole we substitute a system of four planes x = x 0 , 
x = X, y = y 0 , y = F, we get 

r '££?** 

4 C 


- (z - *) ( r - ji.) 

4 
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in which % l9 z s , s<, axe the ordinates of the four corner 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates z l9 z*, z 3 , z 4 ; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faoes of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faoes which contain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertioes of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — From the preceding Article 
it is readily seen that the double integral 

y)dydx 

can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 

xydxdy 

taken for all values of x and y subject to the condition 
(x - a) 7 + (y - b) % - D? < o; 

and similarly in other oases. 

When the limits of x and y are constants, as in 

of cV 

f{x, y)dydx, 

a Jb 

[ 18 ] 
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s 


the double integral represents the volume out by the surface 

* -/(*> V) 

from the parallelepiped whose base is the rectangle formed 
by the lines 

x = a, z = cf, y « b 9 y = b\ 

It is plain that in this case the order of integration is in- 
different, as already seen in Art 1 15. 

186. It is sometimes more convenient to refer the ourve 
RPRQ to polar co-ordinates, in which case we oonceive the 
area divided into infinitesimal rectangles of the type rdrdO. 

The corresponding parallelepiped is represented by 
zrdrdO, and the expression for V becomes 

F= JJsrdrdfl, 

taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

s = (V — r*, 

and the equation becomes 

F = | ^y^T^rdrdOi 
but | ya x -r*rdr = - -J(a* - r*)*. 


Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

r- *}(*-'*)•«», 

where we suppose each radius of the sphere to out the 
cylinder in but one point. 

For example, let the base of the cylinder be the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r* = <t oos 2 0 + V sin*0, 


r=*(a*-J t )*Jsin 1 0<*0. 


*«' » . 


and 
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If this be integrated between the limits o and - we get 
the -&th of the entire volume ; hence the entire volume 


Examples. 

1. A sphere is cut by a right cylinder, the radius oi whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the volume common to both surfaces. 

Ant . ~~~ ~ a being the radius of the sphere. 

2 . If the base of the cylinder be the complete curve represented by the 
equation r — a cos »0, where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and the external surface of the cylinder. 

187. It is readily seen, as in Art. 14 1, that the volume in- 
cluded within the surface represented by the equation 



is abe x the volume of the surface 

F(p>, y , *) = o. 

For, let - = of, and we shall have 

a 0 c 

zdxdy = abcz' cfof df y 

and .\ J J zdxdy = abc J J z'dx' dtf ; 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

A^ain, if the point (a?, y, z) move along a plane, the cor- 
responding point (x', s') will describe another plane. From 

this property the expression for the volume of an ellipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 a] 
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In like manner the volume included between a cone en- 
veloping an ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere. 

1 88. Quadrature on the Sphere. — We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by 2R 2 A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by R 2 (A + B + C - vr) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

2 = R 2 {A + B + C + &c. - (n - 2)**}; 

A y By Cy &c. , being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
0!, b\ c'y &o., we have 

A = ir - a'y B = 7 r - b'y &c., 
and consequently 

S = JS 2 {2v-(a'+6' + c' + &o.)}. 

Or, denoting the perimeter of the polar figure by S 9 

2 + RS= 2 irR 2 . (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any dosed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the aro from its pole to its 
circumference, the area in question is represented by 

2tr B?(i - cosp) ; 
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for (see fig. Art. 1 70) we have 

AN -AC- CN-R(i — cosp). 

This result also follows immediately as a simple oase of 
equation (6). 

Again, the area hounded by the lesser oirole and by two 
arcs drawn to its pole is plainly represented by 

R 2 a(l - COSp), 

where a is the circular measure of the angle between the arcs. 

We oan now find an expression for the area bounded by 
any closed curve on a sphere; for 
the position of any point P on the 
surface oan be expressed by means 
of the aro OP drawn to a fixed 
oint, and of the angle POX 
etween this arc and a fixed aro 
through 0 . These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OP = p, and POX = <o; 
then any curve on the sphere may be supposed to be expressed 
by a relation between p and v. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PR perpendicular to OP; then, neglecting in 
the limit the area PQR , the elementary area OPQ by the 
preceding is represented by 

R*(i - cos p) da. 

Hence the area bounded by two vectors from 0 is 
expressed by the integral jR* J (1 - cosp) du > 9 taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 
(1 - cos p) dw. 

The value of cos p in terms of o> is to be determined in 
each case by means of the equation of the bounding ourve. 
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f*» 

The integral P 1 I oos p dw obviously represents the area 

included between the olosed curve and the great circle which 
has 0 for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PMQ as ultimately a right- 
angled triangle, we have in the limit , 

PQ* = PP* + PQ* : also PM = sin p dm. 

Henoe ds* = dr* + sin’p dm 1 , 

••• 

Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 


or 


ds-dwA sin l p 




Examples. 


i. Find the area of the portion of the surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r *» 22 sin «, 
R being the radius of the sphere, and « being measured from the tangent to the 
circular base. 

Again, from the sphere we have r — R sin p ; p = « is the equation of 
the curve of intersection of the sphere and the cylinder ; hence the area in 
question is 


222* | (i - cos a) dm = a22* - 1 

This being doubled gives the whole intercepted area = air 22 s — 422*. 

This is the celebrated Florentine enigma, proposed by Vincent Viviani as a 
challenge to the Mathematicians of his time, in the foliowing form : — *< Inter 
venerabilia olim Gracia monuments extat adhuc, perpetuo quidem duraturum, 
Templum augustissimum ichnographia circular! Alma Geometria dicatum, quod 
Testudine intus perfecte hemispharica operitur : sed in hac fenestrarum quatuor 
sequale area (circum ac supra basin hemisphara ipsius disporitarum) tali con- 
figuratione, amplitudine, tantaque industria, ac ingenii acumine sunt ex st ruc t g, 
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lit his detractis, superstes curva Testudinis superficies, pretioso opere musiyo 
omata, Tetragonismiyere geometricisit capax .” — Acta JEruditorum , Leipsic, 1692. 
[See Montuda, Histoire des Mathematiques , tome ii., p. 94.] 

In general, if r = /(») be the equation of the base of a cylinder, it is easily 
seen that the equation 01 the curve of its intersection with the sphere may be 
written in the form It sin p = /(»). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere ; then writing the equation of the base in the form r = a sin «, 
where a is the diameter of the section, we get J2sinp = asin», or sin p = re sin « 
(where k is < 1), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

IT IT 

2IP (1 - V" I — k 2 sin 2 w)dco — iriZ 2 - 2R 1 y/ 1 — k 2 sin 2 tad co. 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area m question is easily seen to be represented by 2 J zds , where 
ds denotes the element of the curve which forms the base, corresponding to the 
edge z. 

Now (1), when the diameter of the base is equal to the radius of the sphere, 
we have 

z = It cos <u, and ds = Bdw ; 


.*. area in question = 2E 1 


cos to dco = 4 R 2 ; i.e. the square of the diameter of 
0 


the sphere. 

2. When the diameter is less than the radius of the sphere, 


— a 2 sin 2 codot = 2 alt J y/ 1 — k 2 sin 2 » da> ; .*. &c. 

189. Quadrature of Surfaces. — In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let dS denote such an element of 
the superficial area, and da its projection on a fixed plane 
which makes the angle 0 with the plane of the element; then, 
from elementary geometry, we shall have 

da = cos OdS, or dS = sec 6 da. 


Hence 



seo Oda, 


taken between suitable limits. 
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The applications of this formula usually involve double 
integration , and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle 0 between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles 0 and 0 + dO ; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec OdA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xy ; and 
adopting the usual notation, if we take A, y, v as the direction 
angles of the normal at any point on the surface, we get 
for dS, the area of the zone between the curves corresponding 
to v and v + dv , the equation 


dS = sec vdA 9 


where A denotes the area of the projection on the plane of 
xy of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surfaoe, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

190. Quadrature of the Paraboloid. — -Writing the 
equation of the surface in the form 


x 2 y 2 

— + — 
p q 


= 23 , 


* This method has been employed in a more or less modified form by 
M. Catalan, Liouville , tome iy., p. 323, by Mr. Jellett, Camb. and Dub . Math. 
Journal , yoL i., as also bv other writers. The curves employed are called 
parallel curves by M. Lebesgne, liouville , tome xi., p. 332, and Ourven ieokliner 
Normalen , by Dr. Schlomilch. 
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the equation of the tangent plane at the point (#, y, z) is 

p q 

where X, F, Z are the co-ordinates of any point on the plane. 
Comparing this with the equation 

X cos X + Y cos fi + Z cos v = P, 


•27 Xt 

COS X = COS V, 008 jU = - - C08 V : 

p i 


we get 

substituting in the identioal equation 

OOS’X + 008 *(l + oos’v = i, 

we get 


^ ^ = tan’v. 

P 1 


(?) 


Consequently the ourve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

X -* + K = tan’v. 

P T 

The area A of this ellipse is wpqtojfv ; accordingly, we 
have 

dA = 713 ?^ (tan 2 v) ; 

dS = irpq secvd(tan 2 v) = irpq sec vtf (sec 2 v) ; 

hence the area of the paraboloidal cap bounded by the curve 
v = a is 

irpq I* sec vd (sec 2 *) = §7rpg(sec s a - i). 


Also the area of the belt* between the curves 
v = a and v = a is ■£ 7 rpg(seoV - sec 8 a). 


( 8 ) 


* This form for the quadrature of a paraboloid is, I believe, due to Mr. Jellett: 
see Comb, and Dub . Math. Journal, vol. i. p. 65. The prooi given above is in 
a great measure taken from Mr. Allman’s paper in the Quarterly Journal , already 
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191. tnaintare of the Ellipsoid. — Proceeding in 
like manner to the ellipsoid 

a? y % s’ 
a' + 6 i + ?“ *’ 

the equation of the tangent plane at the point (x, y, s) is 

Xx Ty Zz 

~r + tt + ~j = >• 

a J 6* c* 

Hence, comparing with the equation 

X cos A + Y oob n + Z OOBV = P, 

we get 

c*a; ___ 


oosX = — - 008 


<r s 


V, 


OOB U = TS- oosv. 
^ 6’s 


Hence, we have 

°°s s i/ — f — + « oob* X + 008 *ii «sin*v 

or, substituting 1 - ^ for 

^ ^a* sin* v + 0* 00s * ^ ^ 6 * sin*v + c* corf 

This shows that the projection on the plane oi xy of 
a ourve along which v = oonstant is an ellipse. 

Again the area A of this ellipse is 

7m 2 b z sin 2 v 

(a 2 sin 2 v + c 2 cos a v)*(&* sin*v + 6 * oos 2 v)i* 

and accordingly, the area dA of the elementary annulus 
between two oonseoutive ellipses is 


;*v^ = sin*v. 


7 ra 


p d_ ( sin*v | 

dv ( (a* sin* v + c* oos* v)* ( b 2 sin* v + c* oos* v)i J V * 


The corresponding elementary ellipsoidal zone dS is 
represented by 

7r a 2 b 2 d ( 


sin*v 
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Now, if 8 denote the superficial area* between two 
curves corresponding to v = o and v = a', after one or two 
reductions, it is easily seen that 


where I 


= 7 raW (!+/'), 
sin v dv 


(9) 


c 2 cos 2 v)» (a 2 sin 2 v + <? oos 2 v)*’ 
sin vdv 


' j a ( b 2 sin 2 v + 

, _ f* sin vdv 

“ J a (a 2 sin 2 v + c 2 oos 2 p)» ( b 2 sin 3 v + c 2 cos 2 !;)*’ 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a > b > c. 

For, assuming a 2 — c 3 = a 2 e 2 9 and 6* - <? = b 2 e' 2 9 and 


a x, we get 

I = — 

'COS a 

a&’J 

coa a 


’cos a 

r- A 


a 3 b. 

COS a 


dx 


dx 


COM a (I “ 


Again, let ex = sin 0 in the former integral, and e'x = smO 
in the latter, and we get 


-if 


d6 


ab 3 J(e 3 -^sin s 0)«’ 
rffl 

e~ sin 2 0)1’ 


r= — f 

a 3 b){e n - 


Now, since e > e 9 the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 


* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conics of the reciprocal ellipsoid ; a result 
which can be easily arrived at from the forms of I and V given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett’ s memoir. 
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19 2. InfegraiiM •fer a Cited Surface. — We shall 
conclude tins Chapter with the consideration of some general 
fonnulsB in doable integration relative to any dosed surface. 
We commence by adopting the same notation as in Art. 189, 
where A , y, v are taken as the angles which the exterior 
normal at the element dS makes with the positive directions 
of the axes of x , y, s, respectively. 

Again, let each element of the surface be projected on 
the plane of xy, and suppose* for simplicity that each 2 ordi- 
nate meets the surface in but two points : then, if the indefi- 
nitely small cylinder standing on any element dA in the 
plane of xy intersects the surface in the two elementary por- 
tions dSi and dS* (where dSi is the upper, and dS t the lower 
element), and if v x and v% be the corresponding values of v, it 
is plain that v x is an acute, and an obtuse angle, and we 
have 

dA = cos vidSi = - oosvidSt. 

Hence, if we take into account all the elements of the surface, 
attending to the sign of cos v, we shall have 

JJcos vdS = o. 

In like manner we get 

jjoosXdS = o, and JJcos yd# = o; 

the integrals extending in each case over the whole of the 
closed curve 

These formulae are comprised in the equation 

JJ (a cos A + /3 cosy + y cos v)dS = o. (10) 

Again, if Zi and z? be the values of 2 corresponding to the 
element dA, then, denoting by dV the element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV = (21 - sh)dA = zidSi cos v x + ZtdS 2 cos v*, 


* It it easily seen that this and the following demonstrations are perfectly 
general, inasmuch as each ordinate must meet a dosed surface in an even number 
of points, which may be considered in pairs. 
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and the sum of all suoh elements, that is, the whole volume, 
is evidently represented by 

JJs oos vdS. 

Hence, denoting the whole volume by F, we have 

F= JJ# cosX dS = jjy cos pdS = JJ soosi/d/S ; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

JJ a? oos vdS = o, JJ y oos vdS = o, J J # oos j udS = o, 

JJ y cos Ad/S = o, JJ z oos \dS = o, JJ z cos fidS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

JJ (ax + (3y + y z) (a oos A + /3' cos fi + y oos v) dS 

= (aa' + /3/3' + yy') V. (i i) 

For a like reason, we have 

JJ xy cosvd/S = o, JJ zx cos fidS = o, JJys cos Ad/S = o. 
Also JJ# 2 cos vdS = o, JJ #* oos fidS = o, &o. 

Next, let us oonsider the integral 
JJxz oos vdS. 

This integral is equivalent to JJ xdV; consequently, if 
x y y 9 z 9 be the co-ordinates of the centre of gravity of the 
enolosed volume F, we get JJ xz oos vdS = JJ#d F = #F; in 
like manner JJ xz oos Ad/8 = z F. 

Again, the integral 

JJ s 2 cos vdS 

consists of elements of the form (si 2 - s 2 2 ) dA ; but 
(*i* - *%) dA = fa + s*) («i - s,) dA 
= (*i + Sa)dF 
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Bat the z ordinate of the centre of gravity of dV is 
quently 

■-■II*? 


plainly * 1 - + ** , and consequently 


ii 


2*008 vdS- 


*dV=2zV. 


In like manner it can be shown that 


fjx'coaXdS = 2xV, fjfcoBfidS = 2yV. 

Accordingly we have 

Fi = iJ/aj* cosAd$«= JJzy oospdS = ffxzcoavdS, 
Vy = H yx cos XdS = £ ffy*oo&iidS=ffyzoo8vdS 9 
Vz = jjsx cos XdS = /Jzy cos/LidS = ^JJV oos 


193. Eifrcfldon for Volume of a Closed Surface. 

— Next, if we suppose a cone described with its vertex 
at the origin 0 , and standing on the elementary base dS, 
its volume is represented (Art. 169) by ^pdS, where p is the 
length of the perpendicular drawn from 0 to the tangent 
plane at the point. 

Also, if r be the distance of 0 from the point, and 7 the 
angle whioh r makes with the internal normal, we have 
p = r cos 7 . 

Hence the elementary volume is equal to 00s ydS, and 

it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 


£Jf r oosydS. 

194. Again, if we suppose a sphere of unit radius described 
with 0 as oentre, and if dw represent the superficial portion 
of this sphere intercepted by the elementary oone standing on 
dS, then it is easily seen that 00s 7 dS = r*dw ; 

, ooaydS 
.-. dw — . 

r 3 

Now if 0 be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that ffdw = 4 *, 
being the surface of the sphere of radius unity; 



cos 


4 *. 
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Again, if 0 be outside the surface, the oone will out the 
surface in an even number of elements, for which the values 
of cos y will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 

f f cos y dS 


If 0 be situated on the surface, it follows in like manner 


W^dS.». 


Hence, we conclude that 


jjcrajy^ = ^ jir, or o, 


according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of 
this method in Bertrand’s Calc. Int . , §§ 437, 455, 456, 
476, &o. 


L 
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1. A sphere of 15 feet radius is cut by two parallel planes at distances of 

3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes approximately. Am. 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 

vertical angle when its volume is a maximum. 1 

Am. ' . 

V 3 

3. Prove that the volume of a truncated cone of height h is represented by 

j (IP + Sr + r*), 

where R and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius A, the vertex of the cone 

being at the distance D from the centre ; find the ratio of the superficial area of 
the cone to that of the sphere. IP — IP 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 

area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
and B. Am. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

Afu 4> «(«~a) (*->)(«-«) 

‘3 « 

8. Apply Guidin' s theorem to determine the distance, from the centre, of the 
centre of gravity, (1) of a semicircular area ; (2) of a semicircular arc. 

(I) v- 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

s" =s AsP + By * 


by any plane parallel to that of xy t is — -^th part of the cylinder standing on 
the plane section, and terminated by the plane of xy. 
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ii. A cone is circumscribed to a sphere of 23 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 


12. The axis of a right circular cylinder passes through the centre of a 
sphere ; find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 
ire 3 

Ans. — , where 0 is the length of the portion of any edge of the cylinder 
intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 


Find the volume of the solid generated by the revolution of an arc of a 

( ( 2a 2 + e 2 ) sin a ) 

3 *}’ 


13 - 


circle round its chord. 


Ans. 2 va 


where a = radius, e = distance of chord from centre, and cos o = -. 

In this we suppose the arc less than a semicircle : the modification when it 
is greater is easily seen. 


14. If the ellipsoid of re volution, 




and the hyperboloid 




be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



Ans. 


abc 

90 * 


16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 
curve. 

g 

Ans. — tPc, where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 


17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
e nd # of the diameter perpendicular to the cutting plane. 

Ans. fird (r* - d 3 ). 

[ 19 ] 
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1 8. Find the area of a spherical triangle ; and prove that if a curve traced 
on a sphere have for its equation sin \ = /(/), \ denoting latitude, and l longi- 
tude, the area between the curve and the equator = //(/)<& 

19. Show that the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 




Am. 


\xdbc 

ITT 


21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centres of gravity of the areas of the bounding 
sections. 

23. If A be the area of the section of any surface made by the plane of xy t 
prov*, is in Art. 192, that 


A = JJcos vdS, 

the integral being extended through the portion of the surface which lies above 
the plane of xy. 

24. If a right cone stand on an ellipse, prove that its volume is represented 

t>y 

j (OA . OA'fi sin 2 a cos o; 

where 0 is the vertex of the cone, A and A* the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 


j (OA + OA') (OA . OA')* sin a. 
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CHAPTER X. 

INTEGRALS OF INERTIA. 

195. Integrals of Inertia. — The following integrals are 
of such frequent occurrence in mechanical investigations, 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm, its distance 
from the axis by p, and the moment of inertia by J, we have 
I=' 2 p 2 dm. (1) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such produots is called the moment of inertia of the 
body relative to the plane . 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 
2 {a? + y 2 )dm. 

Similarly, the moments of inertia relative to the axes of 
x and y are represented by 2 (y 2 + z 2 ) dm and 2 (a? + z 2 ) dm , 
respectively. 

Again, the quantities ' 2 x 2 dm , 2 y 2 dm, 2 z 2 dm, are the 
moments of inertia of the body with respect to the planes 
of yz, xz 9 and xy, respectively. Also the quantities 2 xydm, 
' 2 zxdm> 'Syzdm, are called the products of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to a point is 2 r^dm, where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is 2 {a? + y 2 + z 2 )dm. 

[ 1 » »] 
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196. Momemte of Iierda reUtive to Parallel 
Axes, or Pluies. — The following result is of fundamental 
importance : — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia with respect to a parallel 
axis drawn through its centre of gravity , by the product of the 
mass of the body into the square of the distance between the 
parallel axes . 

For, let Jbe the moment of inertia relative to the axis 
through the centre of gravity, T that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the oentre of gravity as origin, the fixed 
axis through it as the axis of 2 , and the plane through the 
parallel axes for that of zz> we shall have 

I = + tf)dm, T = 2{(a? + «)* + if) dm. 

Hence T - /= za'Sadm + a* 2dm = o*j|f, 
since 2 ixdm = o as the centre of gravity is at the origin ; 

= (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its oentre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or laminae , by a system of planes 
perpendicular to the axis ; then, when the moment of inertia 
is determined for a lamina, we seek by integration to find 
that of the entire body. 
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197. Radios of Gyration. — If k denote the distanoe 
from an axis at which the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

MW = /= 2 p 2 dm. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, whioh shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 
Ar*F = 2 p 2 dV, 

where dV denotes the element of volume, and V the entire 
volume of the body. 

Henoe, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form j _ . 

and, it is plain that in its determination for homogeneom 
bodies we may take the element of volume for the element of mass, 
and the total volume of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, sinoe its 
radius of gyrationis independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OX, 07 , lying in its plane, and if C be the moment of 
inertia relative to OZ drawn perpendioular to the plane, we 

haye C=A + B. (4) 

For, we have in this oase A = 2 y 2 dm, B = S a? dm, and 
C - 2 (W + y 2 ) dm. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

2 Wdm + 'Ey 2 dm = const. 

Henoe, if one be a maximum, the other is a minimum, and 
vice versA. 

We shall, in all investigations concerning laminae, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. Uniform Rod, Rectangular Lamina. — We 

oommence with the simple ease of a rod, the axis being perpen- 
dionlar to its length, and passing through either extremity. 

Let x be the distance of any element dm of the rod from 
the extremity ; then, since the rod is uniform, dm is propor- 
tional to dx y and we may assume dm = fidx : hence, the 
moment of inertia I is represented by fi'S^dx, or by 

/ij Qt?dx y 

where / is the length of the rod. 


Henoe = 

3 3 

If the axis be drawn through the middle point of the rod, 
perpendicular to its length, the moment of inertia is plainly 
the same for each half of the rod, and we shall have in this case 

r 

1 = M-—. 

1 2 


Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sidea 
Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
• radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by ia and 2 J, and the moments of inertia 
round axes through the centre parallel to the sides, by A. and 
By respectively, 

A = -m t , B = -Ma\ ( 5 ) 

3 3 v ' 


Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity and perpendicular to the plane 
of the lamina, is 

i *(* + *). (6) 

By applying the principle of Art. 196 we can n&w find 
its moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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200. Rectangular Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of laminae, each of whioh has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2 a, ib, and ic, respectively ; and, if A, B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A = - M{b* + c*), B = -M(c'+a?), C = -M(a'+b % ). (7) 

3 3 3 

201. Circular Plate, Cylinder. — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r 2 dm, where dm represents its 
mass. 

Hence, considering eaoh ring as an element of a circular 
plate, and observing that dm = /x2irrdr, we get for C, the 
moment of inertia of the circular plate of radius a , 

Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and b, respectively, with respect to 
the same axis, is 

r _ « 4 -& 4 

27 t/x J r*dr = irfi — - — = M — - — . 

Again, by (4), the moment of inertia of a circular plate 
about any diameter is Jf— , since the moments of inertia are 

obviously the same respecting all diameters. 

In liie manner, the moment of inertia of a ring relative 
to any diameter is 


4 



298 Integrals of Inertia. 


Also, the moment of inertia of a right cylinder about its 
' of figure is 


a being the radius of the section of the cylinder. 

Again, the moment of inertia relative to any edge of the 

cylinder is | Ma*. 


20 2. Bight Case. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section freon the vertex of the cone, and by a the semi-angle 
of the cone, we have 


J = 


w /a tan 4 a 


i: 




io 


where h is the height of the cone, and ft the radius of its base. 

Hence, since by Art. 169 the volume of the cone is - ft’ft, 

3 

we have 

1 = Mb 1 . (8) 

IO 


203. Elliptic Plate. — Next let us suppose the lamina 
an ellipse, of semi-axes a and ft ; and 
let A and B be the moments of inertia 
relative to these axes, respectively. 

# Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let If be 
the moment of inertia for the circle Kg. 47 - 

round its diameter. 

Then, denoting by dB and dlf the moments of inertia of 
corresponding rods, we have 

dB : dB = {np) 1 : (np') z = (oa ) z : (oft) 3 = a 3 : ft 3 ; 

B:ff=<tib\ 
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But .S', by Art. 201, is ; 


_ if' a" 

B t = 

4 h 


Similarly, 


if 


b\ 



Henoe the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

f K + **)• (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — If we suppose a sphere divided into an 
infinite number of concentrio spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters ; 
and accordingly, representing the mass of any element of a 
shell by dm, and by x, y , s any point on it, we have 


2 x % dm = 2 ifdm = 2 z 2 dm. 


But 2 (x*+y* + z % )dm = 2r a tfm; 

2 (#* + y 2 )dm = ^ 2 r a rfw. 

Hence, (a) the moment of inertia of a shell whose radius 

2 

is r with respect to any diameter is - mr*, where m repre- 

3 

sents the mass of the shell. 

Again, (b) for a solid sphere of radius R , since the volume 
of an mdefinitely thin shell of radius r is 4rrr 2 dr, we get 

2 r*dv = 47 r [ r l dr = -7 tR 6 = - VR a . 

Jo 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

-MB\ (10) 

5 v ' 
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205. Ellipsoid. — Let the equation of an ellipsoid be 


a? y 1 z % 

— 4- — + — = 1 

a 2 i* <? 


and suppose A, B, C to be the moments of inertia relative to 
the axes a , b y c, respectively ; then 

C = (#* + y 2 ) dV = fi ||| (x* + y 2 ) dxdydz. 


Now, let 
and we get 


a b 


* * 


C = HI (a’*'* + &V*) dafdy'M, 


where the integrals are extended to all points within the 
sphere 

x % + y ' 2 + s ' 2 = 1. 

But, by the last example we have 


-Ilk*** 



0=— irpabc(d‘ + V‘) = — («* + £*). (n) 

1 5 5 

In like manner, 

A = — {& + <?), B = — (<? + <?). 

5 5 

It should be remarked that the moments of inertia of the 
ellipsoid with respect to its three principal planes are 



— c 2 , respectively. 
5 
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206. Moments of Inertia of a Lamina. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn through any origin 0, and that a is the angle which 
any right line through 0 , lying in the plane, makes with the 
axis of x ; then, if /be the moment of inertia of the. lamina 
relative to this line, we have 

I = 2 p 2 dm = 2 (y cos a - x sin a ) 2 dm 
= 00s* a 2 y 2 dm + sin 2 a 2 x 2 dm - 2 sin a cos a * 2 xy dm 


■■ a cos 2 a + b sin 2 a - 2h sin a cos a ; 


(12) 


where a and b represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the produot of 
inertia relative to the same axes. 

Again, supposing X and Y to be the co-ordinates of a point 
taken on the same line at a distance R from the origin, we 

j y 

get cos a = -^ , sin a = -g- ; and, consequently, 


IIP = aX 2 + bY 2 -2hXY. 


Accordingly, if an ellipse be constructed whose equation is 


we have 


aX 2 + bY 2 - 2hXY = const., 
IIP = const. ; 


(> 3 ) 


and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of oo-ordinates. Again, since in 
this case the coefficient of XY disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
h or S xydm = o. 

This pair of axes is called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina relative to the point. 
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Again, if A and B represent the principal moments of 
inertia, equation (12) becomes 

I- A 008* a + B sin* a. (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX* + BY* = oonst. 

207. Momental Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, the ellipse 

AX * + BY* = const. (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative to 
all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for the system of four equal masses, each — > 

4 

placed on the two central principal axes, at the four dis- 
tances ± a and ± b , from the centre of gravity, where a and b 
are determined by the equations 

A = - Mb\ B = -Ma\ 

2 7 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 
centre of gravity, they have the same moments of inertia for 
all axes. 



Momental Ellipse. 


301 


This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are 
given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if I be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 


But, by Art. 203 , 


I — A cos 2 a + B sin 2 a. 

4 4 

J= — (5* cos* a + a’ sin’ a) 

4 \ ) 


M a* b* 
4 »*• 


Henoe the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208 . Products of Inertia of Lamina. — Suppose the 
lamina referred to its principal axes at a point 0; and let^p 
and q be the distances of any element dm from two axes, 
whioh make the angles a and j3 with the axis of x ; then we 
have 

2 pqdm » 2 (y cos a - x sin a)(y cos /3 - x sin (3)dm 
= cosa cos (3 '2 t y 2 dm + sin a sin (3 'Sot? dm 

- sin (a + /3) 2 xydm 

« A cos a cos (3 + B sin a sin j3, 
since A = 2 y 2 dm, B = 2 &dm> and 2 xydm => o. 

Hence, if 2 pqdm = o, we have 

A cos a cos (3 + B sin a sin j3 = o, 
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and accordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX* + BY 2 = const. 


Hence, if two laminae in the same plane have for any point 
two pairs of axes for which 2 pqdtn = o and 'Sp'tf dm' = o, 
they have the same principal axes at the point. This follows 
from the easily established property, that if two ellipses have 
two pairs of conjugate diameters in common, they must be 
similar and coaxal. 

209. Triangular Lamina and Prism. — Suppose a 
triangular lamina, whose sides are a, b, c, to be divided into 
a system of rods parallel to a side a ; 
and let A represent the moment of 
inertia relative to a line parallel to 
the side a, and drawn through the 
opposite vertex; also let p be the 
perpendicular of the triangle on 
the side a , and x the distance of an 
elementary rod from the vertex; then 
we have, since the mass dm of the 



Fig. 48. 


ax 

elementary rod may be represented by fi — dx, 


o ax 


A = 2 a?dm = uS # 2 — dx 
P 


P Jo 4 2 ^ 

In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertioes parallel to 
b and c ; and let q, r be the corresponding perpendiculars of 
the triangle, and we have 


B = 




Again, if A<» B 0 , C 0 , represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

A 0 = ±Mp\ B 0 =±Mf, 0 9 -±Mt>. (16) 

Also, if A lf 2 ?i, Oi f be the moments of inertia relative 
to the sides a, b , c, respectively, it follows, in like manner, 
from (2), that 

A x = - b Hp\ B x = l -Mq\ C' l = ^Jfr*. (17) 


Again, it is readily seen that the values of A , A 0 , Ai, &o., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 
M 

three masses, each — , plaoed at the middle points of the 
3 

sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendioular to its plane drawn 
through its centre of gravity, we have 


J=^2f(a» + J’ + c*). 


(18) 


This expression also holds for the moment of inertia of a 
right triangular prism with respeot to its axis * 

In like manner the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 



and the same expressions hold for a triangular prism relative 
to its edges. 


* By the axis of a prism is understood the right line drawn through its 
centre of gravity parallel to its edges. 
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210. Momental Ellipse of a Triangle. — It can be 

shown without difficulty that the ellipse which touohes at the 
middle points of the sides 
may be taken for the mo- 
mental ellipse of the triangle. 

^ For, let x, y, z be the 
middle points of the sides, 
and it is easily seen that o 
is the centre of this ellipse ; 
also, if 2 i, J 2 , 7 S be the 
moments of inertia of the 
lamina relative to the lines ax, by, cz, respectively, it oan be 
readily shown from (17), that we have 



Ji : I? : /j = 


1 . 1 . 1 

(^j* ' (W * (<*)* 


1 . 1 1 

Joxy * Joy )* ' Jri)*' 


Accordingly, by Art. 207, the ellipse xyz may be taken for 
the momental ellipse of the lamina. 

2 11. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Ay By Cy D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faoes ; then, denoting the areas of the corre- 
sponding faces by a, b, c, d, and the corresponding perpen- 
diculars of the tetrahedron by p , q , r, *, respectively, it is 
easily seen, as in Art. 209, that we shall have 

x % 

A = 'Ex? dm = u 2 a?a— dx 

f 

-"T m s* r - 

In like manner we have 

B Jfg*, (7 = - Jfr*, D 
5 5 5 


-X x'dx 
P 
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Again, if A 0 , B 0 , C 0 , D 0 be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

Ao = ^Mp\ B 0 = ±Mq\ C.-± HP, (19) 

Also, if A„ Bi, Ci, Di be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

Ai = — Mp\ Bi= — Mq\ Ci =— Mr*, D, = — Ma*. (20) 

TO TO TO TO ' • 



212. Solid Ring* — If a plane closed curve, which is 
symmetrical with respect to an axis AB, be made to revolve 
round a parallel axis, lying in 
its plane, but not intersecting the 
curve, to prove that the moment 
of inertia I of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

M (A a + 3**), 

where M is the mass of the solid, 
h the distance between the parallel 
axes, and k the radius of gyration 
of the generating area relative to its axis. 

For, if the axis of revolution be taken as the axis of x , 
and, if y , Y be the distances of any point P within the 
generating area from AB, and from OX, respectively ; and, 
if <f*A be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 2 ir Yd A, 
and its mass 27 rpYdA; hence the moment of inertia of this 
elementary ring, relative to the axis of X 9 is 2 irfiY*dA. 
Accordingly, we have 

1 = 2tt /i 2 Y*dA = 27 r/u 2 (h + y)*dA 
« 2ir^S (h* + 3 h 2 y + 3 ht / 1 + y*) dA. 


* The theorems of this Article were given by Professor Townsend in the 

Quarterly Journal of Mathematic*, 1869. 

[ 80 ] 
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Moreover, since the ourve is symmetrical with respect to 
the axis AB , it is easily seen that we have 

2 ydA = o, 2 y*dA = o. 

Also, by definition, 2y 8 <L4 = AJc 2 . 

Hence I = 2vphA (h 2 + 3&*). 

Again, by Art. 177, M = 2tt phA ; 

.\ I=M(h* + 3A?). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a ciroular 
ring, of radius a, round its axis is 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

J= M(h 2 + a 2 ). 

There is no difficulty in adding other examples. 

213. General Expression for Products of Inertia. 

— We shall conclude this Chapter with a short discussion of 
the general case of the moments and produots of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p, q, r represent the respective distances of 
any element dm from the three planes 

x cos a + y cos /3 + z cos 7 = o, 
x cos a + y cos /3' + z cos 7' = o, 
x cos a" + y cos /3" + z cos y" = o. 

Then 

2 j pg r <ftn=2 (#oosa+yoos/3+scosy) (aoosa'+ycos/S'+soosy'Jdm 
- cosa cosa'2ar*<fw + cos /3cos/3'2y*dw + cosy 00s 7' 2 sVm 
+ (cos a cos /3' + cos /3 cos a) 'Zxydm 

+ (cosy cos a + cos a cos y') 2 zxdm 

+ (cos /3 cos y' + cos y oos /3') 2 yzdm ; 
and we get similar expressions for ILprdm and 2 qrdm. 


i 
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Now, suppose that we take 

2 x*dm = a, 2 y 2 dm = b, 'SiZ i dm = c, 

2 yzdm-fy ' 2 >xzdm=g , ' 2 ,xydm=* h ; 

then the preceding equation may be written 

'Ipqdm = oos a (fl cos a' + A cos /3' + g cos y') 

+ oos /3 ( h cos a + b cos / 3 ' + /cos y') 

+ cos y ($r oos a +/ oos j 3 ' + c cos y') ; (22) 

along with similar expressions for 'Zrpdm and ' 2 qrdm. 

214, Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

2 pqdm = o, 2 rpdm = o, ILqrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX 2 + bY 2 + cZ* + 2fYZ + 2gZX + zhXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia , for any body , vanish : viz., the principal planes of the 
preceding ellipsoid .f 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ' 2 pqdm = o, "Zrpdm = o, 
2 qrdm = o, ^pqdm = o, 2 rpdm' = o, 2 qfr'dm' = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 


*. Salmon’s Geometry of Three Dimensions , Art. 72. 
t The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will be considered subsequently. 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must he similar and ooaxal. 

215. Principal Moments of Inertia. — Let us now 

suppose the co-ordinate planes to be the principal planes of 
the body for the origin, then the moment of inertia relative 
to the plane 

X cos a + y cos (3 + 2 COS 7 = O 
is 

2 p 2 dm = 2 (x cos a + y cos /3 + 2 cos 7 )*dm 

■ cos*o2 a? dm + oos 2 /3 2 %fdm + oos 2 y 2 z'dm, (24) 
sinoe in this case we have 

2 xydm - o, 2 zxdm = o, 2 yzdm = o. 

Again, let I be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
a, /3, 7 ; then we have 

I + 2 p*dm = 2 r 2 dm = 2 (ot? + y 2 + s 2 ) dm ; 

•\ I = cos 2 a 2 (y % + s 2 ) dm + cos 2 13 2 (s 2 + a?) dm 

+ cos 2 7 2 (a 2 + y 2 ) dm ; 
or /* A cos 2 a + B cos 2 /3 +■ C cos 2 7, (25) 

where A, B, G are the moments of inertia of the body 
relative to its three principal axes. 

Ay By C are called the three principal moments of inertia 
of the body relative to the origin. 

If the oentre of gravity be taken as the origin, the 
corresponding values of A , By C are called the principal 
moments of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a body 
relative to any line passing through a given point is known, 
whenever the angles which the line makes with the principal 
axes are known, as also the moments of inertia relative to 
these axes. 
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216. Ellipsoid of Gyration. — Suppose, as before, the 
solid referred to its three principal axes at any point, and let 
a, b, c be the corresponding radii of gyration, i.e. let 

A = Ma\ B = Mb 2 , C = Me 2 , 

and I = Mk 2 ; then equation (25) becomes 

k 2 = a 2 cos 2 a + b 2 cos 2 /3 + c a cos*y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a , b, c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendioular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon’s Geometry 
of Three Dimensions , Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momental Ellipsoid. — If X, F, Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0 , whose direction angles are a, (i, 7, we have 

X = OR cos a, F = OR cos j 3 , Z = OR cos 7. 

Substituting the values of cos a, cos / 3 , cos 7, deduced 
from these equations, in (25), it becomes 

I. OR 2 = AX 2 + BY 2 + CZ 2 . 


Suppose, now, that the point R lies on the ellipsoid 


AX 2 + J 3 F 2 + CZ 2 = const., 


and we get I . OR? = X, denoting the constant by X ; 


J = 


X 

OR 


(27) 


(28) 


Hence the moment of inertia relative to any axis, drawn 
through the origin , varies inversely as the square of the cor- 
responding diameter of the ellipsoid (27). 
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From this property the ellipsoid is oalled the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body, this ellipsoid is called the central ellipsoid of the body. 

If two of tne principal moments of inertia relative to any 
point be equal, tne momental ellipsoid becomes one of re- 
volution, and in this oase all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid beoomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and, consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Equlmomental Cone. — Again, since 

cos* a + cos 2 j3 + 008*7 = 1, 
equation (25) may be written in the form 

(A- 1 ) cos*a + ( 2 ? - /) oos */3 + (( 7 - I) cos* 7 = o ; 
henoe the equation 

( 4 - J) 2 P + (.B- I) Y*+(C-I)Z* = o (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When I = B, the cone breaks up into two planes ; viz., 
the cyclio sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Routh’s Rigid Dynamics , chapters 1. and 11. ; as also to 
Professor Townsend’s papers in the Camb. and Dub. Math. 
Journal , 1846, 1847. 
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Examples. 

Find the expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in all cases : — 

1. A parallelogram, of sides a, b, and angle 0, with respect to its sides. 

M M 

Ans. — & sin 2 0. — a 2 sin 2 0. 

3 3 

2 . A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 


Ans. M 


(?*4 


3. An equilateral triangle, of side a , relative to a line in its plane at the 
distance d from its centre of gravity. 


Ans. M 


( 5*4 


4. A right-angled triangle, of hypothenuse e, relative to a perpendicular to 
its plane passing through the right angle. 


tf 2 

Ans. M-. 
6 


5. A hollow circular cylinder, relative to its axis. 


f% ft s 

Ans. M , where r and r’ are the radii of the bounding circles. 

2 

6. A truncated cone with reference to its axis. 

Ans. — where b and b f are the radii of its bases. 

10 b z -b y 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

Ans. ^ ^h 2 + ^ , where h denotes the altitude of the cone, 
and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, 0 , 7 with its 
axes. 


Ans. -y sin 2 « + i 2 sin 2 0 + &sm 2 yj . 


9. Area bounded by two rectangles having a common centre, and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 

, M (a* + £ 2 )ai-(a' 2 + 

ia ab - a’b’ 
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10. A square, of side a , relative to any line in its plane, passing through its 
centre. 

a? 

Ana. M-. 

12 

11. A regular polygon, or prism, with respect to its axis. 

Ana. ~ , where R and r are the radii of the 

circles circumscribed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 

M 

lamina , of mass If, are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass ^if placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

if 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 
combined with a mass j if placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a principal 
plane passing through its centre of gravity, prove that they envelop a conic, 
having that point for centre, and the principal axes in the plane for axes. 

1 6. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a confocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 


of 

the 


19. Prove that the envelope of a plane for which the moment of inertia 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of 1 
body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelop a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
are confocal P 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes at any point are the normals to the three sur- 
faces confocal to the ellipsoid of gyration, which pass through the point 
(M. Binet, Jour. d$ VEc. Roly* 1813.) 
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CHAPTER XI. 

MULTIPLE INTEGRALS. 

219 . Double Integration. — In the preceding Chapters we 
have considered several oases of double and triple integra- 
tion in the determination of volumes and other problems 
connected with surfaoes. We now proceed to a short treat- 
ment of the general problem of Multiple Integration, com- 
mencing with double integrals. 

The general form of a double integral may be written 

[ [ f(*,y)dxdy y 

J *0 J y* 

in which we suppose the integration first taken with respeot 
to y 9 regarding x as constant. In this case, P, y 0 , the limits 
of y 9 are, in general, functions of x ; and the limits of x are 
constants. 

Let us take for example the integral 

Z7 = j J x?~ l y m ~ l dxdy y 

in which / is supposed greater than m. 

a » 

J '» j / Q*m \ 

therefore V-- IV' (£-*•)■& - 

m) a \«" J l 1 — m? 

In many cases the variables are to be taken so as to in- 
clude all values limited by a oertain condition, whioh can be 
expressed by an inequality : for instanoe, to find 

£T=JJ x^ 1 y— 1 dxdy, 

extended to bML positive values of x and y subject to the con- 
dition x + y < h. 

[ 81 ] 
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Here the limits for y are o and h-x; and the subsequent 
limits of x are o and h. 


Henoe 


U = a^~ 1 y m ~ l dxdy 


= 1 fV* (A -*)•<&. 

m J 0 


Let x = hu, then 
h l+m 


U = 


m 


a M (i - u) n 


h 1 ** r(/) r(m) 


(0 


r(/+ m + i) ’ 

by Art. 121. 

220. Change of Order of Integration. — We have 
seen (Art. 115) that when the limits of x and y are con- 
stants in a double integral we may change the order of inte- 
gration, the limits remaining unaltered. But when the 
limits of y are functions of 2, if the order of integration be 
changed, it is neoessary to find the new limits for x as func- 
tions of y. This is usually best obtained from geometrical 
considerations. 

For example, in the integral 


^ = || /(*> y)dxdy. 


x and the 


the limits for y are given by the right line y 
hyperbola xy = a % ; and the integral 
extends to all points in the space 
included by the hyperbola AL, the 
right line OA , where A is the ver- 
tex of the hyperbola, and the axis 
of y . Draw AB perpendicular to 
the axis of y. Now when the order 
of integration is changed, we sup- 
pose the lines which divide the area 
into strips taken parallel to the axis 
of # instead of the axis of y. Thus 
the integral breaks up into two parts— one corresponding to 
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the triangle OAB, the other to the remaining area : henoe 

U= f [?/(*, y)dydx + [ P ' f{x, y)dydx. 

Jo Jo Ja Jo 


As another example, let ns interchange the variables in 
the integral 



Here, let OC and OD be the 
lines represented by y - lx and 
y = mx ; and let OA = a . 

Then the integral is extended to 
all points within the triangle OCD. 

Accordingly, changing the order, 
we get 



y 

rla r a ftnm fm 

U=\ Vdydx+\ Vdydx. 
Jtna Jy Jo Jy 

T i 


Examples. 

i. Find the yalue of the double integral 


Jo Jo Via - 


fljfiixiy 


Jo Jo V(a —x)(x — y) 
Here, changing the order, the integral becomes 

fMfydx 


But 


r-= 

Jy V(« - 


dx 


’ V(a - x)(x - y) 
2. Ptoto that 

rU 


r a f a fit 

J 0 Jy — x){x - 
= ir; hence U~ irj f(a) -/(0)}. 


J im rY*«*-* B f<» ffl+V a *"f a 

I '/<*» y)dxdy - /(*, y)i'jdx. 

0 Jo j 0 ^a-Va 3 *y* 

[21a] 
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3. Hence find the value of 

! 'tm r^lat-n ^*(p) (g* + lj*)zdx&\ 

0 J. 


-<*"*• «’ {*(«) - ♦(O)}. 


4. Change the order of integration in the double integral 

1 U (V2«* 

F<*r<fy. 

0 "V tax-x* 

The limita of p are represented by the circle z 9 + y* = 2«r, and the parabola 
y 1 - lax ; and we readily find that 

r , (; f/'-- 4 )X_ r** + j; j; r**,. 


221. Hirlchletfi Theorem. — The result given in 
equation (1) has been generalized by Dirichlet (Inouville’s 
c Journal, 1839), and extended to a large class of multiple 
integrals, as follows : 

Commencing with three variables, let us consider the into- 


u -\\b 


ym-\ z *~'dxdyd%, 


in which the variables are supposed always positive, and 
limited by the condition 

x + y + 2 < 1. 

In this case the limits of s are o and 1 - x - y ; those of 
y are o and 1 - x ; and those of x , o and 1. 

fl fl-x fi-c-y 


J I I 

x' 1 y 1 *" 1 s^dxdyds. 

0 Jo Jo 

It is easily seen, from (i), that 

rr r c-*i.(wr 

J. Jo r(m + »+i) 
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therefore 


= r(m) r(») r(/)r(w + » + i) = r(/) r(»»)r(») 
r(»»+»+i)' r(/+w + » + i) r(/+»» + » + 1)‘ ' 

Again, in the same multiple integral, if x, y, z, being 
still always positive, are subject to the oondition 


we get 


x + y + s < h, 

rr i» r(n) 

r(l+m + n + i)‘ 


( 3 ) 


This readily appears by substituting x = haf, y = hy\ 
z = hz\ in the multiple integral. 

There is no difficulty in extending these results to any 
number of variables. We proceed from (3) to the oase of 
four variables ; and so by induction to any number. 

Thus, the value of the multiple integral 

v 

U= JJJ . . . x 1 - 1 y m ~ l s n_1 . . . dxdydz . . . , 


extended to all positive values of x, y, z, &o., subjeot to the 
oondition 


is 


x + y + z + &o. < 1, 


v r{i) r[m) r» . . . 
T(i + / + w + n + . . .)* 

Again, in the integral 

TJ = JJJ xh 1 z n ~' dxdydz , 


suppose the variables to be still always positive, but limited 
by the condition 



A 
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then making 


the integral transforms into 


?Y-». 


= w. 


jj - a> b m <? f p *' 1 1 dudedWy 

Pi r JJJ 


where « + v + to < i. 
Accordingly 


rf-W-W-") 

fl , 6 m c” \pj \q) yy 

= ~P^ r ( , I+ i + - + -) 

\ p q r) 


(5) 


18 


Again, from (3), the value of the triple integral 
y m ~ 1 z n ~'dxdydz, 

extended to all positive values, subject to the condition 
x + y + z > m and < w + du, 

r(i + /+«t + n) v r(/+i»+») 

Henoe the multiple integral 

SHF(x + y + s) s’* -1 dxdydz , 

taken between the same limits, has for its value 

m F( u ) u hm * n ~ l du. 

r (/ + »» + ») w 
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Accordingly, the value of the multiple integral 

JJJ F(x + y + z) x Ul y 1 *- 1 z n ~' dxdydz , 

extended to all positive values of the variables, subject to the 
condition 

x + y + z < A, 

is ^ f -F(«) <*«. (6) 

r(/+w + ») .I, w w 

In like manner it is seen that if the multiple integral 

(f)' + ©1 *-'*-'*" ***,** 


be extended to all positive values, subject to the eondition 



These results oan be readily extended to any number of 
variables. 


i. Find the value of 


Examples. 

J7* M y~ l **** 


Am. — 
sin lit ' 


extended to all positive values, subject to x + y < h. 



320 


Multiple Integral*. 


2. More generally, prove that 

Jj F f (z ^f) x^ 1 tr 9 dx dy ^ ^j^{F (h) - -F(o)}, 

where x + jr < h. * 

3. Find the value of 

/// . . dx\ dx% . . . dsn, 

extended to all positive values of the variables, subject to the condition 
*i 2 + xt 2 + ... + *»* < -B*- 


4. Prove that 


A... ~L__. 

U r( I + =) 


dr dy d* 


JJ ] Vi — r- — y* — t* 8 * 


the integral being extended to all positive values of the variables for which the 
expression is real. 

5. Show in general that 

IM-l 

dx 1 dr 2 drj . . dr* *■’2" 


’ ‘ Vi - «i 2 -X2 1 - . . - r » 3 


2»r 


under the same condition as in (3). 




222. Transformation of Multiple Integrals. — We 

proceed to consider the transformation of a multiple integral 
to a new system of independent variables. 

Suppose it be required to transform the integral 

JJJ/fo V> *) dxdydz 

to another system of variables, u, v, w, being given x, y 9 z in 
terms of u , v, w. 

This transformation implies in general three parts — 
(1) the expression of / (x, y, z) in terms of u 9 v, w ; (2) the 
determination of the new system or systems of limits ; 
(3) the substitution for dx dy dz. 

The solution of the first two questions is a purely algebraical 
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problem. We here limit ourselves to the consideration of the 
third question, and write the integral in the form 

jdx fdy ff(x, y , z) dz. 


In the integration with respect to z, x and y are regarded 
as constant ; accordingly, in order to replace z by the new 
variable w , we suppose z expressed, by means of the given 
equations, in terms of x, y, w; and then we replaoe dz by 

— dw. I Again, to transform the integration from y to t?, we 

must suppose y expressed in terms of v, w, x , and then dy 

replaoed by ~ dv : we next suppose x replaced by ^r-du ; and 
(tv du 

we finally replaoe 

„ dz dv dx 

dx dy dz by — -7- — du dv dw. 

* dw dv du 


It should be observed that in each of the latter transfor- 
mations a change in the order of integration is supposed. 

By this means the transformed expression is 

ill ♦<*•♦>*> sis * 1 *** <*) 

where <f> (u, v, w) is the transformation of f (x, y, z). 

The preceding would present, in general, a problem of 
extreme difficulty, especially in the investigation of the new 
limits at each change in the order of integration. The one 
matter in every case to be carefully observed is, that the trans- 
formed integral or integrals must include every element 
which enters into the original expression, and no more. 

Again, it may be observed that in the foregoing substitu- 
tions for dxdydz the order may be interchanged in any 
manner. 

Thus, if we commence by replacing x by u> we must 
suppose x expressed in terms of u,y, z; and then replaoe dx 

h7 Tu du > &0 - 
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As an illustration we shall consider the ordinary trans- 
formation from reotangular to polar coordinates, viz. : — 

x = r sin 0 sin y = r sin 0 cos 0, z = r cos 0 . 


Here we have 


therefore 

henoe 


Again 


dd 


therefore 


x 2 + y 2 + s 2 = r 2 ; 

a ? 2 « r 2 - y 2 - s* ; 

dx r i 

dr x sin 0 sin $ 


r sin 0, ^ ® - r sin 0 sin 0 ; 

fife dy , . 
dr d0 r* &m0 , 


and for the element of volume dx dy dz we substitute 
r 2 sin 0 dr dO d<p, 

a result which can be also readily shown from geometrical 
considerations. 

Next, let us oonsider the more general transformation 


ir = rsinfl A / i -m 2 sin 2 tf>, y=r sin^y/ i-tt 2 sin 2 0, s=rcos0oos^, 
in which m 1 + n % = i . 


Squaring, and adding the three equations, we get 

+ y 2 + z 2 = r 2 . 

In replacing a? by r, we get, therefore, 

dx _ r 1 

dr x sin 0 i - m* sin 2 0* 
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Next, to replace y by <p, we must express y in terms of r f 
<f>, and z : thus 


y = r sin. $ m* + ri* cos* 0 = sin 


<p Jm 2 r* + 


n 2 z 2 
00S* <p 


Hence 


= tan <j> y/ mV cos* <p + n 2 z 2 . 


dy 

d(p 


seo*^ y/ w* r* oos* </> + n 2 «* - 


w* r 2 sin* ^ 
y/wVcos 2 (ft + n 2 z 2 


m * r 2 cos*£ + w*s* seo* <f> r (m 2 cos 2 0 + n* oos 2 0) 

y/ w* r* cos 2 <j> -i- w* 3* cos $ y / m 2 + n 2 oos* 0 * 

and, finally, — = - r sin 0 cos 

Hence for dx dy dz we substitute 


r 2 (w* oos* ^ + n* sin 2 0) efr dO dtp 
y/ 1 - w* sin* y/ 1 - n* sin 2 0 ^ 

In general {Diff. Calc., Art. 325), the produot ^ ^ 

is the Jacobian of the original system of variables, x, y, z, 
regarded as functions of the new system, u, v, w. 

Accordingly, the general substitution for dxdy dz is 


dx 

dx 

dx 

du 

dv 

dw 

dy 

dy 

dy_ 

du 

dv 

dw 

dz 

dz 

dz 

du 

dv 

dw 


du dv dw . 


(10) 


223. Transformation for Implicit Functions. -if, 
instead of being given x, y, z explicitly as functions of u, v, vs, 
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we are given equations of the form 

Fi(x,y,z, u,v,w) = o, F 2 (x,y,z, u,v,w) = o, F z (x,y,z, u,v,w)=o, 


we have [Biff. Calc., Art. 324), adopting the usual notation 
for J aoobians, 

d(F x , F 2 , F 3 ) 

d (x, y, 2) = _ d (u, v , w) 
d (w, v, w) ~ d(F u F 2 , Fj) ' 
d (x, y, z) 


And for dxdydz we must then substitute 


< 7 , 

J2 


du dv dw, 


(11) 


where Ji is the Jacobian of the given system of equations 
with respeot to the new variables, and J 2 their Jacobian 
with respect to the original system. 

224. Transformation of Element of Surface. — If 

the equation of a surface be referred to a system of rectangu- 
lar axes it is easily seen, from Art. 189, that the element of 
its superficial area, whose projection on the plane of xy is 
dx dy, is equal to 



Accordingly the area of a surface may be represented by 


JJMtHIH- 

taken between proper limits. In this result z is regarded as 
a function of x and y by means of the equation of the 
surface. 

To transform this expression to new variables u, v , we, 
by the preceding Article, substitute 

(~T “r “ zr) du dv instead of dx dy. 

\du dv du dv) 
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Also 


therefore 


dz 

dz 

dx 

dz 

dy 

du 

dx 

du dy 

du' 

dz 

dz 

dx 

dz 

dy. 

dv 

dx 

dv dy 

do' 

dz 

dz 

dy _ 

dy 

dz ' 

_ du 

dv 

du 

dv 

dx 

dx 

d JL- 

dy 

lx 


du 

dv 

du 

dv 


dz 

dx 

dx 

dz 

dz^ _ dv 

du 

dv 

du 

dy 

dx 

dy 

dy 

dx 


du 

dv 

du 

dv 


Substituting, the expression for the superficial area be- 
comes 


jidxdy 

dy dx y 

/ dx dz dz dxV 

( (dzdy 

dy dz Y 

. J y\du dv 

dudv) 

\dvdu dvdu) 

\dv du 

dv du) 


225. General Transformation for » Variables. — 

The transformation of Art. 223 can be readily generalized. 
Thus, for the case of n variables, in the transformation of 
the multiple integral 

J/J . . Vdxi dx 2 dx, . . . dx n 

to a system of new variables, y lf y 2 , . . . y„, we substitute 
for dx 1, dr 2 , . . . dx n the Jacobian of x x , x t , ... x n regarded 
as functions of y lf y„ y 9 . . . y n ; henoe 


dxidxt . . . dx n = 


d (xi, x,,... x„) 


dy x dy, . . . dy n . (13) 


d (yi, yi, • • • y») 

And in the oase of implicit functions, we substitute 
Jx 
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where Ji and J 2 are respectively the Jacobians of the system 
of equations with respect to the new, and to the original, 
system of variables (compare Diff. Calc . 9 Art 324). 

22 6 . Green’s Theorems. — We shall conclude this 
Chapter 'with a brief notioe of the very remarkable theorems 
given by Green (“ Essay on the Application of Mathematics to 
Electricity and Magnetism,” Nottingham, 1828, reprinted, 
1871), as follows: — 

If U and V be functions of x 9 y 9 a, the reotangular coordi- 
nates of a point ; then, provided TJ and V are finite and con- 
tinuous for all points within a given closed surface S 9 we have 


IK" 


dU dV dU dV dUdV\, , , 

ik*ww**rdrr d,/d ‘ 


+ JF ♦£>** 


b 


1 


where the triple integrals are extended to all points within 
the surface S 9 and the double integrals to all points on 8 \ 
aud dn is the element of the normal to the surface at dS, 
measured outwards. 


For, since 
we have 


i( ud D- 


dUdv <rr 

dx dx + da? * 


JJJi ( u &)' **■ *y' ds - ITf 3 ? & d y dz 


JJJ dx dx 


d*V 

TJ -^dxdyd % 9 (14) 


the integrals being extended to all points within 8 . 

Again, since 8 is a closed surface, any intersecting right 
line meets it in an even number of points ; consequently 
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where x l9 x 2y Jh 9 JJ 2 , represent the values of x 9 U , for two 
corresponding points of intersection with S 9 made by an 
indefinitely thin parallelepiped standing on dydz ; and 2 
denotes the summation extended to all such points of inter- 
section. Now, as in Art. 192, let dS i9 dS 2 , dS S9 &o., repre- 
sent the corresponding elementary portions of the surface; 
and Xi, X 2 , X 3 , &c., the angles that the exterior normals make 
with the positive direction of the axis of x ; we shall have 

dydz = cos Ai dSi - - cos X 2 dS 2 = cos A 3 dS 2 = - cos X4 dSi = &c. 

Accordingly 

<■*> 

under the same restrictions as to limits as before. 

Hence, from (14), we find 

jlf s' s ■ **• iy * - \\ n "i °°* x dS ~ J JJ * 7 w 1 *" *> 


along with corresponding equations for y and z. 
Accordingly 

md^dv + dudv + du d r\ 

. JJJ dx dydy dz dz J ^ 

f|’ (dV . dV dV \._ 
= J I U [ — cosX + cos/x + — cos v JdS 


-IIW: 


d'V d'V d'V\. . , 

w + w + W j***- 


Again, we obviously have 

dx dy 

cos A = -7-, cos u = 


dz 

-r 9 cos v = — ; 
c/n dn 


dV , tfF rfF dV 

- — cos A + -j— cos u + -7— cos v = — . 
dx dy dz dn 


therefore 
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Hence 


(16) 


[[((dVdriUdriVdjs 
JJJ \dx dx dy iy to * ,/ y 

- If < dS - fff Ks? - W ' sr)‘ ^ 

The latter expression is obtained by the interchange of U and 
V in the preceding. 

If TJ = F, we get 

j*** 


\\dx J ' \dy 

-IK>- ffK^^£>- 

We shall now determine the modification to be made when 
one of the functions, TJ for example, becomes infinite within S. 
Suppose this to take place at one point P only: moreover, infi- 
nitely near this point let TJ be sensibly equal to r being 

the distance from P. If we suppose an indefinitely small 
sphere, of radius a, described with its oentre at P, it is clear 
that ( 1 6) is applicable to all points exterior to the sphere; 
also since 


fd 1 <P_ d’Xi 
+ dy > + dz % ) r 9 


it is evident that the triple integrals may be supposed to extend 
through the entire enclosed space, since the part arising from 
points within the sphere is a small quantity of the order of a*. 

Moreover, the part of Jj dS f due to the surface of the 

sphere is indefinitely small of the order of a . It only remains 

to consider the part of Jj V^j^dS due to the spherical but- 
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face. Here, as V is supposed to vary continuously, we may 
take for its value that ( V') at the point P : also 


dU ^ dU 
dn dr 



i 

? 


i 

a’ ; 


consequently the value of J J V — dS f for the sphere is 

- 4 irF'. 

Thus (16) becomes 

where, as before, the integrals extend over the whole volume 
and over the whole exterior surface. 

The same method will evidently apply however great 
may be the number of points, such as P, at which either U 
or V beoomes infinite. 


Examples. 


i. If l7=acoaM + iain«co 8 r + C 8 m wjsin r, 


prove that j** J** /( U) Bin u du dv = 2 t J f(Aw) wdw, 

where A = >/a* + P + 0 *. 

Let a? = cos w, y = sin w cos v, * = sin u sin v ; 

then {x y y, s) are the coordinates of a point on a sphere of unit radius, 
with centre at the origin. 

Also let a = Aa, b = A$ y e = ^ 7 ; then a, j 8 , 7 is also a point on the samo 
sphere, and 

m cos u + b sin w cost + * sin * sin v = A cos 0, 

[ 92 ] 
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where 0 is the arc joining the point a, y to x, y, t. Again, the element of 
the surface of the sphere at the latter point may be represented bjanududv, or 
by sin 0 <20 indifferently. Consequently 

/(« cos u + 3 sin u cos r + $ sin u sin r) sin u du dv =f(A cos 0) sin 0 d$ dp. 

Integrating each of these oyer the entire surface, we get 

mnududv = j /(-4 cos 0) sin 0 d$ df = 2* |*/(-4 cos 0) sin 0 <f». 

2 . Hence, deduce the following : 

| fr |*"/(Z7’) sin« cov u du dv = f(Ato)ufdu>, 

( CT) sin* uco»vdudv = f{Au?)wdu>. 

These are deduced from (i) by differentiation under the sign of integration. 

3. Show that the integral 

TJ- ///(* + y)* 1 ” 1 y^'didy, 

supposed extended to all positive values subject to the condition * + y < can 
be reduced to a single definite integral, by the substitution 

x = uv, y — u(i — v). 

Here x + y = «, and dx dy becomes udv dv ; also the limits for « are o and k, 
and those for 0 are o and 1 ; hence 

U = | £ f(u) u i+wrl e*- 1 (1 - e)*- 1 du dv 

= r + m) (,-^W iu - (Compare Art. 221). 

4. Show that the foregoing process can be extended to the integral 

U = ////(* + y + *) ** _1 y **” 1 S '*" 1 dx dy dz,\ 
when the variables are always positive and subject to the condition 
x + y -f z < a. 

Substitute for x and y as in last ; then, regarding s as constant, the limits 
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for « are o and i, and those for u are o and a — z ; hence 


rfflr(m) 
r (l + m) 



td ¥mrl s*" 1 du dz 


r(/)r(m)r(n) 
r (J + m + ») 


/ («) W **" 4 *" 1 


rfw. 


This process is readily extended to any number of variables. 
5. Find the value of the definite integral 


By Art. 120 we have 


*1 v'-' {i-v)**-'dv 
lo {3 ( I — v) -f ar}**** 


f f x *’ a y 1 *" 1 r***v dxdy = T • 

Jo Jo tf* 
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Transform by the substitution x=uv, y = u (1 - r), then, sinoe the limits for 
are o and 1, and those for u are o and 00 , we get 


r ^7 H - *“ | | ( 1 - v) m_1 1 ?*- 1 dvdu 


= r 



(1 — v) m ~ l dv 
[£(i-r) + «r}i + »’ 


therefore 

6. Prove that 


r 1 v 1 - 1 (1 — v) m_1 dv 


rfflr(m) 


1 ° {bv(i-v)+av} hm T(l+tn) a 1 b m ' 

f f F(ax + by, *'% + b'y)dxdy= l -\ f F(x 9 y)dxdy t 
J-OD J-00 K J-Oi J-OB 


where 

7. Prove that 


when 


A = 


a 5 
a' b’ 


rT r¥ (m 2 cos 2 g + >1*006* 4 >)d$<fy 


n 2 (m* cos* 9 
0 V(i -m 2 si 


sin 2 g)(i — n % sin 2 <p) 2 * 

m % + n 3 = I. 


This is an immediate consequence of (9), Art. 222. 

8. Show that Legendre’s Theorem connecting complete elliptic integrals 
with complementary moduli follows immediately from the preceding example. 
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w w 

Let F(m)=(* ** -=. F(m)^ f Vi -wfim'ede, 

Jo Vi - m 2 sin*0 Jo 

then the result given in Ex. 7 is easily transformed into 


F(m) E(n) + E(m) F(n) - 

9. Prove that the area of a surface in polar coordinates is represented by 

ff>H ( r,+ 3 

taken between suitable limits. 

10. Show by actual integration that 

!!f(£ + | + ?) = Jj(« c o»« + * c oefl + «co«7)*S, 

where the integrations, respectively, extend through the volume and over a 
closed surface 8 ; a, j8, 7 being the direction angles of the outward drawn 
normal at d 8 . 

11. Transform the multiple integral 

JJJJ Vdx dfdtdio 

by the substitution 

x — r cos 9 cos^, y = r cos 6 sin * = r sin 0 oos 4, to = r sin 0 ain 4. 

The transformed expression is 

//// Fir 3 sin 9 cos0 drd$d<pd\p, 
where Pi is the new value of P. 


12. If 


*1 « 


UiU% «S «1 Ml M* 

■ > *a = , «s = , 

Ml M2 Ms 


prove that JJJ V d&idx*dx* transforms into 4 JJJ Pi dmduidus. 
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CHAPTER XII. 

ON MEAN VALUE AND PROBABILITY. 

227. A very remarkable application of the Integral Calculus 
is that to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will oonsider a 
few of the less diffi cult questions on these subjeots, which 
will serve to give at least some idea of the methods em- 
ployed. We will suppose the student to be already acquaint- 
ed with the general fundamental principles of the theory 
of Probability. 


Mean Values. 

22 8. By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the n th part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very dose 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the required mean value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity v , and it be asked — What is its mean velooity 
during the fall ? If we take the mean of the velocities at 
successive equal infinitesimal intervals of time, the answer 
will be it?; but if we consider the velocities at equal intervals 
of space , it will be ft?. The former is the most natural sup- 
position in this case, because it is the answer to the question 
— What is the velooity with which the body would move, 
uniformly, over the same spaoe in the same time ? — a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to whioh the second 
value above would be the answer. 
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Again, ii we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other ; or through equi- 
distant points of the ciroumference ; or such that the areas 
between eaoh pair shall be equal : in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 


229. Case of One Independent Variable. — We 

will therefore suppose any variable magnitude y to be ex- 
pressed as a function 0 (#) of some quantity x on whioh it 
depends, and its mean value taken as x prooeeds by equal 
infinitesimal increments h from the value a to the value b. 
Let n be the number of values, then nh = b - a. The mean 
value is 


1 

n 



+ $ (a + h) + <p (a + 2h) 


+ 


But (Art. 90), 


h ( a ) + if) {a + A) + 0 {a + ih ) + = <p (x) dx. 


Henoe the mean value is 


M = 


rr^I. 


(■) 


Examples. 

1. To find the mean value of the ordinate of a semicircle, supposing the 
series taken equidistant. 


M=~ f Vr I 2 — # 2 dx — — nr, 

2 r J.r 4 

viz., the length of an arc of 45°. 

' 2. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

I fir 2 

M = — I r sin 9 d 9 = -r ; the ordinate of the centre of gravity of the arc. 

w J 0 w 
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3. Determine the mean horizontal range of a projectile in vacuo for different 
angles of elevation from 45 0 - $ to 45 0 + $ ; given the initial velocity V. 

If a be the angle of elevation, the range is 

F* 

£ = — sin 2a. 

9 


Henoe 


therefore 


1 f r* 

M = — J — sin 2aday between the limits 45 0 ± $ ; 


V 2 sin 20 
g s 26 c 


The mean value for all elevations, from o° to 90°, is 


2 V 2 
* 9 ' 


4. A number n is divided at random into two parts ; to find the mean value 
of their product. 

M=- f x(n — x)dx - in*. 

w Jo 6 


5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points, A, as fixed, 'and the other, B, 
to range over the whole circumference : since by altering the position of A we 
should only have the same series of values repeated : let 0 be the angle between 
AB and the diameter through A : as we need only consider one of the two semi- 
circles, 

ir 

M==— f 2r cos BdO = — . 

w Jo » 


6. To find the mean values of the reciprocals of all numbers from n to 2 n 9 
when n is large : that is, to find the mean value of the quantities 



that is, the mean value of the function as z goes by equal increments from 
1 to 2; 

( 2 dx 1 

— = - log 2. 

1 nx n 

7. To find the mean values of the two roots of the quadratic 
x 2 - ax + b = o, 

the roots being known to be real, but b being unknown, except that it is 
positive: 
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a* 

That is, b 1b equally likely to have any value from o to — ; hence for the 
greater root, a, 4- 

«* 

i r * 

i « 2 Jo 

therefore if = ^ a. 


The mean value of the smaller root is - a. 

' o 

1 7 i 

The mean squares of the two roots are — «*, — a 2 . These might he deduced 

24 24 

from the former results, since 

M(x 2 ) - aM(x) + M(b) = o. 

8. Find the mean (positive) abscissa of all points included between the axis 
of x and the curve 

** 

. c 

y = ae e * . Ans. — . 

Vir 

The mean square of the abscissa is Jc 2 . 


230. If M be the mean of m quantities, and M' the mean 
of rri others of the same kind, and if fi be the mean of the 
whole m + rri quantities, we have evidently 




mM + m'M' 
m + rri 


M 


Thus if it he required to find the mean distanoe of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

Af* 

the mean value when it falls on the arc is — , we have 

7 r 


4 r 

2 r . r + 7r r — 
M = * 


6 r 


2r + 7r r 


2 + 7 r 
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23 1 • Case of Two or More Independent Variables. 

— If 2 = <f> (x 9 y) be any function of two independent variables, 
and x 9 y be taken to vary by constant infinitesimal increments 
h 9 ky between given limits of any kind, the mean value of the 
function 2 will be 

jjzdxdy 
jjdxdy 9 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose x 9 y , z the 
coordinates of a point ; and to conceive the boundary, repre- 
senting the limits, traoed on the plane of xy 9 and then ruled 
by lines parallel to x, y at intervals k , h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surfaoe z = <p(x 9 y), 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 

volume jjzdxdy = sum of ordinates x hk ; 

also the plane area jj dxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any f unotion of the coordinates 
of a series of points uniformly distributed over a given plane 
area. 


Examples. 

1. Suppose a straight line a divided at random at two points, to find the 
average value of the product of the three segments. 

Let the distance of the two points X, Y, from one end A of the line, be 
called x, y. Consider first the cases when x > y ; the sum of the products for 
these is half the whole sum ; hence 

M= 1 ~ y ^ a ~ dxdy = Zo^' 

2. A number a is divided into three parts ; to find the mean value of one 
part. 
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Let *, y, a — x — y, be the parts ; 


M: 


i . t*** i 

rr** 


= -a. 
3 


This value might be deduced, without performing the integrations, by consider- 
ing that the expression is the abscissa of the centre of gravity of the triangle 
OAB ; OA, OB being lengths taken on two rectangular axes, each = a . 

Of course the result in this case requires no calculation ; as the sum of the 
mean values of the three parts must be = a ; and the three means must be equal 

The mean square of a part is - a 8 . 

3. A number a is divided at random into three parts: to find the mean 
value of the least of the three parts: also of the greatest , and of the mem. 
Let y, a - * - y, be the greatest, mean, and least parts. The mean value 

of the greatest is if = : °* t>°th 

integrations being given by 

x>y>a — x — y>o. 

If x, y be the coordinates of a point, referred 
to the axes OA , OB , taking OA — OB = a, the 
above limits restrict the point to the triangle A VS 
(AM being drawn to bisect OB) ; and the above 
value of if is the abscissa of the centre of gravity of 

this triangle ; L e. - of the sum of the abscissas of its 

angles; hence 



Fig- S3- 


r 1 / * I \ II 

r=- a + a+-a] = — t 

3 V ^ 3 / 1 * 


The ordinate of the same centre of gravity, via., 

i/ 1 1 \ 5 

3\2 3 / 18 * 

is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively 



1 


-a. 

9 


4. To find the mean square of the distance of a point within a given square 
(side = 2«), from the centre of the square. 
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It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane fa the square of the radius of gyration of 
the area round that point. 

5. To find the mean distance of a point on the circumference of a circle from 
all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, if dS 
be any element of the area, we have 


M = 


jjrdS 
x a 2 



9 » 


232. Many problems on Mean Values, as well as on 
Probability, may be solved by particular artifioes, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 


Examples. 

1. To find the mean distance between two points within a given circle. 

If M be the required mean, the sum of the whole number of cases fa repre- 
sented by 

(xr 2 ) 2 Jf. 

Now let us consider what fa the differential of this, that fa, the sum of the new 
oases introduced by giving r the increment dr. If M 0 be the mean distance of 
a point on the circumference from a point within the circle, the new cases intro- 
duced by taking one of the two points A on the infinitesimal annulus nrrdr, are 

xr 2 Jfo . 2 irrdr ; 

doubling this, for the cases where the point B fa taken in the annulus, we get 
d. {(xr 2 ) 2 Jf } = 4*2 M 0 t* dr. 


Now Mo = — (Ex. 5, Art. 231) ; 

qx 

128 C r 

therefore x*H Jf x r* dr ; 

9 *0 

therefore M = — r. 

45» 

2. To find the mean square of the distance between two points taken on any 
plane area Cl. 

Let dS t dS' be any two elements of the area, A their mutual distance, and 
we have 

M=~sss!AUSdS'. 


t 
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Now, fixing the element £8, the integral of A *£8* is the moment of inertia 
of the area O round £8 ; to that if K = radius of gyration of the aien round £8, 


M=-ffK*£8: 


let r — distance of £8 from the centre of gr a v ity O at the nee, k the radio* of 
gyration round G ; then 

i» = r« + 4»; 


therefore Jf= i» + i//r*4l»= xi?; 


thus the mean square is twice the square at the radius of gyration of the area 
round its centre of gravity. 

233. The mean distance of a point P 'within a given area 
from a fixed straight line (which does not meet the area) is 
evidently the distance of the centre of gravity G of the area 
from the line. Thus, if A, B are two fixed points on a line 
outside the area, the mean value of the area of the triangle 
APB = the triangle AGB. 

From this it will follow, that if X, Y 9 Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZ is the triangle GGr G", 
determined by the three centres of gravity of the spaoes. 

Example. 


I. A point P is taken at random within 
a triangle ABC, and joined with the three 
angles. To find the mean value of the 
greatest of the three triangles into which 
the whole is divided. 

Let G be the centre of gravity ; then if 
the greatest triangle stands on AB, P is 
restricted to the figure CHGK, and the 
mean valne of APB is the same as if P 
were restricted to the triangle GCK', hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCK, and base AB ; 


C 



therefore 


Jf= - (ACB + AKB + 
3 


AQB) = I ( 


l + - + -\aJBC; 

* 3 / 


hence the mean valne is — of the whole triangle. 

The mean values of the least and mean triangles are respectively - and ^ 

q IS 

of the whole. 

This question can readily be shown to be reducible to Question 3, Art. 231. 
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234. If M be the mean value of any quantity depending 
on the positions of two points (e. g. their distance) which are 
taken, one in a space M, the other in a space B (external to 
A ) ; and if M' be the same mean when both points are taken 
indiscriminately in the whole space A + B; M A , M B the 
same mean when both points are taken in A , or both in JB, 
respectively; then 

(A + BY M' = 2 ABM + A* M a + B 3 M Jt . (4) 

If the space A = JB, 

4 M'= 2 M+M A + M Jt ; 

if, also, M a = M m , 

2 M'=M+M a ; 

thus if M be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, M x that of two 
points in one semioirole, we have (Art. 232) 

45’r 

To determine M or M x is rather difficult, though their 

sum is thus found. The value of M is l —~ r. 

i35*- a 


Examples. 


1. Two points X, Fare taken at random within a triangle. What is the 
mean area M of the triangle XYC f formed hy joining them with one of the 
angles of the triangle P 

Bisect the triangle by the line CD ; let M x be the mean value when both 
points fall in the triangle ACD ; M% the value when one falls in ACD and the 
other in BCD ; then 

2 M= Mi + M 2 . 

But M\ = - M ; and M% = GCF C f where G, G' are the centres of gravity 
of ACD , BCD , this being a case of the theorem in Art. 233 ; hence 

Jf 2 = - ABC, and U= — ABC. 

9 27 

2. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 
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By a similar method thin is found to be 


of the whole square. 

108 ^ 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if if be the mean, the sum u c 

of all the cases is 


- M = - Jf , + 2 - M t + Jfs, 

4 4* 4 a 4* 

Jfi, M%, Mt being the mean areas when the second 
point Y is taken respectively in OA, OB, and OC. 
But Mt « M\, for to any point Y in OC there cor- 
responds one Y* in OA, which gives the area 
OXY f = OXY; 


therefore 


jr= iif, + -Mt. 

2 2 


.Y 


A 


Fig. 55 * 


But Mi 


= Jfi = -4 ; hence M = -A of the whole square. 4 

108 4 16 108 ^ 


235. If two spaces A + C y B + C have a common part (7, 
and M be any mean value relating to two points, one in A + C 9 
the other in B + C ; and if the whole space A + B + C = W \ 
and M w be the same mean when both points are taken indis- 
criminately in W ; M a when taken in A, &o., then 

2 ( A + C) (B + C ) M = W' M w + C 2 M c - A'M a - FM*, (5) 

as is easily seen by dividing the whole number W % of oases 
into the different classes of cases whioh oompose it. 


* In such questions as the above, relating to areas determined by points 
taken at random in a triangle or parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projection; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
aide of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 
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Example. 

Two segments, AB, CD, of a straight line have a common part CB\ to 
find the mean distance of two points taken, one in AB t the other in CD. 

*AB . CD. M =JJP . -AD + OS* . - CB - AC 1 , i AO - BIP. - BD, 

3 3 3 3 

since the mean distance of two points in any line is i of the line ; 


therefore 


Jf= 


AD* + CB* - AC* - DB * 
6AB.CD 


236 . The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space A, the chance of a 
point P, taken at random on A, falling on S, is 

8 


But if the space 8 be variable, and M (8) be its mean value, 


p = 


ms) 

A ' 


( 6 ) 


For, if we suppose S to have n equally probable values 
S t , the chance of any one S, being taken, and of 

P falling on Si, is 


now the whole probability p = p x + p, + p, + . . . ; whioh leads 
at once to the above expression. 

The ohanoe of two points falling on S is 


„ ^(S 1 ) 


( 7 ) 


In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X 9 T taken at random in a line, 
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by the consideration that if a third point Z be taken at random 

in the line, the ohance of it falling between X and Y is - ; as 

3 

one of the three must be the middle one. Henoe the mean 

distanoe is - of the whole line. 

3 

Again, the mean n th power of the distanoe is , ^ 

6 9 m r _ (n-f* i)(n + 2) 

where a = whole line. For if p is the probability that n more 
points taken at random shall fall between X and Y, 

Jf(XF)*- (Pp. 

Now the ohanoe that out of the n + 2 points, X shall 

2 

be one of the extreme points is ; and if it is so, the 

r n+ 2 9 

ohanoe that Y shall be the other extreme point is — — . 

n + 1 


Examples. 


1. From a point X taken anywhere 
in a triangle, parallels are drawn to two 
of the sides. Find the mean value of 
the triangle TJX V. 

If a second point X* be taken at 
random within ABC, the chance at 
its falling in X TJV is the same as the 
chance of X falling in the correspond- 
ing triangle X! U' V ; that is, of X’ 
falling on the parallelogram XC. Hence 
the mean value of TJX V = mean value 
of XC. But the mean value of ( TJX V 

+ XC) is ABC; as the whole triangle 
3 

can be divided into three such parts by drawing through X a parallel to AB. * 
Thus 

M(UXV) = i ABC. 

The mean value of TJV i b-AB. For TJV is the same fraction of AB that the 
3 

altitude of X is of that of C : see Art. 233. 



* The triangle may be considered equilateral : see note, Art 234. 
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Cob. Hence, if p bo the perpendicular from X on AB t h the altitude of 
triangle ABC, we get 

urn A*. 

If the area ABC be taken as unity, we hare, since JIXV : AXB = AXB : ABC \ 
(AXB)* = UXV. 


Thus the mean square of the triangle AXB is If two other points F, Z are 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point falling on UXV ; i. e. -. Hence we may easily 

6 

infer the following theorem : — 

If three points X, F, Z are taken at random in a triangle, it is an even 
chance that Y, Z both fall on one of the triangles 
AXB, AXC ; BXC. D 

2. In a parallelogram A BCD a point X is taken at 
random in the triangle ABC, and another Y in ABC. 

Find the chance that X is higher than F. 

Draw XR horizontal : the chance is 

mean area of ARK -f- ABC. 

But ARK - X UV, and the mean area of X TJV- \ ACB Hi 

i ® 

(Ex. i) ; hence the chance is 

3. If 0 be a point taken at random on a triangle, and 
lines be drawn through it from the angles, to find the 
mean value of the triangle BEF. (Mr. Miller.) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
three times its value from ABC. If we put a, fi, y for the triangles BOC, 
AOC, AOB, it is easy to prove 



AEF- 


fiy 


(a + P) (a + 7) 


ABO. 


If we put the whole area ABC= 1, and if 
dS be the element of the area at 0 , 

the integration extending over the whole triangle. 

But if p, q are the perpendiculars from 0 on the sides £, e, it may be easily 
shown that the element of the area is 



Fig. 58. 


dS> 


an-fi±2 


[ 38 ] 
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Thai the mean value of ABB becomes 


20ydPdy f», 0 . t _ M 2fi JO 

r -J 0 Jo (I -/8) (I - 7) J 0 ^“ ~ l0g ^ ) 


Jo (*-/8)(l 
Again, by Art. 95, the definite integral 

r 1 0 log a 


I 




therefore 



Hence the mean value of the triangle DBF is 


10 — IT 2 , 

that of ABO being unity. 

It is curious that the same value, io — w\ has been found by Col. Clarke to 
be the mean area of a triangle formed by the intersections of three lines, drawn 
from A y B y C to points taken at random in a, b t e respectively. 

4. To find the average area of all triangles having a given perimeter (u). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, a, b, c, and only those cases are taken in which a, b , c can 
form a triangle ; then the mean value of 


A - a) (• - »)(*-«) A X Y i' 

59 - 

has to be found. 

Take AB = 2 s, let X, Y be the two points of division, AX = r, AY = y : 
these are subject to the conditions 


Now 


x<t, y>ty y-z<». 

A , 

- *) (y -«)(«- v + *) ; 

1 [ * (* V {•-*)(*-*) (« - v + *) • ty** 

•• — -M{A)=±^ 


Cl; 


dydx 


vA 

Again, by Art. 132, we have 

J* v/ (*-*)(*-y + *)d* = g (2* - vY ; 

The result is therefore : — Mean area = (*•)*• 

In the same case we should easily find 

Mean square of area = 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed by them is of the given triangle. 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Mo be the mean area when one of the three points is restricted to a 
side of the given triangle, 

4 

Let A receive an increment of area dA, by adding to it an infinitesimal band 
included between the base a and a line parallel to it ; the increase produced in 
the sum of all the cases is found by considering one of the random points X 
taken in this band ; the additional cases introduced will be 


A 2 dA , Mo. 


The whole increase is treble this, for we must consider also the cases when 
Y y Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to the square of dA). Now the sum 
of all the original cases is A *M ; hence 


d{A*Af) = 3A 2 M 0 dA. 

M 

Now — is constant for all triangles (see note, 
A 

Art. 234); 

hence — d . A* » 3A* ModA , M — — Mo. 

A 4 



Again, to find Mo, consider the random point X fixed at a particular point 
JDJrf the base a, the other two points, Y> Z, ranging all over the triangle. Let 
M' be the mean value of DYZ\ the sum of all the cases, vis., A 2 M\ may be 
decomposed into three groups : (1) when Y, Z are in ABB \ (2) both in A CD ; 
(3) one in each triangle : 


(ABO)* W = (ABB)* . 4 ABB+ (ACL)* . —ACL+ 2 ABL.ACL. 

27 27 9 

by Ex. (1), Art 234, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABB and ACB 
(Art. 233). Let BB = x, altitude of triangle = p, and we get 




9 


Now when the point X falls in the element dx y the sum of all the cases is 

[88a] 



348 On Mean Value and Probability . 

A*1T& ; and hence, when X ranges from B to C, the whole sum of cases Is 

•A* if. = J - (*,)•['{ ± ,» + i | *)j& ; 


«A*If. = ($/>)’-«* = - «A*. 
9 9 


Henoe Jfo = - A]; and therefore Jf « 


- Jfo = -— A. 
4 12 


Con. Hence, if four points, A, B, C, D, are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is i For 
the chance that B falls in ABC is the mean value of ABC divided by the 
whole triangle, that is ; and we have to add to this the^ohances that C falls 

2 

in ABB, Ac. The chance that ABCB is oonvex is 

6. The mean distance of the vertex of a triangle irom all points in the area is 
equal to its distance from the centre of gravity, measured along a parabolic path, 
which leaves the vertex in the direction of one of its aides, and reaches the 
centre of gravity in a direction parallel to the other— the axis of the parabola 
being parallel to the base. 

Let an indefinite line AT he con- A 

ceived to revolve round A, from the 
direction A C to AB ; and as it revolves, /[ vv 

suppose that all the mass of the triangle / [ ^ V\ 

ABC which lies to the right of it is T / W 

transferred continuously to the vertex A. y yK \\ X. 

The centre of gravity of the whole mass / \ Vv 

will thus describe a curve starting from / G \\ 

G, and ending at A. When the line is / \\ 

at AT let the centre of gravity be at g ; £ X 

and when it is in the oonsecutive position * p 0 

AT*, let the centre be at /. As the ©*• 

mass of the triangle ATT* has been transferred toA,gg*iB parallel to AT ; also 


since - AT is the distance traversed by the centre of gravity of the transferred 
portion of the whole mass.* 

But as - AT is the mean distance of all points in ATT * from A, the sum of 

2 

every element in ATT* into its distance from A sTATT* x - AT. Hence the 

sum of all the elements gg* , i. e. the whole -arc GA = sum of every element of 
ABC into its distance from A , divided by the area ABC, L e. the mean distance 
required. 


* See Bankine, Applied Mechanics, p. 54. 
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It it easy to show that if g T is drawn parallel to BO, 

AT*m*£ f T; 

3 a 

so that the curve is the parabola mentioned above. For A and g are in directum 
with the centre of gravity of ABF; and hence, as g is the centre of gravity of 
ABF and a mass at A equal to AFC, 

AT BF BF e 
and igT m AT* 

— 0 
3 


PROBABILITIES. 

237. The oaloulatioii of Probabilities, when the number 
of favourable oases, as well as the whole number of oases, is 
finite, is not a subject for the Infinitesimal Caloulus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here whioh we had occasion to 
make as to mean values (Art. 228). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases whioh we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random , that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, seoondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense whioh precludes any such uncertainty. 

238. Let us consider a simple question on chanoes. Two 
integers are chosen at random from o to 6 inclusive ; to find 


* Of course a large number of values taken at random for a variable do not 
really form an equi- different series : but, as they must give a number of points 
(when measured along a straight line) of uniform dentity, they may be taken, 
for the purposes of calculation, as equi-different. 
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the ohanoe that the greater of the two exoeeds a given value, 
suppose 3. Here the whole number of oases, all equally 
probable, is easily seen to be 

1 + 2 + 3 + 4 + 5 + 6, 
and the number of favourable oases is 

4 + 5 + 6 , 

so that the required ohanoe is y 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a; find the chance that the 
greater of the two is less than a given value b : — 

Let x be the greater; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to x) ; henoe the number of cases when the 
greater falls between x and x + dx is measured by xdx ; the 

whole number of oases is therefore J xdx ; and the favourable 

. 6* 
xdx. The required ohanoe is therefore p = 

0 a 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a 9 from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the ohanoe that both points fall within b ; which chance 

is evidently 

239. We prooeed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or oonneot them into a regular theory. We 
will give, in particular, several on Looal or Geometrical 
Probability. 
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Examples. 

i. If an event B is known to have occurred in a certain century, the chance 
that it was not distant more than n years, from the middle of the century is of 

2ft 

course — ; but if three events, A, B> C, are known to have occurred in the 

century, and that A preceded J B, and B preceded C, let it he proposed to find 
how far this amount of knowledge alters the value of the chance for B. 

Let x he the time from the beginning of the century to the event B ; for 
any assigned value of x, the number of triple cases is x (ioo — x) : hence the 
number of favourable cases divided by the whole number is 

I SO +n 

x(ioo — x) dx 

_ . " (JLY 

y ~ ' ,no ^ IOO * \lOO/ 


1 100 

*(100 - x) dx 
o 


2. Two numbers, x , y, are chosen at random between o and a : find the 

e* 

chance that the product xy shall be less than — (its mean value). 

4 


Here 


Jjdxdy 


a* 


the integral being limited by a > x > o, a > y > o, and xy < — . We have 

4 

o 

accordingly to integrate for y from a to o, when x is between o and - ; and from 

tP 0 

— to o, when x is between - and a ; thus 
4 * 4 

a 

( ^ f fl d* 0* 0* 

adx + I ^ dx- — | log 4. 

0 Jo 4 * 4 4 


Hence 


1 1 1 

P = -+-l0g2. 


3. Two points are taken at random in a given line 0 ; to find the chance 
that their distance asunder shall exceed a given value e. 

It is easy to see that the distances of two such points from one end of the 
line are the coordinates of a point taken at random 
in a square whose side is 0. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed over 
its surface. 

Thus, if in the above question 0, y stand for the 
distances of the two points, from one end of the line, 
y being greater than x , we have to find the chance ^ l 
of y — x exceeding c. The point P whose co- 
ordinates are 0, y, in the square OB (side = 0), 
may take all possible positions in the triangle OBB, 
if no condition is imposed on it. But if y - x > c t 
then if we measure OS = e, the favourable cases Fig. 62. 
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occur only when F if in the triangle BSI ; hence the probability required 

BSI 


OBD 


(-) 


In fact this is only performing the integrations in the ex pres si on 

VV^dxdy 


p = 


\:i>+ 


4. Two paints being taken at random in a line «, to find the chance that no 
one of the three segments shall exceed a given 
length e . 

The segments being as before, z, y — x, a — y, 

FR = x , FK = a — y, PI = y — z. There will 
be two ease * : — 


(1). If e> - a; take OU= BV=DZ=BN=c; 


are when F falls in the hexagon UZNMJV; 
OBJD - 3 . UBZ la - e\ * 


Pi = 


OBJ) 





(2). If e < -a ; take OTT — BV = e, as before ; then the only favourable 


cases are when F falls in the triangle BST; 
BST 


K 


therefore 


P 2 = 


OBD 




since B8T = - BT 2 , and BT= VT + BH - VR 
2 


*= 2c — (a — c). 

Such cases of discontinuity in the functions 
expressing probabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus, in the present question, O 
if Pi =/M> P2 = F(c), we have 

f(c)-f{a-c)=F{c)-F(a-c). 


*11 


Fig. 64. 


5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the 
distance between each pair, being thrown at random on the floor, to find] the 
chance of its falling on one of the lines {Buffon's problem ). 

Let x be the distance of the centre of the rod from the nearest line, # the 
inclination of the rod to a perpendicular to the parallels, 2a the common distance 
of the parallels, 2c the length of rod ; then as all values of x and $ between their 
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extreme limits are equally probable, the whole number of cases will be repre- 
sented by 



ira. 


Now if the rod crosses one of the lines we must have e > 
favourable oases will be measured by 


x 

cos 6 


so that the 



2t. 


Thus the probability required is p = — . 

xa 

This question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir from this result, by making a large number of trials 
with a rod of length 2 a : the difficulty, however, here consists in ensuring that 
the rod shall fall really at random. The circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others. Though we 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 


240. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, but 
are such that the probability of a certain value for a variable 
depends, according to some law, on the magnitude of that 
value itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value x , being proportional 
to x itself. This would be in fact supposing the series of 
points in question as ranged along the line with a density 
proportional to x ; as, e. g., if they were the projections on the 
line of points taken at random in the space between the line 
and another line drawn through one of its extremities. To 
give an example : — 

Two points are taken in a line a , with probabilities 
varying as the distance from one end A ; to find the chanoe 
of their distance exceeding a length c . 

Let x, y, be the distances from A, and suppose y > x. 
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Here the probability of a point falling between x and x + dx 
is not proportional to dx 9 but to xdx ; and the result will be 



The mean values of the three divisions of the line, in the 
same ease, will be found to be 

8 4 i 

— a. — a , -a. 

15 5 

The above value of p is also the value of the ohanoe, that 
the difference of the altitude 8 of two points within a triangle 

shall exceed a given fraction - of the altitude of the triangle. 


Examples. 

i. Two points being taken on the sides OA, OB , of a square a 2 , the chance 
of their distance being less than a given value b is easily seen without calcula- 
tion to be — -, provided b < a ; as it is the chance of a point taken at random in 
4 Or 

the square falling within a quadrant of a given circle. Suppose now that two 
points are taken on OA, and two on OB, and that we take X, Y, the two points 
furthest from 0 on each side, to find the chance that their distance XY is less 
than a given length b ; (b < a). 

Here the probability of X f alling between x and x + dx is proportional to 
xdx ; likewise for y ; hence 


|| xydxdy 
| | xydxdy 


the upper integral being limited by x 2 + y 2 < b 2 ; hence p = 

Thus it is an even chance that the point determined by the coordinates x, y 
•hall fall within the quadrant wo’. 
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2. In a circular target of area A the area of the bull’s eye is a. If a 
shot is heard to strike the target, the chance of its having hit the bull’s eye is 

d 

of course — If, however, two shots have been fired, to find the chance that 

AX 

the best of the two has hit the bull’s eye. 

This is easily solved by elementally considerations ; as the chance of both 
missing the bull’s eye is 



Hence the required chance of the best shot having hit it is 



3. Let it be proposed, however, to find the chance of the best of the two 
shots (Le. that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element dS, at a 
distance r from the centre, is measured by m^dS ; hence the chance of the worst 
shot striking the area a is 

_ffr 2 dS (over a) _ m 
* // r*dS (over A) ~ Jf * 


where M, m are the moments of inertia of A } a round the centre of the target. 
Now, the probability of both shots missing a is 



henoe that of a being hit (by one or both) is 

( A — a \ 2 

’-br)' 

(ft 

and the chance of both hitting it is But the chance of a being hit is 

chance of best + chance of worst - chance of both ; 
hence if pi be the required chance, viz., of the best shot striking 0, 


m a 2 (A — a\ 3 am 

P ' + M-A* = l -\—) : K-'a-U' 

where m, M are the moments of inertia above. 

Or, we might have considered the number of cases in which the best shot 
falls on the element dS, viz., tr{E z - r 2 )^, where R = radius of target. This 
would have given the required probability 


_R l a - m 
Pi ~ K 1 A- M‘ 


which is easily shown to be identical with the above value. 


. * That is, disregarding the effect of the aim directing it with greater proba- 
bility to the centre of the target. This would be practically correct in the case 
of a very bad marksman, who frequently misses the target altogether. 
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241. Carre of Frequency. — In questions relating to 
a variable the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency . Thus, if 
the probability of a given value 
of x is proportional to <p(x), and 
we draw a curve y = 
then when a great 


numl 

of values for x are taken, the 
number in any element dx is 
proportional to the area of the 
element ; the ordinate at any 



Fig. 65. 


curve standing on that 
point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points X, Y are taken at random in a straight 
line AB, and X means always that nearest to A , the curve 
of frequency for Y will be a straight line through A ; that 
for X a straight line through B. This will often simplify 
questions: e.g. suppose we have to find what is sometimes 
called the most probable value for AY , i. e. such a value 
AP that AY is equally likely to exoeed or to fall short of it. 
Since the curve of frequency for 
Y is a line AC, we have only to 
find P, so that PD biseots the 

triangle ABC ; i. e. AP = 

V2 

because as many values of AY 
exceed AP as fall short of it. 

The most probable value is not 
.2 

the mean value, viz., - AB , being the horizontal distance of 
3 

the centre of gravity of ABC, from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in A Y (or a rod may be 
supposed broken in two at random, and one of the pieoes 
then broken in two), to find the chanoe of the length of AX 
falling within given limits. 

Let x, y, be the distances from A ; for any assigned value 



Fig. 66. 
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of y, the ohanoe of X falling between x and x + dx is — ; 

hence the chanoe of X falling between 
x and x + dx, and of Y falling between 
y and y + dy } is measured by 

dxdy ' 

henoe the whole ohanoe of X falling 
between x and x + dx is 


dx 

a 


J3-t*:~*** 



if for simplicity we put a = i. 

Thus the curve of frequency for X is a logarithmio curve 
BE , whose ordinate is 


* - - log*, 

the frequency at A being infinitely great. 

The area of this curve from o to x is 

x l°g “ ; 

and this is the probability of AX being between o and x ; 
the whole area, when x « i, being i, as it ought to be, as 
it is oertain that X falls in AB. The ohanoe of X falling 
between given limits /, a?" is of course 

^ log log 

To find the most ‘probable value of * we should have to- 
solve the equation 

*(i - log*) =i. 

This gives * about one-fifth of the line AB. 
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The mean yalue of x is 
f xzdx 

M = one-fourth of AB. 

j> 

This last result might have been foreseen : because if we 
take a point at random in each of the segments AY, YB, 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 


Examples. 

I. A line is divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parts shall exceed the sum 
of the other two (i.e. that a triangle might be formed by them). {Cambridge 
Math. Tripos , 1854.) 

The probability that X , Y shall be taken in two assigned elements dx, dy 
is (taking a = 1), 

dxdy 

V 

This differential being integrated through out any limits gives the sum of the 
probabilities of X, Y being found in each pair of values for dx and dy which 
enter into the summation: — that is, the cases being mutually exclusive, the 
probability that X, Y will be found in some one of those pairs. 

In the present case the limits are equivalent to 

*<\<y< i> 

Z 2 


Hence 


-=ff 

J* Jh 


dydx , 1 

= log 2 - 

y 2 


2. An mm contains a large number of black and white balls, the proportion 
of each being unknown : if on drawing m + n balls, m are found white and 
«i black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a lina 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being d priori equally . w w 

probable; then m + n points being taken, A K * 

at random in AB, m are found to fall on 

AX, n on XB. That is, all we know of X is, that it is the (m + 1)* in order, 
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beginning from A , of m + n -f i points falling at random in AB, If AX = x, 
AB == i, the number of cases for X between x and x + dx is measured by 

I m + n 

; (i - X) n dx.* 

L m L n 

Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, 0 — that is, that the distanoe 
from A of the point X lies between a and 0— is 


x** (i -z) n dx 


P = ; 


! x* (i - x ) n dx 
o 

The curve of frequency for the point X will be one whose ordinate is 
y = x 1 * (i - x) n . 


The maximum ordinate KV occurs at a point 2 T, dividing AB in the ratio 
m : n. This is of course what we should expect : the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each 
than any other. The value for p above is simply the area of the above curve 
between the values a, 0, of z, divided by the whole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

24 

drawn ; to find the chance that the proportion of white balls is between —and - 


of the whole-^-that is, that it differs by less than + - from its most natural 
value. 


, .Ji6 

P r 1 C6 

I ** (I - xydx * 


18 

*s' 


nearly. 


The above results will apply to any event that must turn out in one of 
two ways which are mutually exclusive, this being the whole of our d priori 
knowledge with regard to it — the ratio of the black, or white balls to the 
whole number, meaning the real probabil ity of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and failed n times in m + ft trials. To 
find the probability that, on p + q further trials, it shall happen p times and 
failf 9 times. 


* For a specified set of m points, out of the m + ft, falling in AX, the 

| m + fi 

number is *"» (1 - x) n dx ; the number of such sets is == — — . 
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_Thal is, fhat_p + q more points being taken at random in AB t p shall fall in 
— - The whole number of cases is as before 


AX, and q in BX. 


[ 


w + n f 1 fm + af 1 


** (i — x) n dx. 


When any particular ret of p points, out of the p + q additional trials, falls in 
AX, the number of favourable cases is 


[ m + u p 

teJ . 1 


jW(i - *y”*dx. 

9 

But the number of different sets of p points is 


1 - 2-3 (* + *) 


• • p - 1 
•3 •••!*» 


2-3 


JH = 


1.2.3. 

Hence the probability is, putting as before |^p f or 1 . 2 , 

|> + e I* *«**» (l - z)«*dx 

t? • Li f *~(i - x)*dx 
Jo 

By means of the known values of these definite integrals (p. 117), we find 
[ p + q f m+p ^ n + q [m-f n+ 1 
[p[q ’ [m[n [~ m + fi + p+g+l ‘ 

For instance, the chance , that in one further trial the event shall happen is 

ffS } I 

This is easily verified, as the line AB has been divided into m+*+2 


Pi = 


m + ft + 2 

sections by the m + » + 1 points in it, including X. Now, if one more trial is 
made, i e. one more point taken at random, it is equally likely to fall in any 
section ; and w+i sections out of the entire number are favourable. 

o 

4. Trace the curve of frequency of the ratio - ; a and b being numbers taken 

0 

at random within the limits + I . 

If we measure the values of 
the ratio as abscissas along an 
axis OX, and make OA = 1, 

OA » = — I, AB — A'B? *= 1; . 

then the line whose ordinates C 
are proportional to the fre- 
quency will be, for values of 



Fig 69/ 

alues beyond 

arcs BC, B'C' of the curve x^y = 1 
It is thus an even chance that the ] 
this would also appear by a construction such as that given in the next Article. 


-comprised between the limits 
0 

+ 1, the straight line BBf ; but, for values beyond these limits, will consist of 
the i 

It is thus an even chance that the ratio 7 lies itself between the limits ± 1 : 

0 
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242. Errors of Observation. — One of the most im- 
portant, praotioally, as well as the most diffioult, departments 
of the theory of Probability is that which treats of Errors of 
Observation. We will give here an example of the simplest 
description. 

Two magnitudes A and B are measured ; eaoh measure- 
ment being subject to an error, of excess or defeot, which 
may amount to ± a, all values between these limi ts being 
supposed equally probable .* To determine the probability 
that the error in the sum, A + B, of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects A , C 
is sometimes found by measuring the angle between A and B> 
an intermediate object ; and afterwards that between B and 
(7, and adding the two angles. If eaoh measurement is liable 
to an error ± 5', all values being equally probable, to find the 
probability of the error of the result falling within assigned 
limits : its extreme limits being of oourse ± io'. 


The question is more easily comprehended by means of 
a geometrical construction than by 
integration. 

Take AB = 2a ; then all the values 
of the first error are the distances 
from 0 of points P taken at random 
in AB ; positive when in OB ; 
negative when in OA. Make also 
A' I? =* 2a ; the values of the second 
error are given by points in A']f. 

Take any values, OP * x for the first, 

OP / = x for the seoond : these values 
taken as co-ordinates determine a point V corresponding to 
one case of the compound error x + ot ; and such points V 
will be uniformly distributed over the square UK. The value 
of the compound error c corresponding to the point V is 



c = x + x' =» 05, 

if VS be drawn at 45 0 to the axes. Now all values of the 


* This supposition must not be taken to be practically correct. The Theory 
of Errors shows that the probability of an error of magnitude x is proportional 
to r**. 


[ 34 ] 
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errors x , whioh give x + x the same, give the same value 

for e ; henoe all points on the line JI correspond to com- 
pound errors of amount OS. Take Ss = de; the number of 
compound errors between e and c + de is the number of 
points between JI and a parallel to it through 8. Now the 
area of this infinitesimal strip is evidently 

(2a - e) de. 

Hence the probability of the error being between e and 
e + de is 

(2a - e) de 
p — 

This holds for negative values of e, provided we only oonsider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude e = OS is 
proportional to JI, the intercept of a line through S sloping 
at 45 0 . The probability of the error e falling between any 
two given limits 08, OS' is found by measuring these 
lengths (with their proper signs) from 0, along AB, and 
dividing the area intercepted on the square by parallels 
through S, S' sloping at 45 0 , by 4a 2 , the area of the whole 
square. 

Thus the chanoe of the error falling between the limits 

± a (those of the two component errors) is 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to oonsider negative 
errors as positive ; and consequently take the mean of the 
arithmetical values of all the errors, whioh is the same as the 
mean of the positive errors only ; hence the mean error 
required is 

Jf (e) = ± ^ a. 

The most probable value, such that it is an even chanoe that 

the error exceeds it (since the triangle JKI must be - of the 

4 

whole square, for that value of OS), is 

±0(2- v/ 2) = ± .586 a. 
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Let it be now proposed to find the probability of a given 
error in the sum of A and B, assuming, according to the 
modem theory of errors, that the probability of an error 'be- 
tween x and x + dx in either is 

£* 

p = _ e c * dx; 

c*/ 7 r 

the coefficient - 1 — being determined by the neoessary con- 

c*y 7T 

dition that the differential, being integrated from oo to - oo, 
must give unity ; as the error must lie between these limits.* 
Referring to the above construction, the number of values 
of the first error between x and x + dx being proportional to 

X* 

e c *dx, 

and the number of values of the seoond between x and mf + dx 
proportional to 

X* 

e"dx\ 

the corresponding number of values of the oompound error is 
proportional to 

x*+x'» 

e c * dxdx'. 

Hence the number of points, corresponding eaoh to a case 
of the compound error, in any element dS of the plane at a 
distance r from the origin, is measured by 

r* 

e c * dS ; 

which shows that the points have the same density along any 

* It is of course absurd to consider infinite values for an error : but the 

X* 

curve y — e c * tends so rapidly to coincide with its asymptote, the aria of x, 
that the cases where x has any large values are so trifling in number, that it in 
indifferent whether we include them or not. 

[94 a] 
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circle whose centre is 0. Now the probability of this com- 
pound error being between e and e + de is proportional to the 
number of points between JI and the consecutive line; making, 
as before, 08 = e, Ss = de. But this number is the same 
as when the strip JI is turned round 0 through an angle of 
45°, because the points lie in concentric ciroles of equal den- 
sity. Hence the number is proportional to 

«* ,* x* /- «• 

J 6 ~ C* J C V ^ ~2 C * 


e 2c °d^-\ e c 'dx = -l-±e * c *de, 

as the perpendicular from 0 on JI is 

Thus the probability of a compound error between e and 
e + de is proportional to 

« a 

" 2C» t 

e de; 

and as this, when integrated between the limits ± oo , must 
give the probability i, the value of p is 

i - — 

p = — — = e 2ca de. 

27 r 

It thus follows the same law as the two component errors, 

0^/2 taking the place of c . 

243. Various artifices have been employed for the solution 
l| different interesting questions on Probability, whioh would 
lb found extremely tedious, or impracticable, if attempted 
B" direct integration. For example : 

Two points are taken at random within a sphere of radius 

m * ; to find the chance that their distance is ^ 

"lem tliajytaivcu value c . 

Bumber of favourable cases, ({ l 

Ka consider the differential dF y or Fi s- 7 1 - 
Baitional favourable oases introduced by giving r the 
L Wmmt dr t c remaining unchanged. 
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If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, By in the lens ED common to the two spheres, are 
favourable ; let i = volume ED, then the number of favour- 
able cases when A is in the shell is 

$irr 2 dr . L : 

doubling this, for the cases when B is in the same shell, 
dF= SirifLdr. 


Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 




277*^ 7TC 4 

T C ~4 r 


y 


hence 


F = 87 r 2 f-cV- ^c 4 r 8 + 
\9 8 



C being an unknown constant ; i.e. involving c, but not r ; 


therefore 


_ F _ c s 9 c 4 9 C 

** 16 r 3 16 * r 4 + 2 

— 7 rV 
9 


Now the probability = 


if r = 


1 



therefore i=8-9 + -x64~; 

20 2 04 


therefore 



9 c 4 1 c* 
16 r 4 + 32 r 6 * 


If the two points be taken within a circle , instead of # ‘ 
sphere, it may be proved by a similar process that 
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It is a very remarkable faot, pointed out by Mr. S. Roberts, 
that if we draw the chord ED , the probability is, in the oase 
of the cirole, 

2 . segment EQD -f segment EPD 
•f area of cirole EHD 9 

and also, in the oase of the sphere, 

2 . volume EQD + yolume EPD 
^ ~ yolume of sphere EHD 

These results evidently suggest that there must be some 
manner of viewing the question whioh would conduct to 
them in a direct way. 


Examples. 

i. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall he acute-angled. : . 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if p be the probability of an acute-angled triangle 
in this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will be the probability when no restriction is put on any of the points. 

Take then A, one of the points on the surface of the sphere ; two others, B, C , 
being taken at random within it, and let us find the 
chance of ABC being obtuse-angled : to do this, we 
will find separately the chance of the angles A, B, O 
being obtuse : the events being mutually exclusive, 
the probability required will be the sum of these 
three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to AB, 
the chance required is 

volume of segment AHV 

volume of sphere * Fig. 72. 



Let r <= 0 A the radius of sphere, p - AB , 6 = L OAB ; then the volume of 
the segment ASF is 

Jirr^i - cos 0) 2 (2 + cos 0) ; 


therefore when B is fixed the chance is 


J(i - cose)* (2 + cos 0). 
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Now let B move over the whole volume of the sphere, and we have for the 
probability Pa, that A is obtuse 

i (I - ■ "* 9)2(2 + 008 9) dV 


2 r2 rVrcotQ 

8 r3 j J " ( 2 ”3 C08 ^ + o°s 3 ^) P 2fl in Odd dp. 


Hence Pa = — . 

70 

(2). To find the chance, P*, that B is obtuse. Fix B as before ; then the 
chance that B is acute is 


segment MEN 
sphere 


Now, volume MEN = ^xr 3 + 1 - cos 0^ ^2 + cos 0 - ^ ; so that the 

chance is 

i |2 - 3 cos 0 + cos 3 0 + 3 £ (1 - cos 2 0) 4- 3 ^ cos 0 - ^ j . 

Hence the whole probability (1 - Pb) that B is acute is 



1 *7 

Performing the integrations, we find Pb = — • 

7 ° 

The probability for C is, of course, the same as for B ; hence the whole pro- 
bability of an obtuse-angled triangle is 


P=Pa+Pb+Pc-^^ + ^- = 

70 70 70 


37 

70* 


Hence, the chance of an acute-angled triangle is 55 . 

For three points within a circle the chance of an acute-angled triangle is 

±__ £ 

x 2 8‘ 

2. Two points, A y By are taken at random in a triangle. If two other points, 
C, By are also taken at random in the triangle, find the chance that they shall lie 
on opposite sides of the line AB. 
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The aides of the triangle ABC produced divide the whole triangle into seven 
spaces. Of these, the mean value of 
those marked (a) is the same, via., the 
mean value of ABC ; or, of the 
whole triangle, as we have shown in 
Art. 236; die mean value of those 
marked {fi) being f of the triangle. 

This is easily seen : for instance, 
if the whole area = 1, the mean value 
of the space PBQ gives the chance 
that if the fourth point JD be taken 
at random, B shall fall within the 
triangle ABC: now the mean value 
of ABC gives the chance that B shall 
fall within ABC ; but these two 
chances are equal. Fig. 73. 

Hence we see that if A , B, C be 

taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does is of die whole ; that of the opposite 
portion is -fc. 

Hence the chance of 67 and B falling on opposite sides of AB is tV* 

244. Random Straight lines. — If an infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence, if a line be determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if p, 01 be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dp, and w between <•> and o> + dw, 
will be measured by dpdw, and the integral 

JJ dpd*>, 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by L. 

For, taking 0 inside the contour, and integrating first 
for p 9 from o to p y the perpendicular on the tangent to the 
contour, we have fpdn> : taking this through four right angles 
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for w, we have by Legendre’s theorem (p. 232 ), N being the 
measure of the number of lines, 



Thus if a random line meet a given contour, of length L, 
the chance of its meeting another convex contour, of length /, 
internal to the former, is 



If the given contour be not oonvex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 


Examples. 

I. If a random line meet a closed convex contour, of length Z, the chance 
of it meeting another such contour, external to the former, is 

X- Y 
P ~ L : 

where X is the length of an endless band y 
enveloping both contours, and crossing / 
between them, and Y that of a band also H I 
enveloping both, but not crossing. 

This may be shown by means of 1 
Legendre’s integral above; or as fol- \ 
lows : — 

Call, for shortness, N (A) the number 
of lines meeting an area A ; N(A i A') 
the number which meet both A and A’ ; then 

N(SROQPH) + N (S' Q OR PH') = N(SROQPH + S' Q OR PH') 

+ H(SROQPH, S' Q OR PR'), 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of OQPHSR and 
OQ'S’H'PR' is equal to the band Y, and the number meeting both these areas 
is identical with that of those meeting the given areas A, A'; hence 

X= r+2V(A,A'). 

Thus the number meeting both the given areas is measured by X - Y. Hence 
the theorem follows. 
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2 . Two random chords cross a given convex boundary, of length L, and area 
XI ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position : let C be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

2 C 

T : 


and the whole chance of its co-ordinates falling in dp, dot, and of the second 
chord meeting it in that position, is 


2 C dp dot 
~L J J dp dot 


-fiCdpd*. 


But the whole chance is the sum of these chances for all its positions 


therefore prob. = ~ j j C dp dot . 

Now, for a given value of ot, the value of J Cdp is evidently the area Q ; then 
taking ot from vtoo, 

required probability = 

Lr 


The mean value of a chord drawn at random across the boundary is 

ir_S!Cdpdat xfl 

M Hdpdot ~ L' 


3. A straight band of breadth c being traced on a floor, and a circle of radius 
r thrown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If S be the space covered, the chance of a random point on the circle falling 
on the band is 


P = 


M(S) 

XT 2 * 


This is the same as if the circle were fixed, 
random. Now let A be & position of the 
random point : the favourable cases are when 
RK, the bisector of the band, meets a circle, 
centre A, radius J c ; and the whole number 
are when RK meets a circle, centre 0 , radius 
r + ; hence (Art. 236) the probability is 

_ _ 2*. jc ^ 0 

2ir(r + i c ) 2 r+c 

This is constant for all positions of A ; 
hence, equating these two values of p, the 


and the band thrown on it at 



* Or the floor may be supposed painted with parallel bands, at a distanoe 
asunder equal to the diameter ; so that the circle must fall on one. 
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mean area required is 


M(8) = 


2r + c 


The mean value of the part of the circumference which falls on the hand ia 

the same fraction — - — of the whole circumference. 

2r + c 

If any convex area Q, of perimeter L> be thrown on the band, instead of a 
circle, the mean area covered is 


M(S) = 


ire 

L + itc 


fi. 


245. Application to Evaluation of Definite Inte- 
grals. — The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + 1 points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
beginning from the end A of the line, the number of favour- 
able cased, when X is the element dx, is, calling AX, x. 


Hence 


p 


xTdx. 

| x n dx 


but the chance must be : we thus have an independent 

n + 1 r 


proof that 

[ tf'dx = , 

Jo ” +I 

when n is an integer. 

Again, if m + n + 1 points are taken, to find the chance 
that X shall be the (m + i) th in order ; the number of favour- 
able oases, when X falls in dx, and a particular set of m points 
falls to the left of X, is 


x m (1 - x) n dx ; taking 1 = 1 ; 
hence the whole number of favourable cases is 
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this is the required probability, since / m+n+l = i. But the 
value is — + 1 + ^ , as every point is equally likely to fall in 

the (m + i)** place : we thus deduce the definite integral 

m I m\n 

af*(i - xYdx = , 

Jo \ m+n+ i 

when m , n are integers. (See Art. 92.) 

246. To investigate the probability that the inclination 
of the line joining any two points in a 
given convex area £2 shall lie within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to whioh it leads, and Q 
which is not easy to deduce otherwise. 

First, let one of the points, A , be 
fixed ; draw through it a chord PQ = (7, 
at an inclination 0 to some fixed line ; 
put AP = r, AQ = r' ; then the number of cases for which 
the direction of the line joining A and B lies between 6 and 
O + dO is measured by 

\(r 2 + r 2 )dQ. 

Now, let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of AB 
from 0 to 0 + dO, is (first considering A to lie in the 
element dr dp) 

{r 2 + r' 2 )dr = %C*dpdO. 

0 

Let p be the perpendicular on C from a given origin O, 
and let q> be the inclination of p (we may put dw for dd), then 
C will be a given funotion of p, w ; and integrating first for w 
constant, the whole number of cases for which w falls between 
given limits a/, a/', is 

*£ d<o\c>dp; 

the integral j C z dp being taken for all positions of C between 
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two tangents to the boundary parallel to PQ . The question 
is thus reduced to the evaluation of this integral ; which, 
of oourse, is generally difficult enough : we may, however, 
deduce from it a remarkable result ; for if the integral 

£Jf C z dpd<j* 

be extended to all possible positions of C, it gives the whole 
number of pairs of positions of the points Al 9 B which lie 
inside the area ; but this number is Q , 2 ; henoe 


JJ C'dpduj = 3Q 2 , 


the integration extending to all possible positions of the 
ohord C ; its length being a given function of its co-ordinates 


Pf «• 

Cor. Hence if L, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a ohord 

drawn across it at random is 

Ju 


It follows that if a line cross such a oontour at random, 
the ohance that three other lines , also drawn at random, shall 

Qi 2 

meet the first inside the contour , is 24 -jy 


Some other cases of definite integrals deduoed from the 
theory of Probability are given in a Paper in the Philo- 
sophical Transactions for 1868, pp. 181-199. See also Pro- 
ceedings London Math . Soc ., vol. viii. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
Papers on the subject in the Educational Times , by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented our 
giving the solutions in the text. 

We may refer to Todhunter’s valuable History of Pro- 
bability for an acoount of the more profound and difficult 
questions treated by the great writers on the theory of Pro- 
bability. 
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Eimna. 


1. A chord is dim joining tvo points taken at random ana circle : find the 
mean area of the leaser of the two momenta into which it divides die circle. 

An*. . 

4 » 

2. Find the mean latitude of all placet north of die Equator. 

An*. 32 0 .704. 

3. Find the mean square of the Telocity of a projectile sa vacuo, taken at all 
MieMtti of its flight dll it regains the Telocity of projection. 

An*. V 2 co * 1 a + |F* sin 2 a : where V— initial Telocity, and a = angle 
of projection. 

4. If x and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product xy is equal to the product of the mean values of x and y. 

5. If X 9 Y are points taken at random in a triangle ABC, what is* the 
chance that the quadrilateral ABXY is convex ? 

An*. -. 

3 

For, it is easy to see that of the three quadrilaterals ABXY, ACXY, BCXY, 
one must he convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

3 

An*. — (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being n. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit. 

2 m +1 m(m - f 1) __ _ _. . . J _ , , . , 

— (JN.B. — This is not, of course, the value of the 


An *. 


chance after the selection has been made : this may easily he found.) 

8. A traveller starts from a point on a straight, river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day’s journey. 

An*. -. 

4 

9. Two lengths, b, V, are laid down at random in a line a, greater than 
cither : find the chance that they shall not haTe a common part greater than e. • 

(—>.»+,)» 

* (a-b){a-V) * 
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io. A person in filing io shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

27. 4 . 7 756 

Ans. = — — . If the first 10 shots had not been fired, so that 

19 . 17 . 13 4199 

nothing was known as to his skill, the chance would be ^ : if he 
had been found to hit the mark half the number of times out of a 
large number, the chance would be — . 


11. If a line l be divided at random into 4 parts, the mean square of one 
of the parts is — l 2 : but if the line be divided at random into 2 parts, and 
each part again divided into 2 parts, then the mean square of one of the 4 parts 

is - 1 2 . 

9 

12. Three points are taken at random in a line l. Find the mean distance 
of the intermediate point from the middle of the line. 

Ans. \l. 

16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, J, in the absence 
of any further information. • But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

2 

Ans. -. (N.B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a priori.) 


14. If A, B, C , D, are four given points in directum , and 2 points are taken 
at random in AD, and one is taken in BC: find the chance that it shall fall be- 
tween the former two. 

Ant. .BC 2 + BC(,AB + CD) + 2 AB. Coj . 

15. If s = x + y, where x may have any value from o to a, and y any value 
from o to^ : find the probability that z is less than an assigned value c (suppose 
b < a). 

Ans. (1) If c < b , 

(2) If a > c > b , 

(3) lic>a, 


P ' = lab- 

c-il 

P2=—~ 


(a + b - c)* 

Pz= 1 - 7 — -• 

zab 


S 


If we denote the functions expressing the probability in the three 
cases by /i(a, b , c ), f%(a, b, c), fi(a, b , c ), we shall find the rela- 
tion 


f \ («> *> *) +/s (<*, b > t) =/a(«. b > «) +/a(i, a, «)• 
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1 6. In the cubic equation 


a?+pz + q= o, 


p and q may have any values between the limits ± i. 
three roots are real. 


Find the chance that the 


Am. -i 3. 

45 


17. Two observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits + <*, and all its values to be equally probable, show that it 
is an even chance that the error in the result lies between the limits ± 0.293 ®* 


18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 


A’ + A^ + A 8 ; 


where A is the distance between the centres of gravity of the areas ; and A, k' 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is ^ A 2 A 2 ; where A, A; are the radii of gyra- 
tion of the area round the two principal axes of rotation in its plane. 

If one of the points is fixed at the centre of gravity, the value is JA 2 A 2 . 
(Mb. Woolhotjse.) 


20. A line is divided at random into 3 parts. Find the chance — (1) that they 
will form a triangle ; (2) an acute-angled triangle. 

Am. (1). pi = £. 

(2). Pt = 3 log 2 ~ 2- 

21. A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Am. — . 

n n-l 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Am. 

x 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance — ( 1 ) that all its angles are acute ; (2) that all are obtuse. 

24. Show that the mean value of -, where p is the distance of two points 
taken at random within a circle, is 

3 w 
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25. Two equal lines of length a include an angle 0 : find the chance that if 
two points JP, Q are taken at random, one on each line, their distance PQ shall he 
less than a. 

Ant, (1). When - > 0 > pi = + 2 cos#. 

2 3 2 81 Q 0 

(2). When 0 > \ ; P2= 

2 2 sin 0 

Here the functions are connected by the relation F(0) + F(w -0) = f(0) + /( it-#) , 

26. The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shall not live further than a distance r from each other. 


. I 1 , 2 / V3\ 1 f 2 0 d 0 3 C* 0 dO 

An., p = -log 3 + -[1--) + - + 

whence p — 0.7771. This result is easily obtained by employing 
the values given in Question 25. 

27. Four points are taken at random within a circle or an ellipse. Show 


that the chance that they form a re-entrant quadrilateral is 


3 * 


28. Find the mean distance of two points within a sphere. Ant, ^r. 

29. Three points A , P, C are taken within a circle, whose centre is 0. F 
the chance that the quadrilateral AJBCO is re-entrant. 


30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Ant, p = w - 

o 

31. In the same case, find the chance that the distance shall not exceed an 
assigned value c; a being the side of the square. 

Ant, (1). When c<a ; P = ^ . 

. . __ c* . . a tf 2 4 2 — _ e 1 1 

(2). When «>«; 4 ^ on' 1 ;- * ~, + j 

32. Three points are taken at random on a sphere; the chance that in 
the spherical triangle some one angle shall exceed the sum of the other two 

is Also the chance that its area shall exceed that of a great circle is 
2 o 

33. If a line be divided at random into 4 parts, show that it is an even chance 
that one of the parts is greater than half the line. 

m 


A 
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34. Prove that the mean distance of a point within a triangle from the vertex 
C\b 

I (a + b (a — — 5*) A 2 a + b + c) 

ij— + — 3? T^irrr,]’ 

where A is the altitude of the triangle. (See Ex. 6, p. 347.) 

35. The mean value of the distance between any two points in an equilateral 
triangle is 



This question may be solved by proving that Jf = | M 0f where Mq is the 

mean distance of an angle of the triangle from any point within it. For, let 
Mo = fiA*, where fx is constant, and A = area of the triangle. Take now any 
element dS of the triangle ; draw from it parallels to the sides to meet the base ; 
let 8 be the area of the equilateral triangle so formed : the sum of the whole 
number of cases will be equal to 

6 1| 8 .fiti . d8 = JfA 2 , 

if dS is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = 2dad& as in Ex. 3, p. 344, 8 = o 2 , and the integral be- 
comes ~ u = M. The result then follows from 34. 

10 

36. From a tower of height A particles are projected in all directions in 
space with a velocity due to a fall* through A. Show that the mean value of 

the range is M = 2h j t y l _ ^ # ^ 

(Prof. Wolstknhoimb.) 

37. In n quantities a, b, c, d ... . , each of which takes independently a 
given series of values «i, a 2} as, .... ; b\, b 2) b$, . . . &c. (the number of values 
is different for each), if we put 

2 a = a + b + c + d + .... &c., 

and for shortness denote “ the mean value of x ” by Mx , prove that 


M"%a — Ml 1 + Mb + Me + . . . . &c. = 
Jf(5a) 2 - (2Ma)*-2(Ma)*+ 2M{a*). 


38. Two points are taken at random in a triangle. Find the mean area of 
the triangular portion which the line joining them cuts off from the whole 

triftng,e - -dne. - of the whole. 

9 
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39. A drip at A observes another at 2?, whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a 

2 d 

given distance d of each other is always - sin" 1 whatever the course taken 

*■ a d 

by A ; provided its inclination to AB is not greater than 00s" 1 - : where 
AB = a. (Camb. Math . Tripos , 1871. Prof. Miller.) 


40. A random straight line crosses a circle. Find the chance that two 
points taken at random in the circle shall lie on opposite sides of the line. 

Ans. -. This is deduced at once from the value of M. the mean dis- 

45 ** 

2 M 

tance of the two points ; as the chance = — . If two random lines 

are drawn, the chance that both lines shall pass between the points 
. 1 


41. A point 0 is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the tri- 
angles AOB, BOC , CO A ? 

Ans . -i. This may easily be found to depend on the integral JJ a/3y . 2 da d/3, 
where a, £, y are the three triangles above. 


42. A line crosses a circle at random ; find the chance that a point taken 

at random in the circle shall be distant from the line by less than the radius of 
the circle. , 2 

Ans. 1 . 

3 » 

43. Two points are taken on the circumference of a semicircle. Find the 

chance that their ordinates fall on either side of a point taken at random on the 
diameter. 4 

Ans. - 2 - 

ir* 

44. In any convex area which has a centre 0, let an indefinite straight line 
revolve round 0 , and the locus of the centre of gravity of either half into which 
it divides the area be traced. Show that the mean distance of 0 from all points 

in the area is equal to - the perimeter of this locus. Also, - of the area enclosed 
4 4 

by this locus = mean area of the triangle OXY\ where X , Fare points taken at 
random in the given area. (Crofton, Froceedings t Lond. Math. Soc., vol. viii.) 

45. The probability that the distance of two points taken at random in a 
given convex area O shall exceed a given limit (a) is 


P = (C* - 3 «*C+ ia^dpdo, 


where C is a chord of the area, whose co-ordinates are p, «; the integration 
extending to all values of p, », which give a chord G> a. 

125 a] 



380 


Miscellaneous Examples , 


Misotllajteous Examples. 


i. If a be the sagittal of a circular segment whose base is b, prove that the 
area of the segment is, approximately, 


= - ab + — — . 
3 15 * 


2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 


3. Find the integral of 


dz /e*-** 
*>/**_*»* 


4. Prove that 


Am. tan- 1 


L 


tan- 1 


b p-*» 




where £ lies between X and Zo- 

5. In a spiral of Archimedes, if P, Q, and P', O' be the points of section with 
any two branches of the curve made by a line passing through its pole ; prove 
that the area bounded by the right line and by the two branches is half the area 
of the ellipse whose semiaxes are FF and F Q. 


6. Find the value of 


f dz l z + a 
J z + c\z + b' 


7. If an ellipse roll upon a right line, show that the differential equation of 
the locus of its focus is 


(y* + 4 *) ~ = y/ ( 2 oy + y 2 + 0 *) (a ay - y* - £*). 
az 

8. A circle rolls from one end to the other of a curved line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve : prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. ( Camb . Math, Tripe i, 1871.) 

9. In the same case show that the entire length of the path described is 
eight times the diameter of the circle. 

10. Prove that the area of the locus formed by the points of intersection of 
normals to an ellipse, which cut at right angles, is v (a — b)*. 
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11. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 

12. Evaluate the following integrals : 

f dx [j ^ f (i +x)*dx 

I / » | V sec x — i dx, I r— 5 — — -7T. 

J V tana; J J (i + x 2 ) (i 4-s 4 ) 


x 2 4 - ax + V jR 

13. If E = (x 2 4- oa?) 3 + bx, and u = log — 1, find the relation 

x 2 4- ax - VP 


between the integrals 


I dx r xdx 

7n J7p 


! xdx __ a Cdx u 

V% ~ 3 JvH + 3 ' 


14. If a curve be such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

15. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : u-VJ. 


16. Prove that 


= , where sin 0 = k sin o. 

J 0 V/c a -sin 2 0 


17. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 


18. Show that the value of the integral [* ■■ ^ — 

Ja Vy»- 1 


may be exhibited by the following geometrical construction. Let the curve 
*» m 

whose equation is r*" +2 cos « = 1 roll on the axis of x ; take the points 

m 4 * 2 

(#i, y\) (x^t y 2) on the roulette described by the pole, such that yi = a, yi = b; 
then 


( b dy 

■ = xt - x\, (Me. Jbllbtt.) 

a Vy* — I 


19. If 9 be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

#-<=Jsinjt?rf«. 

The proof is similar to that of the corresponding theorem in piano. See Art. 158. 
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20. Prove that the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed by the formula 

^(b+b +&■)■, 

where H is the distance between the parallel planes, B and B> the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

21. If S be the length of a loop of the curve r" = a* cos »0, and A the area 
of a loop of the curve r** = a*» cos md, prove that 


22. Find approximately the area, and also the length, of a loop of the 
. (See Diff. CaU., Art. 268.) 

Ana. area = a 2 x 0.56616 ; length = a x 2.72638. 


r* = a 9 cos- 


23. Show from Art. 134 that if a parabola roll on a right line, the locus of 
its focus is a catenary. 

24. If A be the area of any oval, B that of its pedal with respect to any 
internal origin 0 , and C that of the locus of the point on the perpendicular 
whose distance from 0 is equal to the distance of the point of contact from O ; 
prove that A, B, C are in arithmetical progression. 

25. The arc of a curve is connected with the abscissa by the equation P-kz- 9 
find file curve. 

*6. If the co-ordinates of a point on a curve be given by the equations 
* = <?sin 16 (1 + cosi0), y = <?cos 2$ (1 — cos 20), 

4 

prove that the length of its arc, measured from its origin, is —0 sin 3d. 

27. Show how tojfind the sum of every element of the periphery of an ellipse 
divided byanv odd power ( 2 r + 1) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power. — 

(Mb. W. Eobbbts.) 

V 

Ana. - — 7^ — [ 2 (a* cos 3 $ + P sin* 0) r_1 di. 
[aoy r - 4 J 0 

This gives - *^ when r= 2. 
a*o* 

28. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
and least intercepts made by the sphere on the edges of the cylinder. 
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29. Show that the equations of the involute of a circle are of the form 

s = acos$ + a<p sin<f>, y = a sin <p - a<f> cos 

and prove that the length of the arc of this involute, measured from <£ = o, is 
one half of the arc of a circle which would be described by a radius equal to the 
arc of its evolute moving through the angle <p. 

30. Show that the area of the cassinoid 

r 4 - lah 2 cos iB + a 4 = b* 

is expressed by aid of an elliptic arc, when b> a ; and by a hyperbolic arc, 
when a > b. 

31. A string AB, of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is unwound, and B is made to move about A 
till the string is again wound on the curve, the final position of B being B ' ; 
prove that for variations of the position of A , the arc traced out by B will be a 
maximum or a minimum, when the tangents at B and S' are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the curv- 
ature at A is greater or less than half the sum of the curvatures at B and B '. — 
( Camb . Math. Tripot , 1871.) 

32. Find the value of f Ant . 3 

Jo Vs 

33. Find the length, and also the area, of the pedal of a cissoid, the vertex 
being origin. 

r- W* 

Ant. ^log(» + V 3 )- 4 «:--* 

34. Prove that the length of an arc of the lemniscate r 2 = a* cos 1$ is repre- 
sented by the integral 

a j* d<p 

V ~2 J V I - £ sin 2 <p 


3 5. Integrate the equation 

cos $ (cos 0 - sin a sin <p) d$ + cos <f> (cos <f> — sin a sin $) dtp = 0. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, < p ), show that the equation is satisfied by 
putting 0 + <f> = a. 

36. Each element of the surface of an ellipsoid is divided by the area of the 

parallel central section of the surface; find the sum of all the elementary quotients 
extended through the entire ellipsoid. Ant. 4. 

37. Hence, show that 
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This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon’s Geometry of Three 
Dimensions, Art. 41 1. This proof is due to Ghasles ( Liowville , tome iii. p. 10). 

38. Hence, prove the relation 


F(m) E(n) + F(n) E(m) - F(n) F{m) = - 


where 


F(m) = f 2 ; E{m) = f 2 Vi — m 2 sin 2 0 dO, 

Jo V 1 -m 2 em 2 $* J 0 

and m* + •»*■ 1. 

Let v = Asin0, and fi = VA 2 sin 3 <p + k* cos 2 <p, in the preceding, and it 
becomes 


2 r* A 2 sin 2 <f> + A 2 cos* <p - h 2 sin 2 $ 


n 


'0 Jo VA 2 sin 2 <p + A 2 cos 2 <p V A 2 — A 2 sin 2 0 


d0 d<p 


■fl 


2 f 2 V A 2 sin 2 <p 4- A 2 cos 2 <f> 

Va 2 — A 2 sin 2 0 


Va 2 - A 2 sin 2 0 
l 0 Va 2 sin 2 <p + k 2 cos 2 <p 


dO dp 


* 2 f 2 A 2 rf 0 <fo 

h Jo VA 2 sin 2 <p + A 2 cos 2 <p VA 2 - A 2 sin 2 0 


This furnishes the required result on making A = mA. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. (Compare Ex. 7, 8, p. 331.) 


39. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle 7 with 
the axis of z, along the second fi with die axis of y, and along the third a with the 

axis of x , and if the angles be connected by the relations ^ & = taP>y ; 

Of b c 

then, if As, As, A\, be the included portions of the ellipsoid surface, prove that 


As — As t A\ — As ( As — Ai 
a 2 + i 2 u+ c* 


o. 


(Mb. Jxllbxt.) 


40. Show that the results given in Arts. 16 1 and 162 hold good for 
spherical conics, where the tangents are arcs of great circles on the sphere. 

41. Prove that 

f° dx [•• dx 

J& {(a -*)($-*) (c -*)}*” J_. {(< *-x){b-z)(c-z )} i 9 

where a, b, e are in the order of magnitude. 
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42. If 03 be an imaginary cube root of unity, show that, if 

_ (o> — <» 2 ) x + <q 2 x 3 , dy (00 — o> 2 ) dx 

V I — a? (« — (o 2 )x 2> 6n (1 — y 2 )i (1 + «y 2 )i (1 — a? 2 )* (1 + 

(Professor Cayley.) 


43, Prove that the value of 

cos bx sin ax 
Jo x 

according as b is >, =, or < a . 


j: 


dx iso, or 

4* 2 f 


44. Prove that j 
numbers a and b. 


* sin bx sin ax 


dx = - multiplied by the lesser of the 


45. If e be the eccentricity of an ellipse whose semiaxis major is unity, and 
E the length of its quadrant, prove that 


Ee de 


ich 


, (1 - «*) - * i/i-v 


(W. Roberts.) 


46. If S represent the length of a quadrant of the curve r»» = cos md, and 
Si the < 


1 quadrant of its first pedal, prove that 


Here (Ex. 3, Art. 156), we have 

/- r (— ) 

tfV’f \ 2 mf 




Also, sincethe first pedal (Biff. Calc. Art. 268) is derived by substituting 


instead of m, 


m 

m + 1 


Si = 


(m + 1) a*/ 7 r 




. -- ( m + i )"* 1 r (**•) ( m + ijm * 

' r(." I) 
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47. In general, if 8 n be the quadrant of the pedal of the curve in the last 
prove that 


S n -l &n ~ 


mn+ 1 
2m 


x«*. 


Here it is readily seen that the n th pedal is got by substituting in- 

ww -j- 1 

stead of m in the equation of the proposed; &c. (W. Roberts, LiouvilU , 
184 s. P- >77 ) 

48. If an endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil ; prove that the pencil 
will trace out a confocal ellipse. 

49. If two confocal ellipses be such that a polygon can be inscribed in one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chasles, Comp. 
Rend. 1843.) 

50. To two arcs of a hyperbola whose difference is rectifiable correspond 
qual arcs of the lemniscate which is the pedal of the hyperbola. (Ibid.) 

51. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 
same circle. (Ibid.) 

52. In the curve 

+ yt = <*#, 

prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the portion of the tangent 
intercepted by the axes. 

53. If two tangents to a cycloid cut at a constant angle, prove that their 
sum bears a constant ratio to the arc of the curve between them. 


54. If AB, ab , be quadrants of two concentric circles, their radii coincid- 
ing ; show that if an arc Ab of an involute of a circle be drawn to touch the 
circles at A, b t the arc Ab is an arithmetical mean between the arcs AB and ab. 


55. If dg represent an infinitely small superficial element of area at a point 
outside any closed plane curve, and t, if the lengths of the tangents from the 
point to the curve, and 0 the angle of intersection of these tangents : prove that 

the sum of the elements represented by ^ taken for all points exterior to 


the ourve, is 2x*. 


t x 1 

(Prop. Crofton, Phil. Trans., 1868.) 


56. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area, 


1 {x*-y*)d*dv | + 4 | , 

taken over the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant value is 

(iVA)* (a 4 + i 4 + e* - b 3 c* - - a*b*). 

Mr. J. J. Walker.) 
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57. If ab = prove that 

$ {ax -f by) - $ {a'x + b'y) 


rr 

Jo Jo 


xy 


dxdy 


= 1 ° 8 (?) log (?) {<*(«) 


provided the limits <p (o) and <f> (00 ) are both definite. 

(Mr. Elliott, Proceedings , Lond. Math. So©., 1876.) 

58. If 8 denote the surface, and V the volume, of the cone standing on the 
focal ellipse of an ellipsoid, and having its vertex at an umbilic ; prove that 

S=ica (A» r=i ire {P - 0*), 

where a , b t e are the principal semiaxes of the ellipsoid. 

59. Prove that, if p be positive and less than unity, 


p sm pw p £ 


and 


( (*» + *-») log (i + *)^ = 

Jo • x 

( (;e» + ^rl>)tog(I-*)~ = ^cotJW--L• 
Jo x p p* 


(«)» 

M, 


where (1) may be deduced from (a) by putting x 2 for x. 

(Prof. Wolstenholmr.) 

60. If fij v be the elliptic co-ordinates of a point in a plane, prove that the 
area of any portion of the plane is represented by 


ft 


(p 2 — v 2 ) dfxdv 

vV-<r») («»-„»)’ 


taken between proper limits. 

61. Prove that the differential equation, in elliptic co-ordinates, of any tan- 
gent to the ellipse p = pi is 

dp dv 


VO* 2 - c 2 ) (/a* - /ai 2 ; V(o*- f 8 ) 0*i 2 - f 2 ) 

62. Hence show that the preceding differential equation in p and v admits 
of an algebraic integral. 

63. Prove that the differential equation of the involute of the ellipse p= pi is 




L 
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64. Show that, for a homogeneous solid parallelepiped of any form and 
dimensions, the three principal axes at the centre of gravity coincide in direction 
with those of the solid inscribed ellipsoid which touches at the six centres of 
gravity of its six faces ; and that, for each of the three coincident axes, and 
therefore for every axis passing through their common centre of gravity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid in the same 
constant ratio, viz., that of 10 to x. — (P rof. Townsend.) 

65. Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity ; and that their moments of inertia for all 
planes through that point have the same constant ratio (viz. 18 V3 : x). — (Ibid.) 

66. A quantity M of matter is distributed over the surface of a sphere of 
radius a, so that the surface density varies inversely as the cube of the distance 
from a given internal point S, distant b from the centre ; prove that the sum of 
the principal moments of inertia of If at £ is equal to 2 M(a 2 — b 2 ). 

( Camb . Math . Tripos , 1876.) 

67. If (1 -lax +«*)“*= 1 +«ii + a 2 X2 . . . +a*In+ . . . , prove that 

! +i 2 

XnX m dx = o, Xr?dx = . 

-1 J-l 2fl+ I 

68. A closed central curve revolves round an arbitrary external axis in its 
plane. Prove that the moments of inertia I and J, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
expressions 

/=*.(««+ 3 *») ( /=*(**_!) ; 

where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and k the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, and 
l the arm length of its product of inertia with respect to the same axes. 

(Prof. Townsend, Quarterly Journal of Mathematics, 1879.) 

( * (fn u 

(z-z) 1t ~ 1 /(z)dz, find the value of - — . Ans. f(z). 

0 dz n 

70. Prove that the superficial area of an ellipsoid is represented by 
J 0 V(I - *3?) (I - ✓***) 

where = = 

(Mb. Jbllett, J Termathena, 1883 .) 

7 1 . Find the mean distance of two points on opposite sides of a square whose 
side is unity. 


Ans. Ljll + log (1 + Va). 
3 
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72. A cube being cut at random by a plane, what is the chance that the 
aection is a hexagon P — (Col. Clabxb.) 


An*. 


V3 cot* 1 V3 — Va coir 1 V2 


= .04646. 


73. Three points are taken at random, one on each of three faces of a tetra- 
hedron : what is the chance that the plane passing through them cuts the fourth 
face ? — (Col. Clabkb.) 


74. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always be visible to an observer in a given latitude, \ ? 
— (Ibid.) 

. 1 1 . 

An*. - versm \ + - sin X. 

2 4 


75. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the triangle. 

Ant - ^( 2 + f log4 

76. Two points are .taken at random in a triangle, the line joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 


An*. ^ ^470 + y log 4^ = .6967, the triangle being unity. 

The mean value of the greater of the two portions is ^ log 2 = .6987. 

77. Show that the mean distance M of a point in a rectanglerfrom one angle 
is given by 


__ b 2 a + d a 2 
3Jf=i+- 1 °g_ + _ 1 o g 


b + d 


a and b being the sides, d the diagonal. 

78. Show that the mean distance M of two points within a rectangle 
given by 


^ a 2 P i a 2 P\ 5/32, 

+ s +d [s-p-z ) + - 2 ( 7 10 * 


a + d 


1 + 


4 s )- 


This result may be deduced from the preceding ; for if /a = mean distance of a 
point within the rectangle whose sides are z, y, from one of its angles, it is easy 
to see that 


a* M= 4 


0 


&c. 
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79. Show that if If be the mean diatanoe of two pointa within any convex 
area O, we have 


when 2, 2* an the segments into which the ana is divided by a straight line 
crossing it ; the co-ordinate of the line being p, m ; and the integration ex- 
tending to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

ajf 

chance of its passing between the two points is — , when L is the length of the 
boundary. Again, for any position of the line, the chanoe of the points lying 
on opposite sides of it is ; therefore the whole chance is ~ M (22*), where 
M (22') is the mean value of the product 22 ' for all positions of the line. 

80. In the same case we also have 


®I!‘ "to 4 " 

C being the length of the intercepted chord. Hence we have the remarkable 
identity 

JJ C*dpda> = 6 Sj 22 Updos. 

(C:rofton, Proceedings , Load. Math. 80c., vol. 8.) 

81. Show that if p be the distance of two points taken at random in the 
same ana, 

*(-;)- 

This may be applied to the circle. (See Ex. 24, p. 376. ) 

82. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 

when 2 = either segment cut off by the chord C ; but throughout the integra- 
tions, as the direction of the chord alters, 2 means always the segment on the 
same side of the chord as at first. 
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Allman, on properties of paraboloid, 
268, 281. 

Amsler’s planimeter, 214. 

Annular solids, 261. 

Approximate, methods of finding 
areas, 211. 

Archimedes, on solids, 254. 

spiral of, 194, 380. 
area of, 194. 
rectification of, 227. 

Areas of plane curves, 176. 


Definite integrals, principal and gene- 
ral values, 132. 
singular, 134. 
differentiation of, 143, 147. 
deduced by differentiation, 144. 
integration under the sign /, 148. 
double, 149, 313. 

Descartes, rectification of oval of, 239. 

Differentiation under the sign of inte- 
gration, 107. 

Dirichlet’s theorem, 316. 


Ball, on Amsler’s planimeter, 215. 
Bernoulli’s series, by integration by 
parts, 128. 

Binet, on principal axes, 312. 

Buff on’s problem, 352. 

Cardioid, area of, 192. 

rectification of, 227, 238. 
Cartesian oval, rectification of, 239. 
Catenary, equation to, 183. 
rectification of, 223. 
surface of revolution by, 260. 
Cauchy, on exceptional cases in defi- 
nite integrals, 128. 
on principal and general values of 
a definite integral, 132. 
on singular definite integrals, 134. 
on hyperbolic paraboloid, 271. 
Chasles, on rectification of ellipse, 234, 
248, 386. 

on Legendre’s formula, 384. 
Cone, right, 256. 

Crofton, on mean value and probabi- 
lity, 333-379, 387, 390. 
Cycloid, 189. 

Definite integrals, 30, 115. 
exceptional cases, 128. 
infinite limits, 131, 135. 


Elliott, extension of Holditch’s theo- 
rem, 209. 

on Frullani’s theorem, 157, 387. 
Ellipse, arc of, 226. 

Ellipsoid, 266. 

quadrature of, 282. 
of gyration, 309, 312. 
momental, 309. 
central, 310. 

Elliptic, integrals, 29, 173, 226, 232, 
235, 243, 279, 384, 387. 
co-ordinates, 249, 387. 
Epitrochoid, rectification of, 237. 
Equimomental cone, 310. 

Errors of observation, 361. 

Euler, 102. 

theorem on parabolic sector, 198. 
Eulerian integrals, 117, 124, 159. 
definition of — 

T(n) and B(m r »), 124, 160. 


T(m + n ) 9 

r(n)r(i-n) : 


162 . 




value of r 
164. 

table of log (r«), 169. 
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Fagnani’s theorem, 229. 

Folium of Descartes, 192, 218. 
Frequency, curve of, 356. 

Frullani, theorem of, 155, 387. 

Gamma functions, 124, 159. 

Gauss, on integration over a closed 
surface, 287. 

Genocchi, rectification of Cartesian 
oval, 240, 242. 

Graves, on rectification of ellipse, 234. 
Green’s theorem, 326. 

Groin, 269. 

Gudermann, 183. 

Guldin’s theorems, 262, 263, 288. 
Gyration, radius of, 293. 

Helix, rectification of, 244. 

Hirst, on pedals, 202. 

Holditch, theorem of, 206. 

Hyperbola, rectification of, 233. 

Landen’s theorems on, 232. 
Hyperbolic sines and cosines, 182. 
Hypotrochoid, see epitrochoid. 


Inertia, integrals of, 291. 
moments of, 291. 
products of, 291, 306. 
principal axes of, 307. 
momental ellipsoid of, 309. 
Integrals, definitions of, 1, 114. 
elementary, 2. 
double, 149, 313. 
of inertia, 291. 

transformation of multiple, 320. 
Integration, different methods of, 20. 
by parts, 20. 
x m dx 

of 58. 

x»- i 

by successive reduction, 63. 
by differentiation, 71, 144. 
of binomial differentials, 75. 
by rationalization, 92, 97. 
by differentiation undersign/, 109. 
by infinite series, 110. 
regarded as summation, 30, 114. 
double, 269, 313. 
change of order in, 314. 
over a closed surface, 284. 


Jaoobians, 323, 326. 

Jellett, on quadrature of ellipsoid, 283, 

888 . 


Eempe, theorem on moving area, 210. 

Lagrange’s series, remainder in, 158. 

Lambert, theorem on elliptic area, 196. 

Landen, theorem on hyperbolic arc, 232. 
on difference between asymptote 
and arc of hyperbola, 233. 

Legendre, on Eulerian integrals, 160. 
formula on rectification, 228, 369. 
relation between complete elliptic 
functions, 384. 

Leibnitz, on Guldin’s theorems, 264. 

Lemniscate, area of, 191. 
rectification of, 384. 

Leudesdorf, 157, 210, 220. 

Linuujon, area of, 192. 
rectification of, 237. 

Limits of integration, 33, 115. 

Mean Value and probability, 333. 

Mean Value, definition of, 333. 

for one independent variable, 334. 
two’or more independent variables, 
337. 

Method of quadratures, 178. 

MiUer, 346. 

Momental ellipse, 300. 

of a triangle, 304. 

Moments of inertia, 291. 

relative to paraUel axes, 292. 
uniform rod, 294. 
paraUelepiped, cylinder, 295. 
cone, 296. 
sphere, 297. 
ellipsoid, 298. 
prism, 302. 
tetrahedron, 304. 
solid ring, 305. 

M‘Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 
249. 

Newton, method of finding areas, 177. 

by approximation, 213. 
on tractrix, 219. 

Observation, errors of, 361. 

Panton, on rectification of Cartesian 
oval, 240. 

Paraboloid, of revolution, 266. 
elliptic, 265, 268. 
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Partial fractions, 42. 

Pedal, area of, 199. 
of ellipse, 190. 

Steiner’s theorem on area of, 201 . 
Raabe, on, 202. 

Hirst, on, 202. 

Roberts, on, 386. 

Planimeter, Amsler’s, 214. 

Popoff, on remainder in Legrange’s 
series, 159. 

Probability, used to find mean values, 
343. 

Probabilities, 349. 

Products of inertia, 301, 306. 

Quadrature, plane, 176. 
on the sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Raabe, theorem on pedal areas, 202. I 
Radius of gyration, 293. 

Random straight lines, 368. 
Rectification of, plane curves, 222. 
parabola, 223. 
catenary, 233. 
semi-cubical parabola, 224. 
of evolutes, 224. 
arc of ellipse, 226. 
hyperbola, 231. 
epitrochoid, 237. 
roulettes, 238. 

Cartesian oval, 239, 247. 
twisted curves, 243. 

Recurring biquadratic under radical 
sign, 101. 

Reduction, integration by, 63. 

by differentiation, 71, 80. 
Roberts, W., on Cartesian oval, 240. 

on pedals, 386. 

Roulette, quadrature of, 205. 

rectification of, 238. 


Simpson’s rules for areas, 213. 

Sphere, surface and volume of, 252. 
quadrature on, 276. 

Spheroid, surface of, 257, 258. 

Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 380. 

# logarithmic, 227. 

Steiner, theorem on pedal areas, 201. 
on areas of roulettes, 203. 
on rectification of roulettes, 238. 

Surface of, solids, 250. 
cone, 251. 
sphere, 252. 
revolution, 254. 
spheroid, prolate, 257. 

oblate, 258. 
annular solid, 261. 

Taylor’s theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral. 
127. 

Townsend, on moments of inertia of a 
ring, 305, 388. 

on moments of inertia in 
general, 310. 

Tractrix, area of, 219. 

length of, 225. 

Van Huraet, on rectification, 249. 

Viviani, Florentine enigma, 278. 

Volumes of solids, 250, 264, 286. 

Wallis, value for v, 122. 

Weddle, on areas by approximation, 
213 . 

Woolhouse, on Holditch’s theorem, 
206. 

Zolotareff, on remainder in Lagrange’s 
series, 158. 


THE END. 
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